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Chapter 1: Simple Integrals and Multiple Integrals

Triple Integral

Let F (x,y,z) be a function defined in a closed and bounded domain D in the Ox, Oy, Oz.
space. We arbitrarily divide the domain D into n elementary domains with volumes
AVy, AV, ..., AV,. Now, we choose an arbitrary point(Pk);<x<n in €ach elementary domain.
Let F(P;),F(P,),..., F(P,) be the values of the function F (x,y, z) at these points, and then
form the products F (Py)AVj,.

The integral sum of the function F (x, y, z) over the domain D is defined as a sum of the form
n
Z F(P)AV, = F(P)AV, + F(P,)AV, + -+ F(B,)AV,
k=1
The triple integral of the function F (x,y,z) over the domain D is defined as the limit of the

integral sum when the largest of the volumes AV,, — 0. It is denoted by

s [ e -t 5

Rule for Calculating a Triple Integral

Let F be a function defined and continuous in a closed domain D of R3, then:

ﬂf F(x,y,2z)dxdydz = ﬂ dxdyfzzF(x'y’Z)dz

The double integral over dxdy is calculated on the domain T, where T is the orthogonal

projection of D on to the xOy plane.

Example: calculate the triple integral I; = [[f (x + v + z) dxdydz the domain D is defined

by:
D={(x,y,2) ER3,x>0,y>0,z>0,x+y+2z < 2}

the orthogonal projection of the domain D on to the xOy plane, where z = 0, is

T={(x,y) ERL,x>0,y>0,x+y <2}
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Additionally, z;y =0etz, =2—x—yetz; <z <z,

So,
2—x-y 1 2—x-y
Ilszdxdyf (x+y+z)dz=ff [(x+y)z+fz2
0 0
1
=ff[2x+2y—x2—y2—2xy+§(2—x—y)2]dxdy
We have :
{0<y<2—x
0<x<?2

Thus, the double integral of this function is:
2 2—x 1
11=j U 2x+2y—x2—y2—2xy+§(2—x—y)2dy dx
0 0

2 1 1 1
= f [2—x)xy +y2——y3 —xy*+ 52— x?)y — 52— x)y2]57* dx
0
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Change of Variables in a Triple Integral

The change of variables in a triple integral allows for transitioning from the variables
X, ¥, Z to new variables u, v, w related to the original variables by the following
relations:

x = x(u,v,w),

y= yuvw),
z= z(u,v,w),
Where x = x(u,v,w),y = y(u,v,w) and z = z(u, v,w), and their first partial derivatives

!

are continuous functions in a domain D' . The Jacobian of the transformation in the domain D

is:

Ox OJx O0Ox
Ju Jdv ow
dy dy Ody
Ju Jdv Jdw
0z 0z 0z

ou ov ow

| Dy, 2)

= 0
D'(u,v,w) *

J

In this case, the formula for transforming a triple integral is
fff F(x,y,z)dxdydz = fff F(x(u,v,w),y(u,v,w),z(u,v,w)|/|dudvdw
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Triple Integral in Spherical Coordinates

Let M (x, y, z) be a point in space R3. We then have the following transformation formula:

X = r cos@ sing
y = 7 sinf@sing
Z= T COSQ
with>0,0<6<2m,0<¢@p<m.
the jacobien is:

cosfsing —rsinfsing 7rcosfcosh
J =|sinfsing rcos@sing rsinfcos@|=r2sing
cos @ 0 —sing

It follows that: dxdydz = r? sin ¢ drdfd¢

Example: Calculate I, = [f[ x? dxdydz , Where the domain D is defined by:
D ={(x,y,z) E R3,x%2 +y2 + z? < a?,a > 0}

We perform a change of variables to spherical coordinates.

Now, let (x,y, z) be apointin D, we have:

x2+y?2+z2<a®, r’<a?,and0<r<a

2
Iz—fffx dxdydz—f 4drf cos 9d9j sin® @ do
0 (7 1+c0520 _
=[—r] f —)f sin® @ do
5 loJo 2 0

4
—15na

then:

5

Triple Integral in Cylindrical Coordinates

The transition from Cartesian coordinates to cylindrical coordinates is related by the following
relations:

X = rcos@
y= rsinf
zZ= Z

withr > 0et0 < 6 < 2m. the value of jacobien is: | =

JUF(x,y,z)dxdydz=HfF(rcos@,rsin@,z)rdrd@dz

Volume Calculation

The volume of a body occupying the domain D is given by the following formula:

= ﬂ dxdydz



