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Chapter 1

Notions of Logic



Chapter 2

Sets and Binary Relations

This chapter is divided into two main parts.

Part I — Sets

This part explains what a set is—a collection of objects. It introduces basic ideas such as mem-
bership, inclusion, equality, and the difference between finite and infinite sets. It also presents the
main operations on sets: complement, intersection, union, difference, and symmetric difference,
with clear definitions and diagrams. Other topics include the Cartesian product of sets, the union
and intersection of families of sets, and partitions (dividing a set into disjoint parts). The part
ends with the main properties of set operations, like commutativity, associativity, distributivity,

and De Morgan’s laws.

Part IT — Binary Relations

This part studies how elements of sets can be related to each other. It defines binary relations,
and explains their graph, domain, range, inverse, and composition. It then describes the main
properties of relations: reflexive, symmetric, antisymmetric, and transitive. Special sections
cover equivalence relations and order relations. The first explains how equivalence relations
form equivalence classes and quotient sets, while the second introduces order relations, including
partial and total orders, and key ideas such as upper and lower bounds, maximum, minimum,

supremum, and infimum.

Summary: In short, this chapter gives a clear and structured introduction to sets and binary

relations, two basic tools for studying algebra and logic.



Part 1

Sets



2.1 Definitions and notations

Definition 1

1. A set is a collection of objects; these objects are called the elements or members of the set, and they are
considered without order and without repetition (this means that the order in which elements are written
and the repetition of an element does not change the nature of a set), i.e. the following lists describe the same

set

{1,1,2,3} ={1,2,3} = {3,2,1}.

2.A set is usually denoted by capital letters A, B, C,... etc. while its members (or elements or objects) are

denoted by by small (or lowercase) letters such as a, b, c,....etc.

Example 2 Standard Notations for Sets of Numbers.
o The set of natural numbers ( positive integers), N = {0, 1, 2,...}.
o The set of integer numbers, Z. = {...,.—2-1,0,1,2,...}

o The set of rational numbers Q = { cmne€Z,n# O} (p is the numerator and q is the denominator of

0
the fraction ™).

o The set of real numbers R .

o The set of complex numbers C.

o The set of positive integers Z.* .

o The set of negative integers Z.”.

o The set of positive rational numbers Q.

o The set of negative rational numbers Q™.

o The set of positive real numbers R™.

o The set of negative real numbers R™.

o S* (pronounced ”S star”) generally denotes the set of non-zero elements of a set S. (The star indicates the
absence of 0.). For example:

e The set of non-zero natural numbers IN* = {1,2, ...}.

o The set of non-zero integer numbers Z.".

o The set of non-zero rational numbers Q.

o The set of non-zero real numbers R".

o The set of non-zero complex numbers C".



The letter Z comes from “zahl” (German for “number”) and "Q” comes from ”quotient”.

Remark 3 In set theory, a set can be defined in two fundamental ways: by extension and by comprehension:

1. Definition by Extension (also called Roster Form): In this method, all the elements of the set are
listed one after another and separated by commas (explicit form). The list is then enclosed in curly brackets
or braces { and }, which indicate the beginning and end of the set description. This method is useful when
the set has a small number of elements. For example, the set of prime numbers less than 10 can be defined
by extension as

$=1{2,3,57}.

2. Definition by Comprehension (also called Set Builder Notation): In this method, the elements
of a set are represented by a variable x followed by a property P(x) that each element must satisfy. This

representation is enclosed in curly brackets, as follows:

S={xeE:Pkx).

For example, the set of all even integers can be defined by comprehension as:

S={xeZ:xiseven}.

The membership relation describes the relationship between an element and a set. It is denoted

by the symbol €.

Definition 4 (Membership relation)

Let A be a set, then

1. If an element x belongs to a set A, we write x € A. This is read as "x is an element of A” or "x belongs
to A.” ’x is an object of A’.

2. If an element x does not belong to a set A, we write x ¢ A. This is read as "x is not an element of A” or
”x does not belong to A, or "x is not an object of A”.

3. The greek symbol € is called the membership symbol

Example 5 If A ={1,2,3} and x; = 2,x, = 4, then 2 € A, meaning 2 is an element of the set Aand 4 ¢ A

meaning 4 is not an element of the set A.

Definition 6 (Types of sets)

1. Empty Set: A set with no element is called the empty (or null, or void) set, and is denoted by the symbol
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¢ (read as phi) or by two empty braces {}. Therefore, we have
Vx,x ¢ ¢.

This means that for any element x, x does not belong to the empty set.

2. Singleton set: A Set containing only one element is called a singleton set (It is a set with only one
member). Therefore a singleton is written {x}.

3. Pair Set: A pair set is a set that has exactly two elements. It is written as {x, y}, where x and y are the

two distinct elements of the set.

Example 7
1. If A={xeR:x*= -1} has no element, i.e., A = ¢ is the empty set.
2IfA={xeR:x#x}=0¢.

3. A ={xeIN:x>=27}isasingleton set with a single element {3}.

Definition 8 (Finite, Infinite Sets and Cardinality )

1. A set is said to be finite if it has a finite number of elements. The number of elements in a finite set A is
called its cardinality, denoted by |A| or Card(A).

2. A set which contains an infinite number of elements is called an infinite set. In other words, A set which
is not finite, is called an infinite set ( we cannot count the number of elements in the set).

