
Chapter 2: Free Linear Systems one-degree  

of freedom. 

 

2.1. Free oscillations 

 A system oscillating in the absence of any excitation force is called a free 

oscillator. 

  The number of independent quantities involved in the movement is called 

the degree of freedom. 

 We call a harmonic oscillator as soon as it is separated from its equilibrium 

position by a distance x (or angle ), is subjected to a restoring force 

opposite and proportional to the separation x (or ): 

         𝐹= −𝐶𝑥                                                                                                           (2.1) 

 

2.2. Linear oscillator 

Vibratory motion is said to be linear if it is governed by a differential equation of 

the form: 

𝑞̈  +  0
2 𝑞̈ = 0                                                                                                                 (2.2) 

2.3. Equilibrium conditions 

 The equilibrium condition is F=0. If the equilibrium is at q=q0 we write  
 
 𝐹]𝑞=𝑞0

 =0                                                                                             (2.3) 

For a force derived from a potential (−
𝜕𝑈

𝜕𝑞
), the equilibrium condition is written: 

  
𝝏𝑼

𝝏𝒒
]
𝒒=𝒒𝟎

> 0                                                                                                  (2.4)  

The stability condition (the equilibrium is stable if, once the system moves away 

from its equilibrium position, it returns to its equilibrium) is given by 

          
𝜕 𝑈2

𝜕𝑞2
> 0                                                                                                  (2.5) 



The equilibrium of a system is unstable if the system does not regain its 

equilibrium during a deviation, i.e. if 𝐶 <0. The unstable equilibrium condition is 

written as 
𝜕 𝑈2

𝜕𝑞2
< 0                                                                                                 (2.6) 

 

 

 

 

 

 

2.4 The energy of a harmonic oscillator 

The energy of an harmonic oscillator is the sum of its kinetic and potential 

energies: 𝐸=𝑇+𝑈                                                                        

 

 The translational kinetic energy of a body of mass 𝑚 and velocity 𝑣 is:                              

            𝑇𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛= 1/2 𝑚𝑣                                                                                   (2.7) 

 

 The kinetic energy of rotation of a Body of moment of inertia 𝐼Δ about an 

axis Δ and angular velocity �̇� is:  

            𝑇rota𝑡𝑖𝑜𝑛 =
𝟏

𝟐
𝑰∆�̇�

𝟐                                                                                     (2.8) 

 

 The potential energy of a mass 𝑚 in a constant gravitational field 𝑔 is :  

            𝑈=𝑚𝑔ℎ                                                                                                        (2.9) 

          (or 𝑈=-𝑚𝑔ℎ in the case of a descent of height ℎ) 

 

 The potential energy of a spring of stiffness 𝑘 at a deformation x is :  

            𝑈𝑟𝑒𝑠𝑠𝑜𝑟𝑡= 
𝟏

𝟐
𝑲𝒙𝟐                                                                                          (2.10) 

 

 The potential energy of a torsion spring of stiffness 𝑘 when deformation Ɵ 

 𝑈= 
𝟏

𝟐
𝑲Ɵ𝟐                                                                                                      (2.11) 

 
 

Note: 

The inertia of a body depends on its dimensions, mass and axis of rotation. The 

figure shows the inertia of different shapes. 
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Fig.10. inertia of different shapes 

 

 

2.5. Huygens' theorem : 

The moment of inertia varies with the axis of rotation, so if I0 is the inertia of a 

body of mass m when the axis of rotation passes through the center of mass of the 

body ,and IΔ is the moment of inertia if the axis of rotation is Δ with a distance d 

between the center of mass and the axis of rotation, Huygens' theorem gives the 

inertia by the following formula: 

IΔ= I0+md2                                                                                                       (2.12) 

 



2.6. Equation of motion of a harmonic oscillator 

2.6.1. Example of a mass-spring system 

Applying the Newton’s laws, we obtain : 

 

  

                                                                                    

 

 

 

 

 

 

 

 

 

Fig.11.Harmonic oscillator 

(mass-spring) 

 

-kx0+mg=0                                                                                                        (2.13) 

