2% Année ST

Chapter 03 : Differential equations

I-  Ordinary differential equations

1. Definitions
2. First order differential equations
3. second order equations with constant coefficients



1. Ordinary differential equations
1) Definition:  Every relation between real variable x, unknown continuous function y, and its

Derivatives y',y", y®, ...,y™ is called an ordinary differential equation.

Any ordinary differential equation (ODE) is presented by one of the following
(B) : F(x,9, ¥',.., y™) =0 ou y™ =F(x,y,y’, ...,y D)
We call the integer n in equation (E') the order of the equation.
Examples :
(Ey) :y'=xy+3 EDO oforder 1.
(E,) : y" + x?y" = x EDO of second order.
(E3) : x(y)?+y+e*=0 EDO of first order.
(Ey) : " — (y")3 = cos(x) EDO of order 2.
2) Solution of the ordinary differential equation
We call solution of the equation (EY) every function ¢, n-times deffirentiable on
ICR,and F(x, @, ¢, .., =0.
We call ¢ the integral of the equation(E) on I € R. And the graph of ¢
Is called the mtegrai curve of (E).
Theorem:
Let the differential'equation (£) : F(x,y, ¥, ..,y™) =0
If ¢, and "¢ /are twio'solutions of (E) onI € R.
Thent For anyv@, 8 € R, a@, + B¢, is solution of (E).
Example.
Lét (E):y" —5y+6y =0, @.(x) =e?, and ¢,(x) = e3*are solutions of (E).
Then: p(x) = @1(x) + @,(x) = e** + e3* is solution of (E).
(p'(x) = 2e?* +3e3* , " (x) = 4e?* + 9e3*, ¢"(x) —5¢'(x) + 6¢(x) =0)

3) Cauchy problem :

y® =F(x,,y,...y™ D)
y(xo) = 0,y (x0) = y1, ---»y(n_l)(xo) =Yn-1
2

The Cauchy problem is written by : (P) : {



y' +2xy=0

Example : Solve the problem (P :{
xamp ve the problem (P) : { "7

2. Ordinary differential equation of first order
They have the form:  f(x,y,y') =0 ou y' =1,y
There are three main types of differential equations of first order.
Differential equation with separaté variables.
Homogeneous differential equations
Linear differential equations
And a finite number of specianequations: Bernoulli equation, equation of Riccati, equation
Of Lagrange, and Clairaut.equation....
Resolution of differential equations or orger L :

1) diffefential equations with separate variables: They have the form: f(y)y’ = g(x)

J fly)dy = J gx)dx (Find y as a function of x)

Examples : 1) (E;))% (1 + x?)y’ = xy EDO with separate variables



2) (By) :xy' =y+xy

3) (E,): {y, =2x\Jy—1

y(1) =1

2) Homogeneous differential equations : They presented intne torm: y' = f (%)

To solve this equation put the change of variable zZ'= %

zzg >y=xzety =z+xz.

I X I __ ¢ 1 I l . . .
y = f(x) =z+xz = f(2) = f(z)_zz = . Equation with separate. variables.

Examples :

1) (E): (x2+y% —xyy' =0 . Divide by x2.



2) (E;) : xy'=y+xcos (g)

x?y' = 2xy+y% =0

3) (E3): { y(1) = 2

3) Linear differential equations: (E) : y' + a(x)y = b(x) ,
a, b Two continuous functions on I < R.

Thedenear equation solved by two steps
1%'8tepi: ,Find y, Solution of the equation (E,) without the second member (b(x) = 0) .
(Eo) + ¥ +a()y=0 = T =—a(0) = y, = ke /a0
2" Step : Find Yp the particular solution of (E).

Use the method of constant variation. k = k(x) (Function)



We have : y = ke~ [200dx = 3 = | g=[atdx — | g(x)e~f at0dx
Replace in (E) : k'e=la@ax = p(y) =k = fb(x)ef“(x)dxdx.
Then: y, = ke~ Jaldx = e'fa(x)dxfb(x)ef“(x)dxdx.

The general solution of (E) is given by : y; = yo + .

Ve = k e—fa(x)dx + e—fa(x)dx f b(x)ef a(x)dxdx_

Examples :

, 1
1) (B :xy' +2y =5x°



2) (E,): {y’y—lic)Z)y:lex a(x) =2, b(x) =e*
3) (E3):y' — % = x arctan(x) a(x) = —i , b(x) =« arctan(x)



4) Differential equation of Bernoulli :

They take the form: (E) : y' + a(x)y = b(x)y™, n > 1 (integer)

To solve the Bernoulli equation put the change of variable: z =

n—-1"
! 1—Tl ! -
z = A ¥ Yy Replace in (E)
(E): =y + 2% = h(x) > ——2' + a(x)z = b(x) is linear ODE
b yn yn_l 1-n .

Examples :

1) (Ey) : xy' +y =y?In(x) EDO of Bernoulli with n = 2.

2) (E;)A\x%" + xy.=y> EDO of Bernoulli with n = 5.



5) Differential equation of Riccati :
They have the form: (E) : y' + a(x)y? + b(x)y = c(x) with: a, b, and c three continuous
functions on the interval I € R.