3. The cardinality of an infinite set A is Card(A) = oo.

Example 9

1. An empty set ¢ is a finite set with cardinality equal to zero.

2. A ={p € N : pisaprime number} is an infinite set.

3. The set IN of natural numbers is infinite. Similarly, Q , Z, R and C, the set of rational numbers, of

integers, of real numbers and complex numbers, respectively, are also infinite sets.

2.2 Relationships between sets

There are two basic relationships between sets: the inclusion and the equality.



2.2.1 Inclusion Relationship

Definition 10 (The inclusion relationship )
1. Let A and B be two sets. We say that A is included in B (or that A is a subset of B, or that A is a part
of B, or that B contains A) if and only if every element of A is also an element of B. This relationship is

denoted as A C B and can be expressed mathematically as

(ACB) = Vx,(x€e A= x€B).

2. The symbol C is the set inclusion symbol.
3. If A is a subset of B and A # B, then we say that A is a proper subset of B.
4. If Ais not included in B (or A is not a subset of B), we denote this as A ¢ B. This means that there exists

at least one element of A that does not belong to B. Thus, we can express this as

A¢Be dx:(xe Aand x ¢ B).

Example 11 1. Let A ={1,2,3,4,5},B ={1,3,5} and C = {2,4, 6}. Then we have B C A because

Vx,(x e B= x € A).

This means that for each element of A, this element also belongs to B but C ¢ A because

Jx=6:(6€Cet6¢A).

2INcZcQcRcC.
3. Q ¢ Z because 3 € Qet 5 ¢ Z.

Proposition 12 Basic facts about inclusion
1. For every set S, S C S. In other words, every set is a subset of itself.
2. For every set S, ¢ C S. In other words, the empty set is a subset of every set.

3. For the given sets A, B and C, we have if A C Band B C C, then A C C.

Proof.
1. Since every element of S is an element of S, therefore S C S.

2. Suppose on the contrary ¢ ¢ S. Then there exists x € ¢ such that x ¢ S. This is absurd as ¢
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does not contain any element. Our assumption is wrong, so that, ¢ C S.
3. Assume A C Band B C C. Let x € A, since A C B, by definition of subset, x € B. Now, since
B c C and x € B, it follows that x € C (by the definition of subset again). Therefore, for every

x € A,wehave x € C, we concludethat AcCC. m

Remark 13 ( Difference Between Membership and Inclusion in Set Theory)

1. Membership: Membership is denoted by the symbol € and describes the relationship between a single
element and a set. When an element x belongs to a set S, we write x € S. This indicates that x is one of the
elements within S.

2. Inclusion: Inclusion is represented by the symbol C and refers to the relationship between two sets.
Saying that a set A is included in a set B (A C B) means that all elements of A are also elements of B.
Writing A C B implies that A can be exactly equal to B or a proper subset of B.

3. In summary, the membership relation tells us if an element is part of a set, while the inclusion relation
tells us if one set is a subset of another. In other words, the symbol € connects an element with a set

(membership), whereas the symbol C connect two sets (inclusion).

Definition 14 (Power Set)
1. The set of all subsets of a given set S is called the power set of S (or set of parts of S). It is denoted by

P(S). Thus, every element of power set S is a set. Mathematically,
PS)={X:XCS}.

In other words,

XeP(S) = XcCS.
.2. Note that ¢ € P(S) and S € P(S) for all sets S.

Example 15
1. If S = {a}, then the only subsets of S are the empty set and S itself. Therefore,

P(S) = {¢,S}.
2.If S has two elements, say S = {a, b} with a # b, then the power set is

P(S) = {0, fa}, b}, S}.

11



Proposition 16 If S is a finite set with n elements (Card(S) = n), then the power set P(S) is also finite,
and its cardinality is given by

Card(P(S)) = 2".

2.2.2 Equality Relationship

Another fundamental relationship between sets is, in fact, the concept of set equality.

Definition 17 (Equality of Two Sets)

Let A and B be two sets.

1. We say that A and B are equal (or identical) denoted as A = B (read as " A is equal to B” or " A is identical
to B”) if they have exactly the same elements. This means that every element of A is also an element of B,

and every element of B is also an element of A. Logically, this means
A=B e Vx,(x€¢ A= x€B).

In other words,

A =B &= (AcBand Bc A) (Principle of Double Inclusion).

2. If A and B do not contain the same elements, we say they are distinct, denoted as A # B (read as "A is

different from B” or "A is distinct from B.” This can be expressed as
A#B& dx,(x € Aand x ¢ B) or dx, (x ¢ A and x € B).

Example 18
1. IfA={xeR:x*-3x+2=0}and B = {1,2}, then we have A = B. To show that A = B, we must
demonstrate that both sets contain exactly the same elements. We have A is the set of solutions to the

equation x*> — 3x + 2 = 0, then the solutions to x*> — 3x + 2 = 0 are 1,2. Therefore, we have A = B.

2.3 Operations on Sets (Set Operations)

Let us now study sets obtained by applying operations on sets. We will cover five operations here,
namely,complement of sets, intersection of sets, union of sets, Difference and symmetric difference

of sets. We describe below the basic operations on sets.

12



2.3.1 Complement of Sets

Definition 19 (Complement of a set)
The complement of a set A with respect to a universal set E is the set of all elements in E that are not in E.

It is denoted by Cy or A or sometimes CA. Symbolically, the complement of a set A is expressed as
Cg‘:{er:xezA}.
In other words,
xeCl = x¢A.

