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Algebra II, Worksheet 4 answers

Exercise No. 1:
Matrix Multiplication : Let A = (ai]-> € M, ,(K) and B = (b,-]-) € M, ,(K). The product (or
multiplication) of A and B, denoted A - B, is the matrix C = (ci]-) <i<m € My, ,(K), where each entry
i

j<p
c;j is defined by

n

V(Z, ]) € {1, 2,..., m} X {1, 2, ,p} 1Cij = Zaikbk]- = ailblj + ﬂizsz + ...+ Elmbn]'.
k=1

In other words, the entry c;; of the product A - B is obtained by summing the products of the entries
from the i — th row of A with the corresponding entries from the j — th column of B. This can also
be interpreted as the dot product of the i — th row of A and the j — th column of B.

Matrix multiplication is defined if and only if the number of columns of the first matrix is equal
to the number of rows of the second matrix. This condition is given by the following rule

Matrix of size (m X n)- Matrix of size (n X p) = Matrix of size (m X p).

1. (a) Computing A? and A® (Powers of a Square Matrix or Matrix Powers).

We have
010y,( 10 001
A2=A-A=|0 0 1]|-/0 0 1|=|0 0 0.
0 00)\00O 000
and
000
A*=A*-A=[0 0 0|=0;
000

where Oj is the zero matrix of order 3 . Hence, for all integers n > 3, we have
A" = A" A% = A" 05 = O; (1)

2. (a) Explicit Form of M(x). For all x € R, we have

x2
M(x) =13+ xA + EAZ

100 010 2 001 1x%x2
=010+x.001+?-000=01x
0 01 00O 00O 00 1

Thus, the explicit form of M(x) is
x |.
1
2 12

M(x) - M(y) = (13 4 XA+ %AZ) : (13 +yA+ ?AZ)

S O
O = R

M(x) = [

(b) () Let x, y € R, then



2 2 2 2 2.,2
_ B Y a2 2 Y s g2 2 s XY e
_I3+yA+2A +xA + xyA” + 2A+2A+ 2A+ 4A.
Using the identity 1, we obtain
yZ x2 x2 yZ
M(x)-M(y):I3+yA+?A2+xA+xyA2+EA2:I3+(x+y)A+(xy+§+?)A2

1
=L+(x+y)A+ E(x+y)2A2
= M(x + y).
Alternative Method : We have

1 x 2 (1 y 307 1 x+y xy+ 302+ 317
Mx)My)=(0 1 x |.|10 1 y [=[0 1 xX+y
1 00

00 1 0 O 1
1 x+y 3(+y)

={0 1 x+y [=Mkx+y)
0 O 1

(jj) Let x € R, then
M) .MX')=1 = M(x+x')=13

where
Iy = M(0).

Therefore
M(x + x") = M(0)

= x+x' =0
= x' =-xeR

(jjj) Inverse of M(x). Let x € IR. The matrix M(x) is invertible if and only if there exists a matrix
B € M3(R) such that
M(x)-B =B-M(x) = L.

Moreover, if M(x) is invertible, then B is unique and B = M~ (x). We have

M(x) - M(—x) = M(x —x) = M(0) = I3

Therefore, the matrix M(x) is invertible and its inverse is

1 —x ix?
M™(x) = M(-x) = (o 1 —xJ .
0 0 1

Exercise No. 2 :
1. Recall that the transpose of a matrix satisfies the following properties

‘(A+B)='A+'B

VA € R,VA, B € M,(R) :{ HA-A)=A+A

In other words, the transpose operation is linear.
If A = (a;;) € M,(R), its transpose is defined as

‘A = (a;;) € Mu,(R)

That is, each row becomes a column, and each column becomes a row in the transposed matrix.



(a) For F, the set of symmetric matrices.
(j) The zero matrix O, satisfies ‘O, = O, so O, € F;.
(jj) Closed Under Linear Combinations : Let o, f € R and A, B € F;,then

'A=A'B=B.
We obtain
‘(aA+BB)=a'A+B'B=aA+pBBEeF;.

So F; is a vector subspace of M, (IR).
In the same way, we can show that F,, the set of antisymmetric matrices or Skew-Symmetric
matrices, is also a vector subspace of M, (IR).
2. We have
By = (L(A+A)) = 1((A)+ A) = 1(A+A) =B,
‘B, = (HA—4)) = J(A- (A) = }(A-A)=-B,

B,eF, °

3. Decomposition of a Matrix into Symmetric and Antisymmetric Parts
We observe that any matrix A € M, (IR) can be written as

{B1€P1

A=Bi+B, = %(tA+A) + %(A -t A),
with B; € F; and B,. Then the decomposition of A is

A=B;+B;
1, . 112) (13 _1(25
Bl‘E(A+A)‘§((3 4)*(2 4))‘5(5 8)