To solve the Riccati equation, we need to know a particular solution y; , and put y = y; +§
y= +§ ety =y’ — Zizz’ Replace in(E), we get the following linear equaton
z' — (a(x)y, + b(x))z = a(x).
Examples :

2.0 _ 202
1) (E):{xy—xy x‘yc—1

. 1. . .
y(1) = 2 with y; = ~isa particular, solution,

2) BNy =—2x+ (1 + %)y + %yz , Yo = x The particular solution.



3) Différential equations of second order :
The différential equations of order 2 have the form: y” = F(x,y,y") or F(x,y,y',y") =0
There is two principal types of differential equations of order 2 :
Incomplete differential equations And Linear differential equations

1) Incomplete differential equations : Generally, There are three cases

Firstcase: (E) : y" = f(x)
To solve it integrate two times.
y'=f(x) =2y =[f(x)dx=F(x)+c F primitive de f.
=y = [(F(x)+ c)dx= GO cx + k , G primitive of F.

Example: (E) : y" =—

second case : (E) : y" = f(x")
To solve it put the change : y' = z
y' =z = 7 = f(x,z) EDO of order one.

Example: (E) xy!'-%" =0

Thirdcasg”: (E) : y" = f(v,y)

,2
Example: (E): y" = t::l(y)
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2) Linear differential equations : (E) : a(x)y" + b(x)y' + c(x)y = f(x)
With a, b, ¢, and f continuous functions on the

Remark : In this chapter we interested a equations with a constant cogffigients (a, b, et € R)

3) Linear differential equations of second order with a constaft cogfficients :

(E): ay” +by" +cy = f(x)
With a, b, c real numbers, a # 0, and f a continuous tunction on I € R.

i) Differential equations of second order homoteneous¥ (without a second member)
(Ey) : ay” + by’ +cy =0, a%b;c desreels ,eta # 0.
To solve it consider the solution y ='e™ /with r € C.
y=e"™, y =re"™, ety =r2e™ Replace in the equation(E,), we find
ar?+br+c=0.
We call the polynomial P(#) = ar? + br + c , a characteristic polynomial associated with equation (E,).
Find the general solution of the homogeneous equation (E,) we distinguish three cases :
Firstcase . 'A= b? — 4ac > 0.

—-b+vA -b—VA
P have two real roots: r; = Za‘/_ , Ty = 2;/_

And the general solution is given by : y, = C;e™* + C,e™*
Examples

1) (Ep): y'"+y —2y=0

2) (Ep): 3y"—=5y'+2y=0
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Second case : A= b? — 4ac = 0.

-b
P haveonerealroot:r, =r, =r = 2a

The general solution given by: y, = (C;x + C,)e™.
Examples :

1) (Eg): y"+2y'"+y=0

2) (Ep): 99" —6y'+y=0

Third case : A= b? — 4ac < 0.
P have two complexroots:ry = a + i/, r=1r =a—Iif
The general solution given by y, = (C,€05(Bx) + C,sin(Bx))e®*

Examples :

1) (Eg): y"'—=2y"+2y=0

2) (Ep): y"+2y=0

ii) Differential equatign of second order with a second member:
(E) :Nay"+ by + cy = f(x) witha,b,careal,and a # 0.
The equation (E) solved in two steps :
First step:*kind y,Solution of homogeneous equation (E,) : ay” + by’ +cy =0.
Second’step: Find y, particular solution of (E).
Yp = C1y1 + Cy, with y; and y, are solutions of the homogeneous equation(E,).
Determine C; et C, By the constant variation method.

C'1y1+CLy, =0

Integrate C'; and C’, Solution of system:{ _, |, , 1
Jreie Land o Y {cly1+czy2=;f<x)
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Conclusion : y; = yo + ¥, general solution of (E).
Examples :

1) (E):2y"=3y'"+y=¢*

2) (E): y"+y=sin(x)
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no__ 4 — %x
3) (E): {43} 4y +}f xe
y(0)=2, y'(0)=1

Remaik : y(Fma y, by substitution)
1) Ifthe second member f(x) = Q(x)e* with: Q polyndmialand s € R .

we distinguish three cases :
i) Ifsisnotroot of P(r). Then:y, = R(x)e™, Rpolyndmial and d°R = d°Q

ii) If s is simple root of P(r). Then: y, = R(x)e®™ with d°R = d°Q + 1
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Or ¥y, = x R(x)e*™ with d°R = d°Q
iii) 1f s is double root of P(r). Then: y, = R(x)e®™ with d°R = d°Q + 2
Or y, = x? R(x)e™ avec d°R = d°Q

2) If the second member f(x) = A cos(Bx) + B sin(Bx)
we distinguish two cases :

i) If Biis not root of P(r). Then : y, = A; cos(Bx) + B;sin(fSx)
i) If piisarootof P(r). Then:y, = x(4; cos(Bx) + B;sin(fx)).
Examples :

1) (B):y" =3y +2y=(2x*-3)e™™

2JC) ¥y + 4y = 3sin(2x)
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