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Solution of series IN°2

Fxercise 1:

Reminder 1:

b
If the function f is Riemann integrable on [a, b] then the number f f(z) dz is the common

limit of the two sequences:

b—a b—a b—a b—a
- kz:;f(cH— - k),vn— " Zf(OH— - k:)

Up =

1
1. £ 22 dz. We have

1 1 o k2
L/(;xzdleim— k—

1
_ lim _n(n—i— 1)(2n+1) _ 1
n%+oon3 6 3

1
2. f e® dx. So
0

1
L/o‘ e’ dr = lim — Z(e%)k (sum of the geometric sequence)

FExercise 2:

n—1

1
1. u, = ——. We h
u n};kQ—an e have

n

n—1 1 1 —1 1
7zgr+n<>onk2_;]{:2 +n? - nEIJPOOE kz_;z—z +1

1
Suppose taht f(x) = —x2+1, a=0,b=1,s0
. 1n—1 1 1 1 1 _
nglfwg];%_i_lzblg x2+1dl’:arctan I]OZZ
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n

" n 1 1
li — =1 S —
n—lgloo’;(n—}-k)z n—l>r+noonz(l+ )

1
Suppose taht f(r) = —, a=1, b= 2, then
x

1 1 2] 1., 1
nil—&l-lmnl;(l-i—ﬁy 1 g2 T x ]1 2

n

1
n k‘Z P
.un:H(l—l—ﬁ) . We have

SO

1 k?
nhg)loun = exp [nhg)lo (E;In (1 + ﬁ))]

hence, li_)m (%Zn:ln (1—1—2—2)) f In(14+2?) dr (f(z) = In(1 + 2?), a =
k=1

Using the integration by part, we get

u,:1 u=2x

= In(1 + 2?) v =

1
therefore, L In(1+ 2*)dz =In2 -2 + g Then

lim u,, = exp <1n2—2—|—g) = 2exp (E—2>.

n—oo 2

n 1 kﬂ'
= —Z cos ( ) We have
2n

12 lmr 2 Pt kr
lim — COS = — lim — cos |0+ ——=

n——4ocom Tn—to002n — n2

k=0
2 3

= — cosz dx
7T JO
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and £2COS$ dx = [sinx]og =1. So

Fxercise 3:

1. It is clear that
"1 1+k/n

" n+k
un = _— B ———
;n2+k2 /I;;?”Ll—i-(/’{:/n)2
. . . 1+ :
is a Riemann sum of the function f(z) = T ™ the interval [0,1]. In
T
consequence,
11 In(1+22)]" In(4
lim un—f AL A arctan(m)—l—n( ) _7r—{—n()‘
n—+00 0 1+ 22 2 0 4
2. It is clear that
i N 11
D S e
Rt ~k+n kzlnl—i—k/n
is a Riemann sum of the function f(xz) = —, on the interval [1,2]. In conse-
x
quence,
i su = [ do = (@)} = n(2)
Jim s, = | — dr=[In(z)]; = In(2).

3. It is clear that

k=1

1 —~1 (k\"
Uy = ﬁ;ka sin (k/n) = na_lzﬁ (ﬁ) sin (k/n)
is the product of n®~! by a Riemann sum of the function f(z) = z“sin(z) on

the interval [0,1]. In consequence,

1
lim v,.n%"! = f % sin(z) du.
n—-+00 0
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e If a > 1, we thus conclude that v, goes to 4oc0.

o If =1, then

lim v, = j(:l wsin(z) dr = [sin(x) — x cos(x)] = sin(1) — cos(1).

n—-+00
1
e If o < 1, then the integral fol x®sin(z) dz is finite and we thus conclude

that v, goes to 0 as n goes to 400.

Exercise j:

Reminder 2:

1.Integration by parts:
Suppose that u, v : [a,b] — R are continuous on [a, b] and differentiable in ]a, b[, and u’, v’

are integrable on [a, b]. Then

b b
f w' dz = [uv]® — f u'v dx.

2. Integration by parts in indefinite integrals:

Let I be a interval for R and u, v are functions of class C' on the interval I then

fuv’dq::[uv]—f u'v dr + c.

1. fo In(%=1) dz. Suppose that:

So
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By Euclidean division we get:

So

x3 x—1 1f 1
I = — 1 - = 1
3 n( T ) 3 <$+ +x—1)d$
x

3 r—1 2z 1
= —In|l— )| —-—— = —— | -1+ C.
3 n( z ) g 3 znk-l
1
2 f zarctan z dr. Assume that:

! 1’2
v =z V= —
u = arctanz u = 22

So

x? ; ! 1f1 x? p
5arcanx0—§ b T1 22 T

~
|
| — |

1 1 1 1
——f 1-— dmzﬁ——[m—arctanx]é
2 Jo x?2+1 8 2

=1 ool
N | —

3. f cosxze® dzx. Using the integration by parts twice, we get

1
I= éex(sinx +cosx) + C.
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Fxercise 5:

Reminder 3:

1.Change of variable:
Let ¢ : [a,b] — R be a continuously differentiable function, let f be continuous over ¢([a, b]),

then

ﬁ fla) do = f " Foe) o) d

where b = ¢(8), a = ¢(a), and x = ¢(t), de = ¢'(t) dt
2. Change the variable in indefinite integrals:

