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Chapter 1: Simple Integrals and Multiple Integrals 

Triple Integral  

Let 𝐹 (𝑥, 𝑦, 𝑧)  be a function defined in a closed and bounded domain 𝐷 in the 𝑂𝑥, 𝑂𝑦, 𝑂𝑧.  

space. We arbitrarily divide the domain 𝐷 into 𝑛 elementary domains with volumes 

∆𝑉1, ∆𝑉2, . . . , ∆𝑉𝑛. Now, we choose an arbitrary point(𝑃𝑘)1≤𝑘≤𝑛 in each elementary domain. 

Let 𝐹(𝑃1), 𝐹(𝑃2), . . . , 𝐹(𝑃𝑛) be the values of the function 𝐹 (𝑥, 𝑦, 𝑧) at these points, and then 

form the products 𝐹(𝑃𝑘)∆𝑉𝑘. 

The integral sum of the function 𝐹(𝑥, 𝑦, 𝑧)  over the domain 𝐷 is defined as a sum of the form 

∑ 𝐹(𝑃𝑘)Δ𝑉𝑘

𝑛

𝑘=1

= 𝐹(𝑃1)Δ𝑉1 + 𝐹(𝑃2)Δ𝑉2 + ⋯ + 𝐹(𝑃𝑛)Δ𝑉𝑛 

The triple integral of the function 𝐹(𝑥, 𝑦, 𝑧)  over the domain D is defined as the limit of the 

integral sum when the largest of the volumes ∆𝑉𝑘 →  0. It is denoted by 

∭ 𝐹 (𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 = ∭ 𝐹(𝑃𝑘)𝑑𝑉 = lim
𝑚𝑎𝑥Δ𝑉𝑘→0

∑ 𝐹(𝑃𝑘)∆𝑉𝑘

𝑛

𝑘=1

 

Rule for Calculating a Triple Integral   

Let F be a function defined and continuous in a closed domain 𝐷 of ℝ3, then: 

∭ 𝐹(𝑥, 𝑦, 𝑧) 𝑑𝑥𝑑𝑦𝑑𝑧 = ∬ 𝑑𝑥𝑑𝑦 ∫ 𝐹(𝑥, 𝑦, 𝑧)𝑑𝑧
𝑧2

𝑧1

 

 

The double integral over 𝑑𝑥𝑑𝑦 is calculated on the domain T, where T is the orthogonal 

projection of D on to the 𝑥𝑂𝑦 plane. 

 

Example: calculate the triple integral 𝐼1 = ∭(𝑥 + 𝑦 + 𝑧) 𝑑𝑥𝑑𝑦𝑑𝑧 the domain 𝐷 is defined 

by: 

𝐷 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3, 𝑥 > 0, 𝑦 > 0, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 ≤ 2} 

 

the orthogonal projection of the domain D on to the 𝑥𝑂𝑦 plane, where 𝑧 =  0, is 

𝑇 = {(𝑥, 𝑦) ∈ ℝ2, 𝑥 > 0, 𝑦 > 0, 𝑥 + 𝑦 ≤ 2}
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Additionally, 𝑧1 = 0 𝑒𝑡 𝑧2 = 2 − 𝑥 − 𝑦 et 𝑧1 ≤ 𝑧 ≤ 𝑧2 

So, 

𝐼1 = ∬ 𝑑𝑥𝑑𝑦 ∫ (𝑥 + 𝑦 + 𝑧)𝑑𝑧
2−𝑥−𝑦

0

= ∬ [(𝑥 + 𝑦)𝑧 +
1

2
𝑧2]

0

2−𝑥−𝑦

 

= ∬[2𝑥 + 2𝑦 − 𝑥2 − 𝑦2 − 2𝑥𝑦 +
1

2
(2 − 𝑥 − 𝑦)2]𝑑𝑥𝑑𝑦 

We have : 

{
0 < 𝑦 < 2 − 𝑥

0 < 𝑥 ≤ 2
 

Thus, the double integral of this function is: 

𝐼1 = ∫ [∫ 2𝑥 + 2𝑦 − 𝑥2 − 𝑦2 − 2𝑥𝑦 +
1

2
(2 − 𝑥 − 𝑦)2𝑑𝑦

2−𝑥

0

] 𝑑𝑥
2

0

 

= ∫ [(2 − 𝑥)𝑥𝑦 + 𝑦2 −
1

6
𝑦3 − 𝑥𝑦2 +

1

2
(2 − 𝑥2)𝑦 −

1

2
(2 − 𝑥)𝑦2]0

2−𝑥
2

0

𝑑𝑥 

= ∫ [(2 − 𝑥)2 −
(2 − 𝑥)3

6
]

