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Solutions of exercises about numerical

series
Solution of exercise 1:
1. We have:
T 1
8 nn—1)
_ 1 1
 on-1 n
which implies :
=01 1
li = _
Jmse = ) (=)
k=2
= lim (1 - 1) =
n—+oo
+00 1
Hence n§2 Y — converges with sum S = 1.
2. Since:
+ZOO‘ n_z ~ +00
n' — 1)'

n=0 n=1

(n
) Z‘(" 1) (n— >')
— (n—2)! —~i (n-1)!

= 2e,
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+00 12

we then have }| -y converges with sum S = 2e.
n=0 rt.

3. Since

O, gcos(nx) < exp(ix)\"
;(—1) = Reel( (— : ))

n=0
2
= Reel| ———
2 + exp(ix)
_ 4+2cosx
~ 5+4+4cosx’
+oo ,cos(nx) . 4 +2cosx
we then have ngo(—l) e converges withsum S = 5 dcost

Solution of exercise 2:
Let us study the nature of the proposed numerical series

1. Since

n—+00

1
lim nsin(;) =1=+0,

+00 1
the series ) n sin(;) is divergent .

n=1

2. We have
1, viaew) 1
arctan(;) ~

general term of convergent series ( Riemann’s series with a =
2>1).

+00 1
Therefore ), arctan(ﬁ) converges.
n=1
+00 OCn aﬂ
3. >0).Letu, = ———.
L (@=20). Letun = 1

nm1 ¥+ at + 1

+00
31.Ifa =0, ) u, =0, the proposed series converges.
n=1

1
32. Ifa=1,u, = 3 -+ 0, when n — 400, the series diverges.
3.2. If a € ]0,1[. Consider the geometric series of general

terlm v, = ", which is convergent.
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. . u . t» o
Sincelim,_,+. — = 1, theboth series Y 1, and Y v, are therfore
v

n n=1 n=1
the same nature, which shows the convergence of the series

Zun

3 4. If @ > 1. Consider the geometric series of the general

1 n
term v, = (—) which is convergent.
a

. X u +00
Since lim,_,,., — = 1, the both series Z u, and Z v, are therfore
Un =1 n=1
the same nature, which shows the convergence of the series

T
n=1
4. Using the Cauchy’s creterion, we get

1 oy
, n+a\"\n ) 1+ n
lim ( ) = lim
n—+oo \\11 + b n—-+00 1+g
n
= exp(a-Db).

Therefore:
4.1. If a < b,exp(a — b) < 1, the series is convergent.
42.4.1. Ifa > b,exp(a —b) > 1, the series is divergent
43.Ifa=0b,u, =1-» 0, when n — +0oo, the proposed series
is divergent.

5. We have In(n) < ln(n)

general term of Bertrand’s series

n?+2
which is convergent, the series Z " (+)2 is therefore conver-
n=1
gent.
1 X3X..X2n-1)
6. Letu then have:
© 2><4><...><(2n) o Wethen nave
. un+1 . 21’1 + 1
lim = lim =

n—+oo U, n—+oo 211 + 2 B

According to d’Alembert, we can’t conclude. Usig the Raab
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Duhamel creterion, we get:

u n 1
I ( " —1) - i — <1
S P 2 t2 2

o Ix3X.Xx(2n-1
Consequently, the series ngl A% >(< (nzn) ) is divergent.

2" o T
7. Letu, = 5 sin (0),0 € [0, E]

8. If x = 2km, u,, = - general term of harmonic series which is
divergent.

If x # 2krt. We can write
U, =a,Xb,,

where a,, = exp(inx) and b, = m
We then have

n

Y

k=1

n

= Z exp(ikx)

k=1
|1 — exp(inx)
- ( 1 — exp(ix) )
2
1 — exp(ix)
2
|1 — cosx —isin x|
2

1 — exp(inx)
1 —exp(ix) )

exp(ix) X (

IA

2‘. x‘x|. x+. X

sin — sin — +1COS =
2 2 2
1

fin 3]
sin —
2

In the auther hand, the sequence (b,) is decreasing and tends to-
. .t exp(inx)
wards zero, therefore, according to Abel, the series )}, ————

n=1 n
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is convergent

Solution of exercise 3:

1. Consider the numerical series of general term

sinn
U, =

no -
1. 1. Let’s show that: if 0 > 1, the series is absolutely conver-
gent.

1
Indeed: If 8 > 1, we have |u,| < ol general term of convergent

+00
series, therefore }, is absolutely convergent.

n=1 nQ
1.2. If v0 < 6 <1, we have

| = sinn| _ sin’n
N BT
1 cos(2n)
T 2mf 2nf
= U,
oo o
Since ;:21 % diverges and : 1 Coi(ezn) converges (according to

+00 +oo
Abel), the series )| v, is therfore convergent, it follows that ), u,

n=1 n=1
+00
does not converge absolutely. But the series }, u, converges (
n=1

+00
according to Abel), hence }] u, is semi-convergent.

n=1
1. 3. Whereas, if 0 < 0, the series is divergent.
+00
Indeed, if « < 0, lim,_,, 4, does not exist, the series ) u, is
n=1
therefore divergent.

, e O — T\
2.. Consider the series ) ( ) 0",0 e R
n=1\ "1+ 1

Letu, =(2n_1
n+1

2n
) 0". Using the Cauchy’s creterion of the series
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absolutely convergente, we find:
1

lim |u,|n =410|.
n—+oo

Therefore:

1
2. 1. If10] < 7 the series is absolutely convergent.

1
2.2. If|6] > 7 the series is divergent.

1
2.3.If|0] = 7 the general term can be written as:

27’1—1 2n 3 2n
=) =(1-5—5) -
2n+2 2n+2

which tends to exp(=3) # 0, when n — +oo, the series is there-

fore divergent.

+00
3. Consider the series ), —————
1=1 19 + cos(n)
3.1. If 6 <0, limu, does not exist, and the series diverges.

cos(n . 1.
3.2. If 6 > 1, we have |u,| = # < |—|. Since — is
nf + cos(n) n9 nf
general term of convergent series( Riemann’s series with 6 > 1),

.t cos(n
then the series ) )

—————~ is absolutely convergent.
a=1 19 + cos(n) y &

1
33.If0< 6 <1. We can write u, = cos(r) )
nt cos(n)
1+
e
By using the Taylor expansion of the function x e in
neighborhood of 0, we get:
cos(n cos(n) cos(n)
u, = ng )(1— ng )+ ng e(n))
2 2
= cos(n) _ 8 () + €08 (n)e(n), where ¢(n) — 0, when n — +¢b)

né 126 120

We therefore have the sum of two absolutely convergent series
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and one convergent series. Therefore, the considered series is

convergent.



