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Chapter 1: Simple and Multiple Integrals 

1. Review of the Riemann Integral and Calculation of Primitives 

Subdivision: Let [𝑎, 𝑏] be a finite interval. We call a subdivision 𝑆 of [𝑎, 𝑏]  any finite ordered 

sequence (𝑡𝑖)0≤𝑖≤𝑛 within [𝑎, 𝑏]. 

𝑎 = 𝑡0 ≤ 𝑡1 ≤ ⋯ ≤ 𝑡𝑛 = 𝑏 

The 'step' of a subdivision S is defined as: 

𝜌(𝑆) = 𝑚𝑎𝑥0≤𝑖≤𝑛−1|𝑡𝑖+1 − 𝑡𝑖| 

The uniform subdivision of the interval [a,b] is 
𝑏−𝑎

𝑛
, and each point is calculated by the 

following equation: 

𝑡𝑖 = 𝑎 + 𝑖
𝑏 − 𝑎

𝑛
, 0 ≤ 𝑖 ≤ 𝑛 

Riemann Integral 

By definition, the Riemann integral of the function 𝑓 is: 

∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = 𝑆𝑢𝑝

𝑆
𝐴+(𝑓, 𝑆) = 𝐼𝑛𝑓

𝑆
𝐴−(𝑓, 𝑆) 

A function 𝑓: [𝑎, 𝑏] → ℝ is Riemann integrable on [𝑎, 𝑏] if, for every 𝜀 > 0, there exists a 

subdivision 𝑆 such that its Darboux sums satisfy 

𝐴+(𝑓, 𝑆) − 𝐴−(𝑓, 𝑆) ≤ 𝜀 

The lower Darboux sum: 

𝐴−(𝑓, 𝑆) = ∑ 𝑚𝑖(𝑡𝑖+1 − 𝑡𝑖)

𝑛−1

𝑖=0

 

With: 
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𝑚𝑖 = 𝑖𝑛𝑓𝑥∈[𝑡𝑖,𝑡𝑖+1[ 𝑓(𝑥) 

The upper Darboux sum: 

𝐴+(𝑓, 𝑆) = ∑ 𝑀𝑖(𝑡𝑖+1 − 𝑡𝑖)

𝑛−1

𝑖=0

 

With: 

𝑀𝑖 = 𝑠𝑢𝑝𝑥∈[𝑡𝑖,𝑡𝑖+1[ 𝑓(𝑥) 

If the subdivision is uniform, the Riemann sum takes the following form 

𝑅(𝑓, 𝑆𝑢𝑛𝑖𝑓) = lim
𝑛→+∞

𝑏 − 𝑎

𝑛
∑ 𝑓(𝑎 + 𝑖

𝑏 − 𝑎

𝑛
)

𝑛−1

𝑖=0

=
𝑏 − 𝑎

𝑛
∑ 𝑓(𝑎 + 𝑖

𝑏 − 𝑎

𝑛
)

𝑛−1

𝑖=0

 

Calculation of Primitives 

Let 𝑓 be a continuous and positive function on the interval [𝑎, 𝑏], the integral of this function 

is the area expressed in square units of the surface bounded by the curve𝐶𝑓 and the x-axis, 

between the points 𝑥 = 𝑎 and 𝑥 = 𝑏. 

 

We consider a function 𝑓 continuous on an interval 𝐼. We say that a function 𝐹 is a primitive 

of 𝑓 on 𝐼 if 𝐹 is differentiable and its derivative is equal to:  

𝐹(𝑥)′ = 𝑓(𝑥) 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) 

𝑥 

𝑦 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 
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Primitives of common functions:   

We have c a real constant. 

 ∫ 1 𝑑𝑥 = 𝑥 + 𝑐  ∫
1

𝑥
𝑑𝑥 = ln |𝑥| + 𝑐 

 ∫ 𝑥𝑚 𝑑𝑥 =
𝑥𝑚+1

𝑚+1
+ 𝑐  ∫ 𝑒𝑥 𝑑𝑥 = 𝑒𝑥 + 𝑐 

 ∫ cos (𝑥) 𝑑𝑥 = 𝑠𝑖𝑛(𝑥) + 𝑐  ∫
1

𝑎2+𝑥2 𝑑𝑥 =
1

𝑎
𝑎𝑟𝑐𝑡𝑎𝑛𝑔(

𝑥

𝑎
) + 𝑐 

 ∫
1

√𝑎2−𝑥2
𝑑𝑥 = 𝑎𝑟𝑐𝑠𝑖𝑛(

𝑥

𝑎
) + 𝑐  ∫

1

𝑠𝑖𝑛2(𝑥)
𝑑𝑥 = 𝑐𝑜𝑡𝑔(𝑥) + 𝑐 

 ∫ tang(x) 𝑑𝑥 = −ln (cos(𝑥)) + 𝑐  ∫
1

𝑐𝑜𝑠2(𝑥)
𝑑𝑥 = 𝑡𝑎𝑛𝑔(𝑥) + 𝑐 

 The following functions all follow the rules of differentiation: 

∫[𝑢(𝑥)]𝑛𝑢′(𝑥) 𝑑𝑥 =  
[𝑢(𝑥)]𝑛+1

𝑛 + 1
+ 𝑐     (𝑛 ≠ −1) 

∫ 𝑒𝑢(𝑥)𝑢′(𝑥) 𝑑𝑥 = 𝑒𝑢(𝑥) + 𝑐 

∫
𝑢′(𝑥)