This means that an element x belongs to the complement of set A with respect to the universal set E if and

only if x is not an element of A.

e We can represent the complement of A with respect to the set E using the following diagram

(Shaded region represents Cy).

Figure 2.1: Complement of a set

Example 20
1. Given the universal set E = {0,1,2,3,4,5,6,7,8} and the subset A = {2,4,6,8}. Then the complement
of the set A is

Ci={xeE:x¢A} =1{0,1,3,5,7}.

2. The complement of the subset P of even integers within the set IN of natural numbers is the set of odd
integers 1, denoted by
Cn =L

13



2.3.2 Intersection of sets

Definition 21 (Intersection of sets)

Let E be a set and A and B be two subsets of E.

1. The intersection of A and B is the set of all elements which are both in A and B (i.e. set of the common
elements in A and B). It is denoted by A N B and is read as " A intersection B” or A cap B”. Symbolically,
it is expressed as

ANB={xeE:x€AANx¢€B]}.

In other words,

xeEANBe=xeAAxeB.

This means that an element x belongs to the intersection of sets A and B if and only if x is an element of
both A and B.
2. If AN B = ¢, we say that the sets A and B are disjoint ( if their intersection is the empty set i.e, sets have

nocommon elemen ts).

e We can represent the intersection of the two sets A and B with the following diagram (Shaded

region represents A N B).

Figure 2.2: Intersection of sets

Example 22 For example A = {1,2,3} and B = {2,1,5,6}, then AN B = {1,2}. Again if A = {1} and
B = {5} then ANB = {} or ¢.

2.3.3 Union of Sets

Definition 23 (Union of Sets)

Let E be a set and A and B be two subsets of E.
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1. The union of A and B is the set of all elements that are either in A or in B (or in both). This set is denoted

by AU B, and is read as 'A union B" or ” the union of A and B”. Symbolically, it is expressed as

AUB={xeE:x€AVxeB}.

In other words,

xeAUB& xeAVxeB.

This means that an element x belongs to the union of sets A and B if and only if x is an element of A or x is
an element of B.
2. The union A U B is called a disjoint union when A N B == ¢ (i.e, when the intersection of the two sets

is empty, meaning that A and B share no common elements.)

e We can represent the union of the two sets A and B with the following diagram (Shaded

region represents A U B).

Figure 2.3: Union of Sets

Example 24
1.
{1,2,3}U{3,4,5} ={1,2,3,4,5}

fxeR:x>0U{xeR:x>1}={xeR:x>0}.

2.3.4 Difference of sets

Definition 25 (Difference of sets)

Let E be a set and A and B be two subsets of E.
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1. The difference of A and B, denoted as A — B or A\B, is the set of elements that belong to A but not to B

is read as ”A minus B” or "the difference of A and B.” Symbolically, it is expressed as
AB={xeE:x€e AAxgBl=ANC;CA.
In other words,

xeA\B& xecAAx¢B.

This means that an element x belongs to the difference A\B if and only if x is an element of A and x is not

an element of B.

Example 26 For example, if A = {4,5,6,7,8,9} and B = {3,5,2,7}, then A\B = {4,6,8,9} and B\A =
{3,2}. From this example it is clear that A\B # B\A. So, the difference of sets is not a commutative

operation.

e We can represent the difference of the two sets A and B using the following diagram: (Shaded

region represents A\B and B\A)

Figure 2.4: Difference of sets

2.3.5 Symmetric difference of sets

Definition 27 (Symmetric difference of sets)

Let E be a set and A and B be two subsets of E.
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1. The symmetric difference of sets A and B is defined as the set of all elements that belong to either A or
B, but not to both (i.e., those that are not in their intersection). It is denoted by AAB, which is read as "A

delta B.” Symbolically, this can be expressed as

AAB = (A\B)U (B\A) = {x e E: x € A\BV x € B\A} .

Example 28 For example A = {1,2,3,4,5} and B = (3,5, 6,7}, then A\B = {1,2,4},and B\A = {6,7}, so

AAB = (A\B)U (B\A) = {1,2,4,6,7).

e We can represent the symmetric difference of the two sets A and B using the following

diagram: (Shaded region represents AAB).

Figure 2.5: Symmetric difference of sets

2.4 Cartesian Product of Two Sets

To introduce the notion of the Cartesian product, we first need to define the concept of an ordered

pair.

Definition 29 (Ordered Pair) Let A and B be two non-empty sets, then.
1. An ordered pair (with first element from A and second element from B) is a single pair of objects, denoted

by (a,b), witha € A and b € B and an implied order. This means that for two ordered pairs to be equal, they

17



must contain exactly the same objects in the same order. That is,
(a,b)=(c,d) e a=candb=d.

2. The objects in the ordered pair are called the coordinates of the ordered pair. In the ordered pair (a,b), a

is the first coordinate and b is the second coordinate.

Definition 30 (Cartesian product)
1. Let A and B be two non-empty sets, then
(a). The Cartesian product of A and B is the set of all possible ordered pairs (a, b), where the first element
a belongs to A and the second element b belongs to B. This product is denoted by A X B (read as ”A cross
B”) and is formally defined as

AXB={(a,b):aec Aand b € B}.

(b). If A = B, we denote this Cartesian product as A* (i.e, A> = A X A).
(c). IfA=¢orB = ¢, then AX B = ¢. In other words, the Cartesian product of any set with the empty

set results in the empty set.

