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Chapter 1

Sequences and series of

functions

1.1 Sequences of functions

Let kk be one of the fields R or C and let E and F be two non-empty subsets
of k.

Definition 1.1.1. We call a sequence of functions any application f,: IN — £,
where £ = £(E, F) is the set of applications of E in F.

1.1.1 Simple convergence

In general, to study the simple convergence of a sequence of functions f,(x)
on a subset E of R, we will try to fix the real x and we will study the

corresponding numerical sequence.

Definition 1.1.2. A sequence of functions (f,)neN is simply convergent on E to

a function f(xo), when the numerical sequences (f,(xo))neN is convergent, for all
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xo € E. We thus define a function f on the domain E by:

f@) = lim f,(). (1.1)

In this case, the function f is called the simple limit of the sequence of functions

(fn)nE]N'
Example 1.1.1. Consider the sequence of functions f, defined on R by
x
fn(X) = m, neN. (12)

Ifx =0, £,(0) = 0, and the sequence converges to 0, and if x # 0, lim, 10 fn(x) =
lim, 400 X 0.
n

Finally, the sequence f, converges simply on R, and its limit is f(x) = 0.

1.1.2 Uniform convergence

Definition 1.1.3. We say that the sequence of functions (f,)nen converges umni-

formly on E to a function f if and only if:
Ye >0, dng € N, ¥Yn > ng and Vx € E, we have |fn(x) - f(x)| <Ee. (1.3)

Remak 1.1. This integer no obviously depends only on € and not on x. While, if ng

depends on both x and €, we will say that the convergence is simple on E.

Remak 1.2. Uniform convergence on E implies simple convergence on E.

1.1.3 A sufficient condition for uniform conver-
gence

Proposition 1.1.1. Let (f,)nen be a sequence of functions which converges simply
on E toa function f. If there exists a positive sequence (by,) that converges to 0, such
that

Vx € E,

Fu®) = f()] < by, (1.4)

then the sequence of functions (f,)nen is uniformly convergent on E.
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Proof. Suppose that b, tends to 0, when n — +oo, that is:

Ve > 0, dng € N, such that VYn > ny we have b,, < g (1.5)
Since:
£ = F@)| < by < g for all x € E. (1.6)
We find
sup |f,(x) - f()| < g <e, forallx e E. (1.7)
x€E
O

1.1.4 A necessary and sufficient condition for uni-
form convergence

Proposition 1.1.2. Let (f,)nen be a sequence of functions that converges simply on
E to a function f . For (fu)nen to be uniformly convergent to f on E, it is necessary

and sufficient that the numerical sequence (a,) which is defined by:

, (1.8)

an = sup|fu(x) — f()
x€E
is convergent to 0.

Proof. = Suppose that (f,)en be uniformly convergent to f, then:

Ye>0, dnp e N, Yn>ngand Vx € E,

fil) - f@| <5 @9)
As a result:

a, = sup (f,,(x) —f(x)| < g <e. (1.10)

xeE

< Now, let’s assume that g, tends to 0, when n — +co, we then have:
Ye>0, dnp €N, VYn > ng,a, <e. (1.11)
As a result:
|fu(x) = f0)] < sup |fux) = ()| = au <e, forallx € E. (1.12)
xe

O
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Remak 1.3. A sufficient condition for the sequence of functions (f,)nen doesn’t

converge uniformly to f on E is the existence of a sequence of points (x,) C E,
verifying:
|fuCn) = fn)| = 0, when n — +oo. (1.13)
Example 1.1.2. Let the sequence of functions f, be defined on [0, 1] by:
fu(x) =x"(1—x), n € N. (1.14)

*Ifx=00rx=1, f,(0) = f,(1) = 0, and the sequence converges to 0.

*Ifx €]0,1[, limy— 100 fu(x) = 0.

Finally, the sequence f, simply converges on [0, 1] and its limit is the zero function
fx)=0.

By performing a simple calculation, we find

1 n \*
xset[gi] |fn(x) - f(x)| =a,, such that a,, = 1 (n " 1) . (1.15)

1
This last quantity is equivalent to the neighborhood of infinity by _t Since this
quantity tends to 0, when n tends to +oo, the sequence of functions considered

converges uniformly to 0 on the segment [0,1] .