-k(x0+x)+mg=m𝑥                                                                                            (2.14) 

So     

m𝑥 +kx=0 

                                                      𝑥 + 
𝑘

𝑚
𝑥 = 0                                             (2.15) 

On the other hand, we can find the equation of motion using Lagrange's formula 

 

 

                                                    
𝒅

𝒅𝒕
(
𝝏𝑳

𝝏�̇�
) −

𝝏𝑳

𝝏𝒒
= 0                                       (2.16) 

 

Where 

q is the generalized coordinate describing the motion of the system (x,y,z,Ɵ.......) 

and the number of degrees of freedom of the motion is the number of independent 

generalized coordinates. 

 

 

 

L=T-U                                                                                                            (2.17) 



L is the system’s Lagrangian equal to the difference between kinetic energy and 

potential energy.  

T is the kinetic energy of the system 

U is the potential energy of the system 

For the example of a mass-spring system, we have: 

U=
1

2
𝑘𝑥2   and  𝑇 =

1

2
𝑚�̇�2 

L= 
1

2
𝑚�̇�2 −

1

2
𝑘𝑥2                                                                                         (2.18) 

 

Then the equation of motion of undamped free system by Lagrange's formula is                                                        

                                                
𝒅

𝒅𝒕
(
𝝏𝑳

𝝏�̇�
) −

𝝏𝑳

𝝏𝒙
= 𝟎                                             (2.19) 

 m𝑥 +kx=0 

                                                   𝑥 + 
𝑘

𝑚
𝑥 = 0                                                (2.20) 

 

Which is the equation obtained using the fundamental principle of dynamics or 

the conservation equation.  

 

2.7. Solution of the equation of motion: 

The differential equation of the harmonic oscillator has the following sinusoidal 

solution: 

                                 x = A sin(0t + 𝝋)                                                       (2.21) 

The amplitude A and phase φ depend on the initial conditions, and to find their 

values we need two initial conditions (usually q(t0) and 

  �̇�̈ (t0). We can therefore vary these constants by varying the initial conditions. 

 

{
𝑞̈(𝑡 = 0) = 𝑞̈0
�̇�̈(𝑡 = 0) = �̇�̈0

 

In other words 

{
𝐴𝑠𝑖𝑛𝜑 = 𝑞̈0

−𝐴0cos𝜑 = �̇�̈0
 

To calculate the constant A, we squareq0 and �̇�̈0then add them term by term, we 

get: 

 

(
𝑞̈0
𝐴
)2 + (

�̇�̈0
𝐴0

)2 = 1 ⇒ (𝐴0)
2 = (𝑞̈0𝜔0)

2 + �̇�̈0
2 



So : 𝐴 = √
(𝑞0𝜔0)

2+�̇�0
2

0
2

                                                                                           (2.22) 

And :tg 𝜑 = −
𝑞0

�̇�0𝜔0
⇒ 𝜑 = 𝑎𝑟𝑐 𝑡𝑔(−

𝑞0

�̇�0𝜔0
)                                                           (2.23) 

 

 

2.8. The natural frequency 

The natural pulsation is called 𝜔0 because it depends only on the oscillator's own 

quantities (𝜔0=√
𝑘

𝑚
 ) for the mass-spring system). 

 

2.9. The total energy of a harmonic oscillator : 

We saw earlier that the solution to the differential equation of motion has the form  

 

x(𝑡)=𝐴sin(𝜔0𝑡+𝜑)                                                                                           (2.24) 

So: 

�̇�(𝑡)=𝐴 𝜔0cos(𝜔0𝑡+𝜑)                                                                                    (2.25) 

The total energy of the system is: 

 E=T+U      (2.26) 

With : U=
1

2
𝑘𝑥2   (2.27) 

And   𝑇 =
1

2
𝑚�̇�2                                                                                            (2.28) 

Then : 

 E= 
1

2
𝑚𝐴2𝜔0 

2 cos2 (𝜔0𝑡+𝜑)+
1

2
𝑘𝐴2sin2(𝜔0t + φ)                                          (2.29)              