2

0

𝑑𝑥 

= [−
(2 − 𝑥)3

3
+

(2 − 𝑥)4

24
]0

2 =
1

3
−

1

24
=

7

24
 

Change of Variables in a Triple Integral 

The change of variables in a triple integral allows for transitioning from the variables 

x, y, z to new variables u, v, 𝑤 related to the original variables by the following 

relations: 

𝑥  =   𝑥(𝑢, 𝑣, 𝑤), 

𝑦 =   𝑦(𝑢, 𝑣, 𝑤), 

𝑧 =   𝑧(𝑢, 𝑣, 𝑤), 
Where 𝑥 =  𝑥(𝑢, 𝑣, 𝑤), 𝑦 =  𝑦(𝑢, 𝑣, 𝑤) 𝑎𝑛𝑑 𝑧 =  𝑧(𝑢, 𝑣, 𝑤), and their first partial derivatives 

are continuous functions in a domain 𝐷′ . The Jacobian of the transformation in the domain 𝐷′ 

is: 

𝐽 = |
𝐷(𝑥, 𝑦, 𝑧)

𝐷′(𝑢, 𝑣, 𝑤)
| =

|

|

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥

𝜕𝑤
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

𝜕𝑤
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑧

𝜕𝑤

|

|
≠ 0 

In this case, the formula for transforming a triple integral is 

∭ 𝐹(𝑥, 𝑦, 𝑧) 𝑑𝑥𝑑𝑦𝑑𝑧 = ∭ 𝐹(𝑥(𝑢, 𝑣, 𝑤), 𝑦(𝑢, 𝑣, 𝑤), 𝑧(𝑢, 𝑣, 𝑤)|𝐽|𝑑𝑢𝑑𝑣𝑑𝑤 
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Triple Integral in Spherical Coordinates 

Let M (x, y, z) be a point in space ℝ3. We then have the following transformation formula: 

𝑥 =  𝑟 cos 𝜃  sin 𝜑 

𝑦 =   𝑟 sin 𝜃 sin 𝜑 

𝑧 =  𝑟 cos 𝜑  

with > 0, 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝜑 ≤ 𝜋 .  

the jacobien is: 

𝐽 = |
cos 𝜃 sin 𝜑 −𝑟 sin 𝜃 sin 𝜑 𝑟 cos 𝜃 cos 𝜃
sin 𝜃 sin 𝜑 𝑟 cos 𝜃 sin 𝜑 𝑟 sin 𝜃 cos 𝜑

cos 𝜑 0 − sin 𝜑
| = 𝑟2 sin 𝜑 

It follows that: 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝑟2 sin 𝜑 𝑑𝑟𝑑𝜃𝑑𝜑 

Example: Calculate 𝐼2 = ∭ 𝑥2 𝑑𝑥𝑑𝑦𝑑𝑧 , Where the domain 𝐷 is defined by:  

𝐷 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 , 𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2 , 𝑎 > 0} 

We perform a change of variables to spherical coordinates. 

Now, let (𝑥, 𝑦, 𝑧) be a point in 𝐷, we have: 

𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2 ,  𝑟2 ≤ 𝑎2 , and 0 ≤ 𝑟 ≤ 𝑎 

then: 

𝐼2 = ∭ 𝑥2 𝑑𝑥𝑑𝑦𝑑𝑧 = ∫ 𝑟4
𝑎

0

𝑑𝑟 ∫ cos2 𝜃
2𝜋

0

𝑑𝜃 ∫ sin3 𝜑 𝑑𝜑
𝜋

0

 

= [
1

5
𝑟5]

0

𝑎

∫ (
1 + cos 2𝜃

2
)

2𝜋

0

∫ sin3 𝜑 𝑑𝜑
𝜋

0

 

=
4

15
𝜋𝑎5 

Triple Integral in Cylindrical Coordinates 

The transition from Cartesian coordinates to cylindrical coordinates is related by the following 

relations: 

𝑥  =   𝑟 𝑐𝑜𝑠 𝜃 

𝑦 =   𝑟 𝑠𝑖𝑛 𝜃 
𝑧 =   𝑧 

with 𝑟 >  0 𝑒𝑡 0 ≤  𝜃 ≤  2𝜋. the value of jacobien is :  𝐽 =  𝑟   

∭ 𝐹(𝑥, 𝑦, 𝑧) 𝑑𝑥𝑑𝑦𝑑𝑧 = ∭ 𝐹(𝑟 cos 𝜃 , 𝑟 sin 𝜃 , 𝑧) 𝑟𝑑𝑟𝑑𝜃𝑑𝑧 

Volume Calculation 

The volume of a body occupying the domain 𝐷 is given by the following formula: 

𝑉 = ∭ 𝑑𝑥𝑑𝑦𝑑𝑧 


