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Solution of Series of Exercises 2

Let us study the simple convergence and uniform convergence of the following sequences

of functions:

1—nx?
1. fn(.X') = Tnxz’ E;=R then on E, = [a, +OO[ ([1 > O)

1.1 Simple Convergence :
If x =0, f,(0) =1 and if x # 0, lim f,(x) = —1. the sequence of fonctions (f,) is therefore
1, ifx=0,

simply convergente on E; = [~a,a] towards f, where f(x) = .
-1, ifx#0

1.2 Uniform Convergence :

1.2.1. On E; = R. The function f is not continuous on R, it folloxs that (f,) doesn’t
converge uniformly on E;.

1.2.2. On E; = [a, +oo[ (a > 0). We have
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This later quantity tends towards 0, and the sequence of functions converges uniformly

to—1on E; = [a, +oo[ (a > 0).

2. £,(x) = ﬁ E,=1[0,1].

2.1 Simple Convergence :

If x=0, f,(0) =0and if x # 0, lim f,(x) = 0.

The sequence of functions (f,) is therefore simply convergent on E; = [0, 1] to the zero
function f = 0.

2.2 Uniform Convergence :
x

Since each function x +— f,(x) — f(x) = T

, is increasing on E3;, we then have

sup |fu(x) = f (x)l = ﬁ This later quantity tends to 0, and the sequence of functions

converges uniformly to 0 on E3




3. £ = cos(CY), B =R

3.1 Simple Convrclergence :

Ifx=0, f,(0) = cos(%), and lim £,(0) = 1.
When x # 0, lim f,(x) = cos(x).

In all cases, the sequence of functions (f,) is therefore simply convergent on E; = R to f,

where f(x) = cos(x).

3.2 Uniform Convergence :

We have
faX) = f (x)| = c:os(5 * nx) — cos(x)
= |cos(x) X cos(%) — sin(x) X sin(%) — cos(x)
< |cos(x)| X ( cos(%) — 1| + [sin(x)| X sin(%)‘)
L .5
T 2n2 on

This later quantity tends to 0, and the sequence of functions converges uniformly to 0 on
E,.

4. fu(x) = o~ and f,(0) =0, Es = R then on E¢ = [a, +oo[ (a > 0)

4.1 Simple Convergence :

If x =0, f,(0) = 0 = lim £,(0) = 0, and if x # 0, lim f,(x) = 0. the sequence of functions

sin(nx)

(fx) is therefore simply convergent on R to f(x) = 0.
4.2 Uniform Convergence :

421 On E; = R. Let’s consider the sequence of points (x, = % ). We have

fn(xn) - f(xn)
4.2.2. On E¢ = [a, +oo[ (a > 0). We have

2
=— 0. It follows that (f,) doesn’t converge uniformly on Es = IR.

1 1
< —<—.
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sin(nx)

£ - f)| =

nx

This later quantity tends to 0, and the sequence of funtions converges uniformly to 0 on

Eg = [a, +00[ (a > 0).




5. fu(x) =x"(1 -x), E; =[0,1].

5.1 Simple Convergence :

Ifx=0o0rx =1, f,(00 = f,(1) =0, and the sequence converges to 0. If x € ]0,1[,
limy, 100 fu(x) = 0.

Finally, the sequence (f,) converges simply on [0, 1] and this limit is the zero function
() =o.

5.2 Uniform Convergence :

By performing a simple calculation, we find

sup [f) = f0] =y = —= (=)

xe[0,1] n+1\n+1

1
This later quantity equivalent in neighborhood of infinity by —
Since this quantiry tends to 0, when n tends to +oo, therefore the considered sequence

converges uniformly to 0 on [0, 1].

Let us consider the series of functions:
fa(x) = sin®(x) cos"(x), forn > 1and x € [0, g] )

1. If x = 0, )50 fu(x) = 0 and the series converges.

Ifxe ]O, g], the series ), fu, is geometric with ratio g = cos(x) € [0,1[ , and therefore it
T
converges on € ]0, E]
Finally:
2
SO e o 5]
S(x) ={ 1-cos(x) 2 (1)
0,ifx =0.

. . . Tt . .
2. Since S is not continuous on the segment [O, E]' the series ), fu, is therefore not

uniformly convergent on this segment..




Let us consider the series of functions:

n,fornZlandxe]R,

x
fu(x) = A+

1. Ifx =0, Y,51 fu(x) = 0, the series is simply convergent.

If x # 0, the series ), f.(x) is geometric series with ratio g = 1 < 1, and therefore

+ x?
it converges for all x # 0.

Finally :
1
Zifx#0
s={ % "7 @)
0,ifx=0.

2. Since S is not continuous at the point 0, the series }_,.; f,, is therefore not uniformly
convergent on R.

3. Let’s stydy the normal convergence on [a,b] (0 < a < b). We have

X
X
b

0] =
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,Vx €[a,b],

which is the general term of convergent geometric series, and so }.,., f» converges
uniformly on [a, b] .

4. Calculate )}, fle fa(x)dx

Since the series is unifomly convergent on [1,¢], it is therefore integrable term by term

on this segment. We then have

Y f1 i

n>1

[ Y fulxdx

n>1

dx
1 X
= 1.