On the other hand, we have: 

 𝜔0=√
𝑘

𝑚
⇒ 𝑘 = 𝑚𝜔0

2
                                                                                                                                                  (2.30)   

We remplace  𝑘 = 𝑚𝜔0
2,  

 

 

The result is: 



E=
1

2
𝑘𝐴2cos2(𝜔0𝑡+𝜑)+

1

2
𝑘𝐴2sin2(𝜔0t + φ)                                                  (2.31) 

E=
1

2
𝑘𝐴2                                                                                                          (2.32) 

 

 

2.10. Variation de l’énergie d’un système vibratoire 

In vibratory motion, total energy is constant. Energy is transformed from kinetic 

to potential energy. When kinetic energy decreases, potential energy increases, 

and vice versa. This property is known as the conservation of the system's total 

energy. The variation of kinetic, potential and total energies as a function of 

displacement x is  

 

 

 

 
 

 

Fig.12.Variation of kinetic, potential and total energies as a function of x 

 

 

Notes 

 The total energy of a system E=T+U is constant (dE/dt=0 means that the 

system is conservative). 

 The restoring force of a spring F=-kx is related by the potential energy as 

follows: 

𝐹 = −𝑘𝑥 = −
𝜕

𝜕𝑥
(
1

2
𝑘𝑥2) = −

𝜕𝑈

𝜕𝑥
 

 

 The harmonic oscillator, whatever its nature, is a conservative system. 

 

 



 

Example 

Consider the following system 

1-What is the kinetic energy and potential energy of the system. 

2-What is the Lagrangian of the system? 

3-Find the differential equation of motion.  

4-At initial conditions Ɵ(0)=0 and θ ̇(0)=1, 

find the amplitude of motion and the phase shift 

with K=10-4N/met m=1Kg 

 

Response 

The equivalent system is: keq = 3k 

 

 

𝑢 =
3

2
𝐾(𝑥0 + 𝑥1)

2 −𝑚𝑔𝑥2 +𝑚𝑔𝑥3 

 

𝑥1 =  −𝑙 𝑠𝑖𝑛θ = −lθ 

𝑥2 = −2𝑙 𝑠𝑖𝑛θ = −2lθ 

𝑥3 =  −𝑙 𝑠𝑖𝑛θ = −lθ 

By replacing the expression of these coordinates in U: 

𝑢 =
3

2
𝐾(𝑥0 − lθ)2 + 2𝑚𝑔lθ − 𝑚𝑔lθ 

𝑢 =
3

2
𝐾(l2θ2) + (𝑚𝑔 − 3𝐾𝑥0)lθ +

3

2
𝐾𝑥0

2 

 

At equilibrium  
𝜕𝑢

𝜕𝜃
= 0 

𝜕𝑢

𝜕𝜃
= 3𝐾𝑙2θ + (𝑚𝑔 − 3𝐾𝑥0)𝑙 = 0 

But also, at equilibrium  =0, so the equilibrium condition becomes: 

(𝑚𝑔 − 3𝐾𝑥0) = 0𝑥0 =
𝑚𝑔

3𝐾
 

𝑢 =
3

2
𝐾(l2θ2) +

3

2
𝐾𝑥0

2 

The kinetic energy of the rotating system is: 

𝑇 =
1

2
𝐼�̇�2 =

1

2
(𝑚𝑙2 +𝑚(2𝑙)2)�̇�2 

 T = 
5

2
 𝑚𝑙2�̇�2 

So the Lagrangian of the system is: 

L= 
5

2
 𝑚𝑙2�̇�2 −

3

2
𝐾(l2θ2) −

3

2
𝐾𝑥0

2 

And the motion equation is : 



𝒅

𝒅𝒕
(
𝝏𝑳

𝝏θ̇
) −

𝝏𝑳

𝝏θ
= 5𝑚𝑙2𝜃 + 3𝐾𝑙2θ = 0 

𝜃 +
3𝐾

5𝑚
 θ = 0 

Where the natural pulsation is:𝜔0 = √
3𝐾

5𝑚
 

 
 


