
Chapter 6 

Algebraic Grammar (Context-Free)



Reminder on grammars and algebraic 

languages



The syntax tree



Left derivation (right derivation)



Notion of ambiguity

 Definition of an ambiguous word:

A word ω is said to be ambiguous if and only if there exist 

two different derivation trees associated with it.

 Definition of an ambiguous grammar:

A grammar G is said to be ambiguous if and only if there 

exists at least one ambiguous word belonging to L(G).



ambiguity

Apply to the word w = 

Definition:

Let G=⟨X,V,P,S⟩ be an algebraic grammar. A word w is said to 

be ambiguous if and only if there exist more than one left 

derivation (resp. more than one right derivation) for this word.

Example:



Example 1
 Let G be the grammar that has the following production rules:

 Question: Show that G is ambiguous.



Example 2



Definitions



Definition

 Reduced Grammar

A grammar is said to be reduced if and only if all the non-

terminals in its production rules are reachable (accessible) 

and productive.

 Note

Production rules that contain non-terminals that are non-

productive or inaccessible are useless and can be removed 

without any influence on the language generated by the 

grammar.

All symbols are accessible and produce something

All symbols are useful



Suppression des symboles inutiles

•Remove symbols that produce nothing and the 

rules where they appear.

•Remove from G the inaccessible symbols and 

the productions where they appear.



Unit production



Definition



Examples
Example 1

Example 2

Example 3

G is ε-free

G is  not ε-free

Make G is ε-free



Example 
 Let G be the grammar defined by the following production 

rules:

1. Find the language generated by G.

2. Transform G into a reduced grammar.

3. Transform G into a proper grammar.

4. Verify the language found in question 1.



Example (solution)

• L(G) = {diadj / i, j ≥ 0}.

• The non-terminal C is unreachable (non-accessible), A and B are non-
productive, so we remove the rules containing A, B, or C and the 
resulting grammar is:

S → EaEE→ DD → dD | ε
• The grammar has a unit production E → D. We remove it and replace all 

occurrences of E with D, resulting in the following grammar:

S → DaDD→ dD | ε
• The grammar is still not clean due to the rule D → ε, so we eliminate it. 

For each occurrence of D on the right-hand side of a rule, we create 
another rule. We get the clean grammar:

S → DaD | aD | Da | aD→ dD | d

• The language found is correct, but it is easier to find with the clean 
grammar.



Chomsky Normal Form

•A grammar G=(VT,VN,S,R) is said to be in Chomsky Normal Form 

(CNF) if and only if all its production rules are of the form:

A → BC or A → a with A,B,C ∈VN and a ∈VT. 

Proposition:

• For any algebraic grammar, there exists an equivalent grammar in 

Chomsky Normal Form.

• The practical advantage of Chomsky Normal Form (CNF) is that 

the derivation trees are binary trees, which makes it easier to apply 

tree exploration algorithms.



Chomsky Normal Form"

To obtain a Chomsky Normal Form grammar equivalent to an algebraic grammar G, 

the following steps are required:



Example



Greibach Normal Form



Construction of the GNF of a grammar



Algorithm for eliminating left recursion

 Apply the following transformation to all production rules 

until all direct and hidden left recursions are eliminated.



Example: Simple Left Recursion



Example: Hidden Left Recursion



Definition



Example



Algebraic Languages

• Proposition:

The class of algebraic languages is closed under union, 

concatenation, mirror, and iteration.

• Note:

The class of algebraic languages is not closed under 

intersection and complement.

• Theorem:

The class of languages recognized by pushdown automata is 

equal to the class of languages generated by algebraic 

grammars.



Double Star Lemma (Ogden's Lemma)"



Example 