1.1.5 Cauchy criterion for uniform convergence

Proposition 1.1.3. For the sequence of functions (fu)sen to be uniformly conver-

gent to f on E, it is necessary and sufficient that:

Ve>0,dngeN, Vp,ge N, p>g=>npand Vx € E,

£,(0) - f(x)] <e.
(1.16)

Proof. = Suppose that (f,)en be uniformly convergent to f, then:

Ye >0, dng e N, Yn>ngand Vx € E,

€
ful0) = f()] < 5 (1.17)
Let € > 0, then for all p > g > ny, we have:

5@ - @] < @) - f@)]+]fE) - f@)

€ €
< §+§—e, forall x € E.
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< Now let’s assume that:

£,(0) - f(x)] <e.
(1.18)

Let p tend towards +oo, we fin the result. |

Ye>0,dnp €N, Vp,ge N, p>g>npand Vx € E,

1.1.6 Properties of sequences of functions

Continuity

Proposition 1.1.4. Let (f,) be a sequence of continuous functions on a segment
[a,b], converging uniformly on the same segment to a function f. Then f is a

continuous function on [a, b].

Proof. Let xq be any point of [a, b] .

fn is continuous at the point x, then:
Ve>0,35>0, Vxeabl, x—xl<5= [fx) - fulxo)| < g (1.19)
(fu)new converges uniformly to f, then:

Ye >0, dng € N, Yn >ngand Vx € E,

£ — £ < g (1.20)

We can write:

lf) = fxo)| = [F(0) = ful®) + fulx) = fulxo) + fulxo) — f(x0)|
[f() = fu@)] + | ) = fulxo)| + | fuloo) = F(x0)|

€ € €

< 5 + 5 + 5 = €.
o
Remak 1.4. Under the conditions of the previous proposition, we can write:
lim lim f,(x) = lim lim f,(x) = f(xo)- (1.21)

X—Xg n—+00 Nn—+00 X—X(
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Integrability

Proposition 1.1.5. Let (f,) be a sequence of continuous functions on a segment
[a,b], converging uniformly on the same segment to a function f. Then f is an

integrable function on [a, b], and moreover:

f fds = tim f fo@)x. 1.22)

Proof. Under the assumptions of proposition 1.1.5, the uniform limit f is also
continuous, which ensures the integrability of f,(x) and f.

(fu)new converges uniformly to f, then:

Ye>0,dngeN, Yn>ngand Vx € E,

b L (x0)dx — b (x)dx
| e | s

) - f)] < ﬁ (1.23)

We can write:

A

< [ Wt - el
\fab dx

Corollary 1.1.1. Under the assumptions of proposition 1.1.5, we deduce that the

sequence of integrals ( L i fn(y)dy)n is uniformly convergent to ( fu : f (y)dy)n , for all
x €la,b].

€
b—a

A

= €.

O

Proof. Since the integer 1y in the relation (1.23) does not depend on b, it

suffices to replace b by x. ]

Differentiability

Proposition 1.1.6. Let (f,) be a sequence of functions defined on the segment [a, b]
and verify the following three conditions:

1. fu,n=0,1,...are of class C' on a segment [a, b].

2. (fn) simply converges on the same segment to a function f.

3. The sequence of derivatives (f,) converges uniformly to a function g.

Then, the sequence of functions (f,) converges uniformly to a derivable function f

and moreover f = g.
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Proof. Since (f,) is a sequence of continuous functions on a segment [, b] ,
converging uniformly on the same segment to a function g , then the use
of the proposition of integration affirms that £, is an integrable function on

[4, b], and moreover:
fi) = fi@+ [ s (124)

According to Corollary 1.1.1, the sequence ( fu * f;l(x)dx) fn converges uni-
formly, and the numerical sequence (f,(a)) is also convergent, (f,(x)) is

therefore the sum of two uniformly convergent sequences, so it is uniformly

convergent.
We have: . .
Jim [ = [ g (125
On the other hand:
i [ Aed = lm G0 = A1)
= () - f@. (1.26)
Using (1.25) and (1.26), we get:
f g()dx = f(x) - f(a). (127)
We derive this last equality, we find:
g(x) = f(x). (1.28)
O

Remak 1.5. Under the conditions of the previous proposition, we can write:

lim (% fn(x)) - % (nl_i)rpoo fn(x)) = F(x0). (1.29)

n—+o0

1.2 Series of functions

Definition 1.2.1. Let (f,) be a sequence of functions from E to k. A series of

+o00

functions with general term f, is any expression of the form =Y. 2 fu(x).
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Let S,(x) = Yy fi(x), n € Nand x € E.
S, is called the partial sum of order n of the series ) ,~q fu(X).

1.2.1 Simple convergence

Definition 1.2.2. A series of functions with general term f, is said to be simply
convergent on a subset E of R, if for all x € E, the numerical series with general
term f,(x) converges.