𝑢(𝑥)
𝑑𝑥 = ln|𝑢(𝑥)| + 𝑐 

∫ sin(𝑢(𝑥)) 𝑢′(𝑥) 𝑑𝑥 = − cos(𝑢(𝑥)) + 𝑐 

∫ cos(𝑢(𝑥)) 𝑢′(𝑥) 𝑑𝑥 = sin(𝑢(𝑥)) + 𝑐 

∫
𝑢′(𝑥)

√𝑢(𝑥)
𝑑𝑥 = −

1

𝑢(𝑥)
+ 𝑐 

∫ 𝑎𝑥 𝑑𝑥 =
𝑎𝑥

ln (𝑎)
+ 𝑐 

∫ 𝑢′(𝑥)𝑡𝑎𝑛𝑔(𝑢(𝑥)) 𝑑𝑥 = − ln(cos(𝑥)) + 𝑐 
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Some useful trigonometric formulas: 

 𝑡𝑎𝑛𝑔(𝑥) =
sin (𝑥)

cos (𝑥)
  𝑐𝑜𝑡𝑔(𝑥) =

cos (𝑥)

sin (𝑥)
 

 𝑐𝑜𝑠2(𝑥) + 𝑠𝑖𝑛2(𝑥) = 1  𝑐𝑜𝑠2(𝑥) =
1+cos (2𝑥)

2
 

 sin(2𝑥) = 2 sin(𝑥) cos (𝑥)  𝑠𝑖𝑛2(𝑥) =
1−cos (2𝑥)

2
 

 cos(𝑎 + 𝑏) = cos(𝑎) cos(𝑏) − sin(𝑎) sin (𝑏) 

 sin(𝑎 + 𝑏) = sin(𝑎) cos(𝑏) + cos(𝑎) sin (𝑏) 

 cos(2𝑥) = 2𝑐𝑜𝑠2(𝑥) − 1 = 1 − 2𝑠𝑖𝑛2(𝑥) 

Integration by parts: 

Let 𝑢 and 𝑣 be two continuous functions on [𝑎, 𝑏], then: 

∫ 𝑢(𝑥)𝑣′(𝑥)
𝑏

𝑎

𝑑𝑥 = [𝑢(𝑥)𝑣(𝑥)]𝑎
𝑏 − ∫ 𝑢′(𝑥)𝑣(𝑥)

𝑏

𝑎

𝑑𝑥 

Example: Calculate the following integral: 

∫ 𝑥𝑠𝑖𝑛(𝑥)

𝜋
2

0

𝑑𝑥 

We set: 𝑢(𝑥) = 𝑥  ,    𝑢′(𝑥) = 1   𝑒𝑡 𝑣′(𝑥) = sin(𝑥) , 𝑣(𝑥) = −cos (𝑥)  

∫ 𝑥𝑠𝑖𝑛(𝑥)

𝜋
2

0

𝑑𝑥 = [−𝑥𝑐𝑜𝑠(𝑥)]0
𝜋 2⁄

− ∫ − cos(𝑥)

𝜋
2

0

𝑑𝑥 = [−𝑥𝑐𝑜𝑠(𝑥)]0
𝜋 2⁄

+ [sin(𝑥)]0
𝜋 2⁄

= 1 

Variable change: 

Let 𝑓: [𝑎, 𝑏] → ℝ be a continuous function. Suppose there exists a function 𝑣: [𝑎, 𝑏] → ℝ of 

class 𝐶1  and a function 𝑢, continuous on 𝑣([𝑎, 𝑏]), such that for all 𝑥 in [𝑎, 𝑏], the following 

equality holds: 

𝑓(𝑥) = 𝑢(𝑣(𝑥))𝑣′(𝑥) 
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Then:  

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = ∫ 𝑢(𝑦)
𝑣(𝑏)

𝑣(𝑎)

𝑑𝑦 

In practical calculations, we set:  𝑦 = 𝑣(𝑥), 𝑑′𝑜ù 𝑑𝑦 = 𝑣′(𝑥)𝑑𝑥 

Finally, we change the limits of the integral. 

Example: calculate the following integral using a change of variable: 

∫
2𝑒√𝑥

√𝑥

2

0

𝑑𝑥 

We use the following change of variable: 

𝑦 = 𝑣(𝑥) = √𝑥 

We obtain: 

𝑣(𝑎) = 0, 𝑣(𝑏) = √2 𝑒𝑡 𝑣′(𝑥) =
1

2√𝑥
 

∫
2𝑒√𝑥

√𝑥

2

0

𝑑𝑥 = 4 ∫
𝑒√𝑥

2√𝑥

2

0

𝑑𝑥 = 4 ∫ 𝑒𝑦
√𝑥

0

𝑑𝑦 = [𝑒𝑦]0
√2 = 4(𝑒√2 − 1) 

Primitives of rational fractions: 

A rational fraction is defined as the quotient of two polynomials. Most of the primitives that 

we can formally calculate can be done using simple changes of variables. 

 Integral of the type: ∫
1

𝑥+𝛼
𝑑𝑥, 𝛼 ∈ ℝ  

∫
1

𝑥 + 𝛼
𝑑𝑥 = ln|𝑥 + 𝛼| + 𝑐, 𝑐 ∈ ℝ 

 Integral of the type: ∫
1

(𝑥+𝛼)𝑛 𝑑𝑥, 𝛼 ∈ ℝ 𝑎𝑛𝑑 𝑛 ≥ 1 
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∫
1

(𝑥 + 𝛼)𝑛
𝑑𝑥 =

1

(1 − 𝑛)(𝑥 + 𝛼)𝑛−1
+ 𝑐, 𝑐 ∈ ℝ 

 

 

 


