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2.4 Exercices

Exercice 2.1.
Consider the following sets: A ={1,2,3,4,5}, B =1{3,4,5,6,7} and

C ={2,4,6,8,10}. Find the following sets: (AUB), (BNC), (A—B) and (AAC).

Exercice 2.2.
Let E ={a, b, ¢} be a set. Can we write: )
la€E, 2)aCFE,3){a}CE,4)0eES50CE,6) {0}cCE?

Exercice 2.3.
Let A, B, and C' be three subsets of a set E. Prove that:
1. A\ B=AnB"
2. AN(BUC)=(ANB)U(ANCQC).
3. AU(BNC)=(AUuB)N(AUCQC).
4. AAB=(AUB)\ (AN B).

Exercice 2.4. (Power set )
Let E = {a,b,c,d}. Find the power set P(E) of E, which is the set of all subsets
of E. Give an example of a partition of E, which is a collection of non-empty

disjoint subsets of E whose union equals E.

Exercice 2.5.

1. What are the images of the sets R, [0,2x], [0, 5], and the inverse image of
the sets [0,1], [3,4], [1,2] under the function f(x) = sin(z)?

2. Let f : R — R be defined by f(x) = 2*> + 1. Consider the sets A = [-3,2]
and B =[0,4]. Compare f(A\ B) and f(A)\ f(B).

3. What condition must function f satisfy so that f(A\ B) = f(A)\ f(B)?

Exercice 2.6.

Determine whether the following relations are reflexive, symmetric, antisymmetric,

and transitive:

1. E=7Z and zRy & |z| = |y|.
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2. E =R\ {0} and 2Ry < zy > 0.

3. E=7 and xRy & x — y is even.

Identify among the above examples which relations are orders and which are equiv-
alence relations.

Exercice 2.7.

Determine whether the following relations are reflexive, symmetric, antisymmetric,
and transitive:

1. E=R and 2Ry & x = —y.

2. E=TR and 2Ry & cos?(z) + sin*(y) = 1.

3. E=Nand xRy < 3p,q > 1 such that y = px? (where p and q are integers).
Identify among the above examples which relations are orders and which are equiv-
alence relations.

Exercice 2.8.
Let E =7, the set of all integers. Consider the following relations on E:

1. Relation ~q defined by x ~1 y if and only if x + y is even.

2. Relation ~q defined by x ~o y if and only if x and y have the same remainder
when divided by 5.

3. Relation ~3 defined by x ~3 y if and only if x — y is a multiple of 7.
For each relation ~; (where i =1,2,3):

1. Determine if ~; is an equivalence relation on Z. Explain why or why not.

2. If ~; is an equivalence relation, identify the equivalence classes of 7 under

N'i’

Exercice 2.9.

Let R be an equivalence relation on a non-empty set E. Show that

Ve,ye £, 2Ry & 1z=y.



Chapter 2. Sets, relations and functions. 51

Exercice 2.10.

Let N* denote the set of positive integers. Define the relation R on N* by xRy if
and only if x divides y.

1. Show that R is a partial order relation on N*,

2. Is R a total order relation?

3. Describe the sets {x € N* | xR5} and {x € N* | 5Rxz}.

4. Does N* have a least element? A greatest element?

Exercice 2.11.

Let f be the function from R to R defined by f(x) = 2*> + x — 2.
1. Give the definition of f~'({4}). Calculate f~({4}).
2. Is the function [ bijective?
3. Give the definition of f([—1,1]). Calculate f(]—1,1]).

4. Give the definition of f~1([—2,4]). Calculate f~([—2,4]).

Exercice 2.12.
Let f: R — R be defined by f(z) = 2=

1422

1. Is f injective? Is [ surjective?
2. Show that f(R) = [—1,1].

3. Show that the restriction g : [—1,1] — [—1,1] defined by g(z) = f(x) is a

bijection.
Exercice 2.13.
Let f: E—F,g:F —G,andh=gof.
1. Show that if h is injective, then f is injective. Also, show that if h is surjec-
tive, then g is surjective.
2. Show that if h is surjective and g is injective, then f is surjective.
3. Show that if h is injective and f is surjective, then g is injective.

Exercice 2.14.
Let E be a set, and A and B be two subsets of E. Prove the following properties:
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1. ¢a+ Ppac =1, where A°=FE\ A.
2. Qanp = 04 OB.
3. QauB = Pa+ o — Q4 - OB.

4. da\B = da(l — ¢p).

where ¢4 is the indicator function of A, defined as

da: E—{0,1}, x+— da(x) =

L,
0,

ifx € A,
if v ¢ A.
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