The term:

Ry (x) = S(x) = Sp(x) = i fa(x), n€e Nand x € E. (1.30)

k=n+1
is called the rest of order n of the series.
The convergence of the series of general term f,, is then expressed by the convergence

of the sequence of partial sums (S,(x)) to a function S That is to say:
Ve >0, dng e N, Vn > ngand Vx € E, |S,(x) — S(x)| = [R,(x)| <e. (1.31)

Example 1.2.1. Consider the series of functions with a general term

x}’l
X) = ,n>0and x € R. 1.32
fu(x) NS (1.32)
X
For x # 0, the d’Alembert criterion gives us lim,_, e f j:zi)) = |x|. The series
converges when |x| < 1 and diverges when |x| > 1. !
If x = =1, the series becomes alternating and verifies the convergence criterion. If

x =1, it diverges.

Finally, the series of functions converges simply on [-1,1[.

1.2.2 Uniform convergence

Definition 1.2.3. A series of functions with general term f,,, converges uniformly
on a subset E of R and has the sum S, when the sequence of its partial sums is
uniformly convergent on E, that is:

Ve >0, dng € IN, Vn > ngp, sup|S,(x) — S(x)| = sup [R,(x)| < €. (1.33)

xeE xeE
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To say that the sequence of partial sums converges uniformly on E there-

fore means that (R,),en converges uniformly to 0 on E.
Remak 1.6. We can define a norm of uniform convergence of S, on E by:

ISull = sup S, (x)]. (1.34)

xeE

The series of functions with a general term f, converges uniformly and with a sum

S if and only if the numerical sequence (||S, — S|),,en converges to 0.

1.2.3 Cauchy criterion for uniform convergence

Theorem 1.2.1. For the series of functions with general term f, to be uniformly

convergent on E, it is necessary and sufficient that:

p
Ye>0,IngeN, ¥p,ge N, p>g>noand Vx € E, sup Z fk(x)‘ <eE.
Y€E  li=g+1

(1.35)

Proof. The proof of this theorem is the same as for sequences by reasoning

on the sequence of partial sums. ]

Corollary 1.2.1. The use of the uniform Cauchy criterion is often by its contrapo-

sition, to show that a series of functions does not converge uniformly.

1.2.4 A necessary condition for uniform conver-
gence

Proposition 1.2.1. For a series of functions to be uniformly convergent, it is

necessary that its general term tends to 0 uniformly.
Proof. It suffices to apply the uniform Cauchy criterion on:
£l = sup [fu)]| = sup 1S,(x) = Sl (1.36)
x€E x€E

O
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1.2.5 A sufficient condition for uniform conver-
gence (Weierstass criterion)

Proposition 1.2.2. (Proposition and definition) Let }.,-q fu(x) be a series of func-
tions defined on E. Suppose that there exists a positive numerical series Y., by,
such that:

Vx €E,

fu@)| < ba. 1.37)

If ¥ 50 bn conveges, then the series of functions Y., fu(x) is absolutely and uni-
formly convergent on E.

In this case, we say that the series of functions (f,)nen is normally convergent on
E.

Proof. From the inequality (1.37) and the comparison theorem, we deduce
absolute convergence.

On the other hand, the numerical series )., b, converges, that is:

Ve > 0, Any € N, such thay if¥n > ng 2 b <e. (1.38)

k>n+1

So

Ye>0, dng e N, ¥n > ny

Y, £

k>n+1

< Z )| < Z be<e.  (1.39)

k>n+1 k>n+1

This latter quantity independent of x, the rest of the series ), fu(x) con-
verges uniformly to O, the series ), fu(x) is therefore uniformly conver-

gent. O

sin(nx)

Example 1.2.2. The series of functions )~ , & > 1is normally convergent

n
. sin(nx
on IR, since (1)

1y . .
< (—) , general term of a convergent geometric series.
a
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1.2.6 Necessary and sufficient condition for nor-
mal convergence

Proposition 1.2.3. For the series of functions ) ,~q fu to be normally convergent

on E, it is necessary and sufficient that the numerical series (a,) with general term:

, (1.40)

a, = sup | fa(X)

xeE

be convergent.

Proof. = When the series of functions ), f, is normally convergent on E,

there exists a positive convergent series of term b, verifying:

Vx € E, |fu(x)| < by, (1.41)
As result
a, = sup |f,(x)| < by, (1.42)
x€E

and the series }_,.( 4, is convergent.

