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’ Analysis I: Tutorial Exercise Sheet 1 ‘

Exercise 01:

Prove that the set of rational numbers forms a field. (Ma> J<a5 dabWl slasd] Logas Qi R )

Exercise 02:
Rewrite the sets S below using interval notation:( : ¥l s 5 Jleatal L}.a.:\” 35 olesemll 4 .,\_cj)

Si={reR:z <2} So={rxeR:—x <2} Sy ={zcR:2*>3},
S4:{$€RZ$2§2}, S5={$ERZI‘222}, S6={$€R2—3’J323}

Exercise 03:
A) Show the following inequalities: (: &JtJ! le.\j{,l\ )
L |z|+ |yl < |z +yl+|z—y|,Vo,y €R
2. VT Ty <T+ Y Vo, y € R
3. Wr — Yl <]z —y[;Vz,y € RY.
B) Let [z] be the floor function of x; (« = J c,,a.aﬂ sl Al 2] SY)

e find the following: [3.6], [7], [e], [—5.3], J.: L .\oj

e Demonstrate that for all z,y € R: (: R J] obely v 5 @ fdoi o ol o2

1. [x +m] = [z] + m where m € Z

[y]-

2. z<y=[z] <
J<lr+y] <o+ [y] + 1.

3. [z + [y

Exercise 04:
A) Show that: (:3] &)

1. The sum of a rational number and an irrational number is an irrational pumber.
(Somd 2 ) ol 2as oa ((gomd b ) ool a5 (5o ) SLU sus g2 1
2. V3¢ Q.

B) Let a € [1, oo[ simplify 22 where 2 = v/a + 2va — 1 + v/a — 2v/a — 1.
z=vVa+2Va—1+Va—2Va—1 G 22 awy a € [1,00] o




Exercise 05:

Consider A as a subset of R equipped with the usual order. Determine, for each of the following sets: the set of
upper bounds Maj(A), the set of lower bounds Min(A), the supremum sup(A), the infimum inf(A), the smallest
element min(A), and the largest element max(A).

39ad] degest tillans Logez 1 Y Ll b b was B L olisVWl CwAL S350 R 0 L deges A als
GV sV k)¢ sup(4) (Wl Jj,\;\j-;;i G AoV 5o adl Min(4) Jadl sgad! dsgez ¢ Maj(4) Ll
cmax(4) gl A 3 paie STy e min(A) 1A G pate ael inf(4) (il sgadl T h
1. A=[-a,a],[~a,a],] — &, af (where a > 0), E = R.
2. A={z eR/2?> <2}, E=R.
3. A={1-1/neN} E=R.

Exercise 06:

Let A be a non-empty and bounded subset of R. We denote B = {|z — y|; (z,y) € A?}.
B ={la -yl (00) € A7) 0 B 3 5ypat 5 26 aE A Geget A oS

1. Justify that B is bounded above.(.ukc:)” oo (83342) §) 922 B (35 Js)
2. We denote sup(B) as the supremum of the set B, show that sup(B) = sup(A) — inf(A).

. sup(B) = sup(A) — inf(A) Q“ cﬁﬁi sup(B) = B isgemall § olal! :54.4-‘:4;@9 e 2

Exercise 07

Notation: Pp(R) denotes the set of bounded subsets of R. Show that for all A, B € Pg(R):
: Pp(R) J obely B 9 A S Jol oo &l oy . R (3 Bagamd) &041 Slegemll dsg02 Jio Pp(R) 50!

(1) (a) sup(A U B) = max(sup A,sup B), (3) (a) sup(A + B) =sup A + sup B,
(b) inf(A U B) = min(inf A, inf B). (b) inf(A + B) = inf A + inf B,
(2) TE AN B # 0 then: where A+ B={z+y:z€ A, ye B}
(a) sup(AN B) < min(sup 4, sup B), (4) (a) sup(—A) = —inf A,
(b) inf(A N B) > max(inf A, inf B). (b) inf(—A) = —sup A4,
where —A = {—z: 2z € A}

Exercise 08:
Using the characterization of the supremum and infimum, show that:
0V O caddald) sgud] A5 g & glall sgudl sl B Jleatul
L. supA=32,infA=1 for A= {ggi}m € N}.
2. supB=2,inf B=0 for B= {% +#,n€ N*}.
3. supC =1,infC =0 for C={e™,neN}
4. supD = —1,inf D = =2 for D = {1 —2,n € N*}.

Calculate max A, min A, max B, min B, max C, min C', and max D, min D if they exist.

dga> g ol minD ¢ maxD ¢ ¢ minC « maxC « min B « maxB ¢ min A « max A aws!
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