We can extend the definition of A X B to define the Cartesian product of n sets A, As, ..., A, as

follows.

Definition 31 Let Ay, A, ..., Ay be non-empty sets. Then

(a) The Cartesian product of the sets A1, Ay, ..., A, is denoted by A1 X Ay X ... X A, = ﬁAi and is defined
as the set of all ordred n—tuples (a1, ay, ..., a,) (is called an n—tuple.where) a; € A; for alll:; €l{1,2,..,n}. In
other words,

A1 XAy X .. XA, = {(al,az,...,an) ‘a1 €A,a €A, ...,a, € An} .

(b) In particular, for every n € IN*, we define

F'=EXEX..XE.
—————

n times

Example 32
1. IfA=1{1,2} and B = {a, b, c} then

AXB= {(1/ a)(l, b)/ (11 C)/ (2/ a)/ (2/ b), (2/ C)} ’

18



and

AxA=A*={1,1)1,2),2,1),2,2)}.

R*=RxRxR={(x,y,z):x€ R, yeR,zeR]}.

Proposition 33 (Number of elements in the Cartesian product of finite sets)

1. Let A and B be two finite sets. Their Cartesian product A X B is also finite, and we have
Card(A x B) = Card(A) - Card(B).
2. If Ay, ..., A, are finite sets, then their Cartesian product is also finite, and we have

Card(A; X Ay X ... X A,)) = Card(A,) - Card(A3) - ... - Card(A,).

2.5 The Union and Intersection of a Family of Sets

It is possible to generalize the union to a finite number of sets: one can reduce the case to that
of two sets through successive binary unions, and the associativity of union guarantees that the
order does not matter. The same applies to intersection. Additionally, these operations can also

be generalized to a family of sets that is not necessarily finite.

Definition 34 Suppose I is a set, called the index set, and with each i € I we associate a set A;. We call
(Aj)ier an indexed family of sets.
1. The intersection of the family (A;)ier is denoted by (A;. It is defined as

i€l

ﬂAi:{er,VieI:xeAi}.

i€l

Logically, this means
xeﬂAi@\/ieI:xeAi
i€l
That is, the intersection (\A; includes all x that are present in every set within the family.
i€l

2. The union of the family (A;)e is denoted by | JA;. It is defined as

i€l

UAi:{er,HieI:xeAi}.

iel
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Logically, this means

erAH:)BieI:xeAi.
i€l
That is, the union | JA; includes all x for which there exists at least one indexed set A; such that x belongs
i€l

to that set.

2.6 Partitions of Sets

A partition of a setis a division of the set into non-empty, disjoint subsets whose union reconstitutes

the original set.

Definition 35 (Partition)

Let E be a non-empty set. A partition of E is a family F = (A;);c; of subsets of E that satisfies the following
three conditions:

1. Foreachi € I, A; # ¢ (each subset is non-empty).

2. Foranyi,j € lwithi# j, AiNA; = ¢ (the subsets are pairwise disjoint or mutually disjoint).

3. UA; = E (the union of all A; equals E).

i€l
Example 36
1. The family of sets

forms a partition of the set E = {1, 2, 3}.
2. The family of sets
F = {A1 = IRLAz = R*_,As = {0}}

forms a partition of the set R.
3. The family of sets
?: = {A1 = IR:,Az = IR*_}

does not form a partition of R because the union R, U IR does not cover all of R, i.e, R}, UR™ # R) (since

0¢ R, UR").

20



2.7 Properties of set operations

With the following proposition, we summarize the essential results related to these set operations.

The reader is encouraged to establish the following properties as an exercise.

Proposition 37
Let A, B, and C be subsets of a set E. Then:
1. AU B = BU A (Commutativity of Union).
2. AN B = BN A (Commutativity of Intersection).
3. (AUB)UC = AU (BUQC) (Associativity of Union).
. (AN B)NC =An(BnC) (Associativity of Intersection)
. AU(BNC)=(AUB)N(AUQC) (Distributivity of Union over Intersection).

4
5
6. AN(BUC) = (AN B) U (AN C) (Distributivity of Intersection over Union).
7.AU @ =Acet dUA = A (The empty set is the neutral element for Union).

8. AN =cetdNA = (The empty set is the absorbing element for Intersection).

9. ANE =Aet ENA = A (The set E is the neutral element for Intersection).

10. AUE =Eet EUA = E (The set E is the absorbing element for Union).

11. C;P = E et CE = ¢ (The set E and the empty set ¢ are symmetric with respect to complementation).
12. ANCA = ¢, AUCE =Eet CF = A,

13. C4MP = C2 U CB et C2YP = C2 N CE (De Morgan'’s Laws).

14. AA\(BUC) = (A\B) N (A\C) et A\ (BN C) = (A\B) U (A\C).

15. AAB = BAA (Commutativity of Symmetric Difference).

16. (AAB) AC = Aa (BAC) (Associativity of Symmetric Difference).

17. AN(BAC) = (A N B) A (A N C) (Distributivity of Intersection with respect to Symmetric Difference)..
19. AAp = A et pAA = A (The empty set is the neutral element for Symmetric Difference).