1, o, 113 (12} _1({0 1
BZ:E(A_A)‘E((z 4)‘(3 4))‘5(—1 0)'

Exercise No. 3 : Exercise No. 3 : Consider the linear mapping f defined by

with

and

R} — R3
(x,y,z2) — fx,y,2)=0Bx—-y+z,—x—-2y—5z,x+y+32)
Let B = {e; = (1,0,0),e;, = (0,1,0),e3 = (0,0, 1)} be the canonical (or standard) basis of R®.
1. Find the matrix A = Mat(f) associated with f with respect to the basis B.
B
2.LetB' = {¢} = (-4,1,3),¢; = (2,0,-1),¢, = (~1,1,1)| be a new basis of R’.
(a) Determine the change-of-basis matrix P from B to B’ and compute its inverse P~".

(b) For the vector v = (1,2,-1) € R?, find the coordinates of v in the new basis B’.
(c) Compute the matrix A’ = Mat(f) associated with f with respect to the basis B’.
Bl

Solution :
1. The matrix associated with the linear mapping f, denoted by A = Z\/{;at( f), is the matrix of size

m X n where (m = dim(F = R?® = 3),n = dim(E = R®) = 3) and whose columns are the coordinates
of the vectors f(e1), f(ez) and f(e3) expressed in the basis B. That is

A=Mat(f) = =Mat( fler) flex) fles) ) € Ms(R).

where ]Véat ( fler) f(e2) f(es) ) is the matrix associated with the family of vectors { (1), f(e2), f(e3)}.



We compute the images of the basis vectors

f(el) = f(lr 0, 0) = (3/ -1, 1) =3e1—ex + €3
f(eZ) = f(O, 1, 0) = (—1, —2, 1) = —€1 — 262 +e3
fes) = f(0,0,1) = (1,-5,3) = e, — 5es + 3es

From this, we conclude that the matrix of f in the canonical basis B is

3 -1 1
A = Mat(f) =[ -1 -2 -5 ]
B 1 1 3

2. (a) The change-of-basis matrix P from an old basis B to a new basis B’ (also called the
transition matrix), denoted 5 pr’ is the square matrix whose columns are the coordinates of the

vectors of the new basis expressed in the old basis B. That is

P= P = ]\/éat(e;, e5,e3) € Ms(R) (is the 3 X 3 square matrix),

B—B’

where ]\/éat (-) denotes the matrix of a family of vectors with respect to the basis B. We get

-4 2 -1
P= P =Mat,e,e;)=| 1 0 1 |e M;R).
B—B’ B 3 -1 1

Compute P~'. The matrix P! is the change-of-basis matrix from the new basis B’ to the old basis
B. In other words
p'=P , = Mat(er, e, ¢3),

B —>

which means that the columns of P! are the coordinates of the vectors ej, e, e; in the basis B’.
Therefore, for each vector ¢; in the basis B, we seek scalars A, A5, A3 € R such that

ei = Aie] + Aie) + Ases.
Finding the coordinates of ¢; in the basis B’. We solve for A1, A;, A3 € R such that
e1 = A€l + Aqe) + Azel.
This leads to the system of equations

—4A1+2A2—A3=1
AM+A3=0 = MhM=1,A=2,A;=-1
3/\1—/\24'/\3:0

Finding the coordinates of e, in the basis B’. We solve for A;, A5, A3 € R such that
ey = /\161 + /\16& + /\36;’.
This leads to the system of equations
—4:/\1 + 2A2 - Ag =0
AM+Az3=1 = M =-1,A=-1,A;=2.
3A1— Ay + Ag, =0

Finding the coordinates of e; in the basis B’. We solve for A3, A5, A3 € R such that

e3 = /\1(31 + /\1(3; + /\3€é.



This leads to the system of equations

—4A1+2A2—A3:O
A1+A3:O =>/\1=2,/\2=3,A3=—2
3A1—A2+A3=1

1 -1 2
ptl=| 2 -1 3 |

Thus, we obtain

-1 2 =2
1
(b) Finding the coordinates of v in the basis B’. Let X = ]\/gat(v) =| 2 |be the column matrix
-1
A
of the coordinates of v in the basis B, and let X;, =| Aa |be the column matrix of the coordinates
A3

of v in the basis B’. The change-of-basis formula gives
A 1 -1 2 1 -3
Xpg=P X = Xp =P Xge=| A |=| 2 -1 3 || 2 |=]|-3
A3 -1 2 -2 -1 5

Thus, the coordinates of v = (1,2, —1) in the basis B’ are (-3, -3, 5).
(c) The matrix associated with f relative to the new basis B’ is given by

A':A/B;gt(f)zp—l-A-P

1 -1 2 3 -1 1 -4 2 -1
=12 -1 3 (-1 -2 51|11 0 1
3 -1 1

-1 2 -2 1 1 3

15 0 9
=| 11 4 9

-28 3 -15