< Now let’s assume that },.o a, is convergent, then we have:
|fn(x)| < sup |fn(x)| =a,<e€ x€E, (1.43)
x€E
this is the definition of a normally convergent series. |

Example 1.2.3. The series of functions )., fu(x) defined on [0, 1], such that:

x”lnzxif x€1]0,1],
n(X) = 1.44
fa(2) {o,z'fx=0 (1.44)
We have:
fu(x) =In(x) 2 + nln(x)) x" ' =0, ifx = exp(%z) =X, (1.45)
As result
4 = sup [fu(0)] = fult) = —, (1.46)
xe[0,1] nce

general term of a convergent series. The series of functions is normally convergent
on [0,1].
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Proposition 1.2.4. The normal convergence of a series of functions on a subset E
of R implies the uniform convergence of this series on E, and the converse is false.

Proof. When the series of functions ) - fu is normally convergent on E, the

proof proceeds from the inequality:

P p
sup Z fir(x)| < Z sup | fk(x)' (1.47)
x€E k=q+1 k=q+1 x€E

and the Cauchy criterion.
The converse of this proposition is false. As an example, we take the series

of functions with a general term

="
n = 7 7 1 Z 1- 1.4
fu(x) p— x€[0,1] and n (1.48)
This series is uniformly convergent without being normally convergent on
[0,1].
On the other hand:

1 <
n+l+x n+1

IRu(0)| < [fusa (x)] = <e, forallx €[0,1], (1.49)

which shows uniform convergence on [0, 1] .
By against:
1
sup |fu(®)| = =,

(1.50)
x€[0,1] n

general term of a divergent series, the series is therefore not normally con-

vergent. o

1.3 Properties of series of functions

1.3.1 Continuity

Proposition 1.3.1. Let be a series of functions of general term f,, defined on the

interval [a, b], which converges uniformly and of sum S on [a, b]. If f, is continuous
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on [a,b], for all n € N, then S is also continuous on [a, b], and moreover, we have

the following éequality:

lim Z fulx) = Z lim £,() = S(x0), forallxo € [a,b],  (151)
n=>0 n>0

which is a case of inversion of limit and infinite sum.

Proof. 1t suffices to apply Proposition 1.1.4 to the sequence (S,) of partial
sums of the series ), fu, which are continuous as finite sums of continuous

functions. o

Remak 1.7. The condition of uniform convergence of the series of functions is

sufficient but not necessary to ensure the continuity of the sums.

Remak 1.8. When the series of continuous functions of general term f, simply
converges on [a,b] and has as sum a discontinuous function S, then Y ,~o fu does

not converge uniformly on this interval.
Example 1.3.1. The series of general term continuous functions:

fu(x) = sin?(x) cos"(x), x € [0, g] ,nelN. (1.52)

converges simply on [O, g] and has the sum:
.2
S ey e ]0, _]
S(x) ={ 1—cos(x) 2 (1.53)
0,six=0.

. o . . s
Since S is discontinuous at 0, Y,~o fa does not converge uniformly on [O, 5]'

1.3.2 Integrability

Proposition 1.3.2. Let a series of functions with general term f,,, defined on [a, b],
converges uniformly and with sum S on [a,b]. If f, is continuous on [a, ], for all

o b b
n € IN, then, the series with general term fg fu(x)dx converges and has the sum fa

S(x)dx , and moreover, we have the following equality:

fa " St = Y f b fal@)dx = f b (Z f,,(x)dx],

n>0 n>0
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which is a case of interversion sum and integral.

Proof. It suffices to apply Proposition 1.1.5 to the sequence of partial sums
(Su)nen of the series ),5o fu(¥). O

Example 1.3.2. Let the series of functions with general term:

x2n
fn(X) = m, X € [0, 1] .
1
This series converges uniformly on [0, 1], since | fn (x)| < @’ forall x € [0,1].

According to the previous proposition, we then have:

X n X 2n
fo [ZO (;n)!dx] Zfo o

n=0

n>0
sinh(x), for all x € [0,1].

1.3.3 Derivability

Proposition 1.3.3. Consider a series of functions with general term f,, derivable
on the segment [a, b] and verifying:

1. The series of functions Yo fu(x) converges simply on [a, b].

2. The series of derivatives of general term f, converges uniformly on [a, b] and has
as sum a function g .

Then, the series of general term f,, is derivable term by term, and we have:

S0= [Z fn(x)] =Y 2w = g0
n>0

n>0

Proof. Tt suffices to apply Proposition 1.1.5 to the sequence of partial sums
(Su)nen of the series of general term f,,, which is derivable as finite sums of

derivable functions. m]
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