20. AAB = (A U B) \ (A N B) (Characterization of Symmetric Difference).

Proposition 38 Given a family of sets (A;)ic; and a set B, all contained within a set E, the following
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identities hold.:
1.BNn (UAZ-) =U(BNA;) (Distributive Property)

iel iel

2.BU (ﬂAi) = (BUA)) (Distributive Property)

i€l i€l
3.C§5’L€J’Ai) = DI (C‘g") (De Morgan’s Law)
4.C£’Q’Ai) = (C‘;i) (De Morgan’s Law)

iel
Corollary 39 For sets A and B, the following properties hold:
1. If A C B, then P(A) C P(B).

2. P(ANB) =P(A) N P(B).

3. P(A) UP(B) c P(AUB).
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Part 11

Binary Relations
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In this part we shall not discuss the complete theory of binary relations (although this would
probably help with functions, later) but we’ll concentrate on two types of relation that are impor-

tant in the daily practice: equivalence relations and order relations.

2.8 Definitions and notations

Definition 40
1. A binary relation from a set E to a set F is a correspondence (or property), denoted R, that links elements
of E to elements of F.
2. If x € E is linked to y € F by the relation ‘R, we say that x is related to y, or that (x,y) satisfies the
relation R, and we write xRy. Otherwise, we write xRy (i.e, x is not related to y by the relation R).
3. The subset of E X F that contains all ordered pairs satisfying the relation is called the graph of R. It is
denoted by I and is defined as

I'={(x,y) € EXF:xRy}.

4. If E = F, we say that ‘R is a binary relation defined on the set E.
5. If R is a relation from E to F, then
(a). The domain of R (or the set of definition of R) is the set of all elements in E that are related to at least

one element in F. It is denoted by Dom(‘R) and can be formally defined as

Dom(R) ={x e E,Jy e F: xRy} CE.

(b). The range (or called the image) of R is the set of all elements in F that are related to at least one element

in E. It is denoted by Im(R) or ran(R) and is defined as

Im(R)={yeFdxeE: xRy} CF.

Example 41 Here are some fundamental examples of relations:
1. The relations <,>,<,>, (less than, greater than, less than or equal to, greater than or equal to) define
binary relations on the sets N, Z,Q, R.

2. For any set E, the equality relationship on E, denoted by =, is a binary relation on E,

Vx,ye E: xRy = x=y.

24



3. If X is a set, then the inclusion relationship C is a binary relation on the power set E = P(X) of X,

YA,B€E: ARB < A CB.

4. The divisibility on Z., denoted by |, is a binary relation on Z. This relation is defined as follows

Vx,y € Z : xRy & x dividesy = x| y.

5. Let E = Z and let n € IN" be fixed. The congruence relation modulo n (expressed as "x is congruent to y

modulo n”) is defined as follows

Vx,y € Z : xRy & x = ymodn & n divides (x —y) n|(x—y))

— dkeZ:x-y=kn.

6. In the space E of lines, we define the following binary relations:

(a). The parallelism relation, denoted ||

VD;,D; € E: DyRD, < D || D, (which is read as:Line D is parallel to line D,)

(b) The orthogonality relation, denoted L

VD,,D, € E: DyRD, & D; L D, (which is read as:Line Dy is orthogonal to D).

Example 42
1. Greater Than Relation. Let E = {1,2,3} and F = {1,2,3,4}. Define a relation R as “is greater than”,
then

I ={(x,y) € EXF:2xRy} = {2,1),(3,1),3,2),

we get

Dom(R) = {x € E,dy € F : xRy} = {2, 3} (since only 2 and 3 have related elements in F).
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and

Im(R) ={y € F3x € E: xRy} = {1,2} (since these are the elements in F that are related to elements in E)

2. Divisibility Relation. Let E = {2,3,4,5} and F = {6,8,10, 11}. Define a relation R as as “divides”, then

I'={(x,y) e ExXF: xRy} ={(2,6),(2,8),(2,10),(3,6),4,68),(5,10)},

we get

Dom(R) ={x € E,dy € F : xRy} = {2,3,4,5} (since these numbers in E divide at least one element in F),

and

Im(R)={y e FAx € E: xRy} =1{6,8,10} (since these are the elements in F that are related to elements in E).

Definition 43 (Inverse of a binary relation)
Let R be a binary relation from a set E to a set F.

1. The inverse relation of R, denoted R, is the binary relation from F to E defined by

V(x,y) e EXF: xRy & yR'x.

This means that y is related to x by R~ if and only if x is related to y by R.
2. In other words, the graph of the inverse relation R is the set of all reverse-ordred pairs in the relation
R. Therefore

Iy ={(y,x) e FXE:(x,y) ex}.

This means that each pair (y, x) in R~ corresponds to a pair (x, y) in the original relation R, where y is

related to x in the inverse relation whenever x is related to y in ‘R.

Example 44 Let us consider the inverses of Greater Than Relation from previous example. Here we
have, the inverse relation R~ is obtained by reversing the pairs in R. So for every pair (x,y) € I'n, we

will have (y, x) € Tx-1. Thus, the inverse relation R~ is

g1 = {(1/ 2), (1/ 3)/ (2,3)}.

26



This shows the pairs that are related in the inverse of the “greater than” relation, which is equivalent to

the ”less than” relation in this case.

Remark 45 Notice that the inverse relation R~ to R always exists ( because for each pair in R, we can

always create a reversed pair and include it in R~1).

Definition 46 (Composition of binary relations)
Let R be a binary relation from set E to set F, and S be a binary relation from set F to set G.
1. The composition of R and S (sometimes also called the product), denoted by S o R (read as S round R

with o representing the small circle used for composition) is the relation from E to G defined as

xRz
V(x,y) EEXG:x(SoR)y &= zeF:{ and

zSy

In other words: A pair (x,y) is in the graph of the composition S o R if and only if there exists an element
z € F such that:

e (x,z) eTx (ie., xRz).

o (z,y) eTs(ie, zSy).

2. In the particular case where E = F = G, we denote the composition of R with itself as R* = R o R.

Remark 47

e The composition S o ‘R means that we first follow the relation R from E to F, and then follow the relation
S from F to G.

e For every x € E and y € G, there must be an intermediate element z € F that connects x to y through the

relations R and S.

Example 48 In an Euclidean affine plane, the composition of the orthogonality relation with itself is indeed
parallelism. Specifically, let E = F = G represent the set of lines in an Euclidean affine plane, and let

R = S =1 denote the orthogonality relation. Then,

So® =,
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is the parallelism relation, because

D; L Dy
VDl,DQEEZDl ||D2<:>EID3€EZ and

D3 L D,.

Thus, we can express this as

Lol=|.
In geometry, this means that if two lines are both orthogonal to the same line, they are parallel to each other.

Proposition 49 (Properties of Composition and inverse of binary Relations)
Let E, F, G, and H be sets, and let R (respectively R,, and Rs) be a relation from E to F (respectively from
F to G, and from G to H). Then,
1.
(%30%7_)0%1 = 9%30(‘)%209?\1)-

In other words, the composition of relations is associative.

2. The inverse of the inverse relation is the original relation

3. The inverse of a composition of relations satisfies
(R0 Ry) ' = Rito R

4. In general, the composition of binary relations is not commutative. This means that for two binary

relations R and S defined on a set E, we have

SoR+RoS.

2.9 Properties of binary relations

The commonly encountered binary relations usually have certain special properties. The following

definition lists some of the most important properties of binary relations, expressed by formulae
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of logic.

Definition 50 Let R be a binary relation on a set E. We say that ‘R is:

1. Reflexive if every element of E is related to itself. Formally,

Vx € E : xRx.

2. Symmetric if, x is related to y implies that y is also related to x. Formally,

Vx,y € E: xRy = yRx.

This means the relation remains unchanged when the order of the two elements in the ordered pair is
reversed.

3. Anti-symmetric if, x is related to y and y is related to x, then x must be equal to y. Formally,

xRy

Vx,y€E:{ and = x=y.

yRx

4. Transitive if x is related to y and vy is related to z, then x is also related to z. Formally,

xRy

Vx,y,z€ E:{ and = xRz

yRz
This means the relation “transfers” through an intermediate element.

Remark 51 In informal terms, properties (1)—(4) say the following:

1. Reflexive Property: Every element is related to itself.

2. Symmetric Property: If any one element is related to any other element, then the second element is
related to the first.

3. Anti-symmetric Property: If any one element is related to a second and that second element is related
to the first, then the two elements must be identical.

4. Transitive Property: If any one element is related to a second and that second element is related to a

third, then the first element is related to the third.
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Example 52 (Basic Examples)

1. The relation defined by equality = on R, is reflexive, symmetric, transitive, and anti-symmetric.

2. The inclusion relation C in the set P(X) of subsets of X is reflexive, anti-symmetric, and transitive, but
not symmetric (e.g., A = {1},B = {1,2}).

3. The divisibility relation | on the set IN" is reflexive, anti-symmetric, and transitive, but not symmetric (e.g.,
x = 2,y = 4). Furthermore, the relation is reflexive and transitive but not symmetric (e.g.,.x =2,y = 4),
and it is not anti-symmetricon Z* (e.g., x =2,y = =2).

4. For any n € IN", the congruence relation modulo n on Z, is reflexive, symmetric, and transitive, but not

anti-symmetric (e.g., n=2,x =8,y = =8).

Remark 53 Now consider what it means for a relation not to have one of the properties defined previously.
Recall that the negation of a universal assertion is existential. Hence if R is a relation on a set E, then
1. Non-reflexivity: ‘R is not reflexive if and only if there is an element x in E such that xRx (that is, such
that (x,x) € T'g).

dx € E : xRx.

2. Non-symmetry: R is not symmetric if and only if there are elements x and y in E such that xRy but

yRx (that is, such that (x, y) € I'n but (y,x) ¢ T'r).

dx,y e E: xRy A yRux.

3. Non-antisymmetry: R is not Anti-symmetric if and only if there are elements x and y in E such that

xRy and yRx but x # y (that is, such that (x,y) € Tg and (y,x) € Ty but x # y).

Ax,y e E: (xRy AyRx)Ax £ y.

4. Non-transitivity: R is not transitive if and only if there are elements x, y and z in E such that xRy

and yRz but xRz (that is, such that (x, y) € T'n and (y,z) € I'x but (x,z) ¢ I'n).

dx,y € E: (xRy A yRx) A xRz
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210 Equivalence Relations, Equivalence Classes and Partitions

In this section we will take a closer look at relations of equivalence and give
a precise mathematical definition of the notion of equivalence relation; we will
see how an equivalence relation divides (or partitions) the set on which it is
defined into equivalence classes and how, consequently, equivalence relations

and partitions are two sides of the same coin.

2.10.1 Equivalence Relations

Definition 54 (Equivalence Relation) Let E be a set and R a binary relation on E.

1. We call R an equivalence relation on E if it is reflexive, symmetric and transitive.

2. If R is an equivalence relation on a set E and x,y € E with xRy, then we say that x
is equivalent to y under the equivalence relation R, or that x and y are equivalent with

respect to ‘R, or simply that x and y are equivalent modulo ‘R.

Example 55 The following are equivalence relations on the set E:
1. The equality relation in any set E is an equivalence relation.
2. For any n € IN*, the congruence relation modulo n on Z. is an equivalence relation.

3. The relation of "having the same absolute value” on R is an equivalence relation,
Vx,ye R: xRy & |x| = |y|
4. The relation "being the same age” in the set of people E is an equivalence relation,
Vx,y € E: xRy < age(x) = age(y),

5. In the set of all lines in the plane, the relation ” being parallel” is an equivalence

relation.
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2.10.2 Equivalence class and quotient set

Definition 56 Let R be an equivalence relation on a set E.
1. For each x € E, the equivalence class of x ( modulo R), denoted by % (or X, or %, or

cl(x)), is the set of all elements in E that are related to x under the relation R. That is,

x={yeE:yRx}CE.

In other words, the equivalence class of x consists of all elements that are equivalent to x

according to the equivalence relation ‘R, meaning

yex < xRy.

2. Any element t € x that belongs to the equivalence class x is called a representative of
the class x (An equivalence class can be represented by any element in that equivalence
class).

3. The quotient set of E by ‘R is the set of all equivalence classes of elements in E under

R. It is denoted by E/R. Thus, we have

E/R ={x:x € E} C P(E).

where x represents the equivalence class of x under the relation K.

Example 57 Consider the equivalence relation ” the congruence relation modulo 3 ” on

the set of integers Z, defined by

Vx,yeZ xRy & JkeZ:x—-y=3k
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Then we have, the equivalence class of x € Z. is
x={yeZ . yRx}={yeZ:y=x+3kkeZ}=x+3Z.
We get
0={y=3kkez}=372,1={y=3k+1,keZ})=37Z+1,2 =y =3k +2,k € Z} = 3Z+2.
The quotient set of is given by
denoted

Z/‘R:{O,i,Q} = 7/37.

This quotient set consists of the three distinct equivalence classes of integers modulo 3.

Each equivalence class corresponds to the remainder when dividing by 3.

Proposition 58 (Basic Properties of Equivalence Classes)
Let R be an equivalence relation on a set E. The equivalence classes have the following
fundamental properties:

1. Each equivalence class is nonempty,
Vx€eE:x # .
2. Any two equivalence classes are either identical or disjoint,
(i)Vx,ye E: xRy < x =1y,

and

(i)Vx,ye E: xRy &= xNy=o.
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3. The equivalence classes cover E,

| Ji=E

x€E

Corollary 59 (Partition Associated with an Equivalence Relation)

If R is an equivalence relation on a set E, then the quotient set
E/R ={x:x € E}

is a partition of E (the collection of distinct equivalence classes forms a partition of E,

meaning that E is divided into non-overlapping, mutually exclusive subsets).

Proof. This result follows immediately from the previous proposition (58). It
remains to verify that all three conditions of the partition definition are satisfied.

2.11 Orders Relations

An order relation (or ordering) on a set E is a type of binary relation that describes
a way to compare elements in E in terms of “order.” Specifically, an order relation

R on a set E is a binary relation that satisfies certain properties.

Definition 60
1. A binary relation R on a set E is an order relation if and only if it is reflexive,
antisymmetric, and transitive. In other words, a binary relation ‘R is an order relation if
it satisfies the following three properties:
o Reflexivity:

Vx € E : xRux.
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o Antisymmetry:
xRy

VX,]/EEH and = Xx=1Y.

yRx
o Transitivity:
xRy

Vx,y,z€ E:{ gnd = xRz

yRz
2. A set E equipped with an order relation ‘R is called an ordered set, denoted by (E, ‘R).
3. An order relation is frequently denoted by < instead of R, and x < y is read as "x is

less than or equal to y” or "y is greater than or equal to x.”

Example 61

o The usual relations of equality, superiority, and inferiority (=, >, <) are order relations
onIN,Z,Q and R.

e The subset relation C on the power set of a set E is an order relation.

o The divisibility relation on the set IN* is an order relation.

o The relation ‘R defined by

Vx,ye N": xRy &= An e N": y = x",

is an order relation on IN*. This relation can also be expressed as "y is a nonzero integer
power of x.”

e (IN,Z,Q,R, <),(IN* ), (P(S), C) are ordered sets.
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2.11.1 Total Order and Partial Order Relations

There are two main types of order relations: Total order and Partial order. In a
total order relation, every pair of elements in the set is comparable; in a partial
order relation, not every pair of elements needs to be comparable. A set with a
total order is called a totally ordered set, and a set with a partial order is called a

partially ordered set.

Definition 62 Let R be an order relation on a set E. Then

1. Two elements x and y of E are said to be comparable with respect to ‘R if and only if

xRy or yRx.

Otherwise, x and y are called noncomparable, which means

xRy et yRx.

2. If every two elements of E are comparable, then ‘R is a total order on E (or that E is
totally ordered by R). Otherwise, we say that R is a partial order (or that E is partially

ordered), which means there are at least two elements noncompatible with respect to ‘K.

Example 63
1. The "less than or equal to” relation < on the sets N, Z, Q, R is a total order relation.
2. The subset relation C on the power set of a set E is a partial order relation because,

some sets are not comparable (e.g., X1 = {5} and X, = {0} are not comparable under C,

X1 ¢ X2 and X2 ¢ X1.

3. The divisibility relation | on the set IN* is a partial order because for example, 3 and 4
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are not comparable,

3t4and4 1 3.

2.11.2 Special elements of ordered sets

In an ordered set, there are several special elements that play significant roles
in its structure and properties. Some of these special elements include: Upper
Bound, Lower Bound, Greatest Element (Maximum), Least Element (Minimum),

Greatest Lower Bound (Infimum), and Least Upper Bound (Supremum).

2.11.2.1 Upper and Lower Bounds

Definition 64 Let (E, <) be an ordered set and A be a non-empty subset of E.
1. An element | € E is called a lower bound (or minorant) of A if l is less than or equal to
every element of A ( or if every element of A is related to | in the reverse order). In other

words,

YaecA:l<a(orVacA:IRa).

2. An element u € E is called an upper bound (or majorant) of A if every element of A
is less than or equal to u (or if every element of A is related to u in the order). In other

words,

YacA:a<u(orVaecA:aRu).

3. The set A is said to be bounded below or minorized (respectively: bounded above or
majorized) in E if A has at least one lower bound (respectively: one upper bound) in E.
4. The set A is called bounded in E if A is both bounded below and bounded above in E.
5. If A is bounded above (respectively: bounded below), then we denote by UB(A, E)

(respectively: LB(A, E)) the set of all upper bounds (respectively: lower bounds) of A in
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E. Then

UBAE)={ueEVYaceA:a=<u},
and

LBAE)={lecENYaeA:l=<a}.

2.11.2.2 Greatest element and Least element

Definition 65 Let (E, <) be an ordered set and A be a non-empty subset of E.
1. An element a € E is called the greatest element (or maximum) of A, denoted max(A),

if and only if a is an upper bound of A and o € A. That is,

a €A,

a =max(A) &= and

YVaeA:a<a.

In other words: An element « is called the greatest (or maximum) element of a set A if it
is greater than or equal to every other element in A.
2. An element f € E is called the least element (or minimum) of A, denoted min(A), if 3

is a lower bound of A and belongs to A. That is,

peA,

B = min(A) <= < and

YaeA:f=<a.

In other words, an element f is called the least (or minimum) element of a set A if it is

less than or equal to every other element in A.

Example 66

1. If (E, <) = (R, <) (with the usual order relation), then:
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o [fA =10,1], then max(A) = 1 and min(A) = 0.
e [f]0,1], then A has no minimum, but its maximum is 1.
e If 10, 1[, then A has neither a maximum nor a minimum.
o [f A = ]—o0,1], then A is bounded above but not below (i.e., unbounded below). The set
of its upper bounds is [1, +oo].
o If A =[-2,400[, then A is bounded below but not above (i.e., unbounded above). The
set of its lower bounds is ]—oo, =2]. The minimum of A is —2.
2. If (E, <) = (E, ), then the greatest element of P(E) is E itself and the least element is
the empty set ¢. So

max(P(E)) = E and min(P(E)) = ¢.

3. If (E, <) = (N*,|) (ordered by the divisibility relation |) and A = {1,2,3}, then (the
minimum) min(A) = 1, but A does not have a maximum (Because 2 { 3, i.e, 2 and 3

non-comparable in terms of divisibility).

2.11.2.3 Greatest Lower Bound and Least Upper Bound

Definition 67 Let (E, <) be an ordered set and A be a non-empty subset of E.
1. If there exists a least element in the set of upper bounds of A, this element is called
the least upper bound (abbreviated as LUB) or supremum of A, denoted by sup(A) or

sup(A). In other words,
E
sup(A) = min (UB(A,E)).
E

where UB(A, E) is the set of all upper bounds of A in E.
2. If there exists a greatest element among the lower bounds of A, it is called the greatest
lower bound (abbreviated as GLB) or infimum of A, denoted by inf(A) or ilgf(A). In other

words,

iIElf(A) = max (LB(A,E)).
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where LB(A, E) is the set of all lower bounds of A in E.

Remark 68 A set A does not necessarily have a minimum or maximum, similarly does
it necessarily have an infimum or supremum. Moreover, the infimum or supremum of A,

when they exist, are not necessarily elements of A.

Example 69

1. If (E,X) = (R, <) (with the usual order relation) and A = 10, 1[ (the open interval
between 0 and 1). Then

o The infimum of A is 0, The supremum is 1 (Note that the infimum and supremum are
not necessarily elements of the set A)

2. If (E,x) = (E, C), then

sup(P(E)) = E and inf(P(E)) = ¢.

Proposition 70 (Properties) Let (E, <) be an ordered set and A be a non-empty subset
of E.

1. Uniqueness of Greatest and Least Elements: Both the greatest and least elements
are unique when they exist. This means that there can be only one greatest element and
one least element in the set.

2. Uniqueness of Supremum and Infimum: If a set has a supremum or an infimum, it
is unique. However, the converse is not true.

3. Greatest Element and Supremum: If a set has a greatest element, that element is
the supremum. However, the converse is not true (a set may have a supremum without
having a greatest element. The supremum is the Least element among all the upper
bounds of the set, but it does not need to be an element of the set itself).

4. Least Element and infimum: If a set has a least element, that element is the
infimum. However, the converse is not true (a set may have an infimum without having
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a least element. The infimum is the greatest element among all the lower bounds of the

set, but it does not need to be an element of the set itself).
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