Let h: I — J of class C'. We put x = h(t) and dz = I'(t) dt then

[ £y dx = (reypee) a.
where t = hil(x).
1
L f PN dr. Weput ¢ = (z+1)3, then v+1 = 3 = dz = 3¢* dt,

SO

3t? j‘ 1
= | ———— dt= | ——— 32 dt.
Jq—ﬁ+3t+2 3t —t3+2

We have —t3 + 3t + 2 = (2 — t)(t + 1)*. We put

3t2 _ 3t? _ e b L
3t—t34+2 (2-t)(t+1)2  2—t t+1  (t+1)2
alt+1)2+b2—-t)(t+1)+c(2-1)

(2—t)(t+1)2

4 -5
and we get a S,b 4,0 SO
s J it
I = - -
t—2 t—|—1 dt + (t+1)?
4 5
= lt—2——lt 1—— C
Sinlt=2/ = Shnj+ 1] - ——+
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Substituting t = (z +1)3 we get:

Tpveri—o - Cmpveriel] - ——t
31n\ z+1-2| 31n| v+ 141 Tl

1
2. Ll_‘f Va2 + 2z + 5 dr. We have 224+22+5 = (+1)?+22, we put x+1 = 2sh(t),

so dx = 2ch(t) dt. And

1
r = §:>( 1 + 2sh(t) 1) <=t =sh (2)2111(2)
r = —1= (—1+ 2sh(t) 1)<=1t=0
Remark

So

i In(2)
= j:f Va2 +2x+5de = j(; 4sh?(t) + 4.(2ch(t)) dt =
In(2)
2
4£ \/ch?(t).ch(t) dt

Since t € [0,1n(2)], ch(t) > 0, then:

In(2) In(2) ch(2t 1

sh(21n(2)) +21n(2)

Hence

1
I=2In(2) + g

1—¢?
3. f 1111;1:;3; dr. We put t = tan <g>, where cos(z) = e sin(x) =

, dr = —— dt. Then
1+t2 1+t
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2t
i 2 2 4t
I:fﬂda::f 1+t dt:f
1 +sinz ] 2t 71442 (2 +1)(1 + )2
1+ ¢2
and we put
4t at + b c d

1) (E+1)2 2+1 i (t+1)2

wegeta=0,0b=2 ¢c=0, d=—-2. So

1 1 2
IZQf—dt—Zf—dtZQ tan(? —+C
o] TN arcan()+t+1+

Substituting ¢t = tan (g) we get:

2
I =z+ 7 +C.
tan(—)—I—l
2
4.f < dr. We put t = x + 1 = dt = dx, then

vr+1

f\/;_ﬂdx - f%dt
_ f___d

Substituting t = x + 1, we get

2
g(:c+1)% — 20T +1+C.

1 2t 1—¢2
5. fsinxdx' Weputtztan(%):>sinx:t2+1,andcosx:m, dr =

2dt

———, S0
241

po [LEE 2 [ La—mp+c
— . = — = In
2t 1+t t

o x
Substituting ¢t = tan <§>, we get
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I:ln‘tan (g)’—l—C’

Fxercise 6:

1. Observe that

jus 2 _ jus
I1—-J = £2 cos’(z) — sin’ f2 (cos(z) —sin(x)) dx

cos(x) + sin(z

= [sin(z) + cos(z) 05 = (Slﬂ( ) < >> — (sin (0) + cos (0))

= 0.

Sol=J.

2. We have

s (5T = v (oteyon(5) oy ()

= 2 (? cos(z) + \/75 sin($)>

= cos(z) + sin(z).

3. We note that

I+J:f2 +Sln<)d$
cos(x

+S1n()
_ f2
B cos(x) + sin(x)
B dz
= ) —
\/§cos<:v 4)

Weputu:x—£:>dx:du. Also

So
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4. For calculate I + J, we put u = tan (g), then we have

2du 1 —u?
dz-m, cos(x) = T
. T T , T T ,
now, 1fa:——Z:>U—tan<—§>,andlfx—Z:>U—tan<§>. Since
0 1+cos(0) . [0 1 — cos(0)
cos| =) =4/——=, sin[ =) =4/ ——=
2 2 2 2
then
(£) L2 d cos () Ly 2
sin{—) =4/=(1- and cos =4/= —
8 2 V2)’ 2 V2
SO
i 8
tan<E>:M \/5—1 andtan( ) —V2+1
8 cos(m/8)
Hence,
2du
5 (VI T Vi g
]+J_£f 1+“§_\/§f e
2 Jvari 1 —u —V2+1 1 — u?
1+ u?
We have
1 a b

1—u2_1—u+1+u
we get @ = 1/2, and b = 1/2. then
v2-1 2 V-l dy VZ-l dy
Al A
erll—u2 2 |[JvV2+1l—u JVZHil+4u

[~ (1 — w) +In(1 +w)]Y25"

[2In(v2) — 2In(2 — V2)]

\/5
ln<2_\/§> :\/ﬁln(\/iqu).

S NI&NIE
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5. We have
I—-J =0
I1+J =\/§ln(\/§+1)

so]:ngln(\/i—kl).

FExercise 7:

Reminder 3:

1
1.Integration of the type J = f m:

t

VkE>1: 2/€Jk+1 = (2k— 1)Jk+ (1 —i—t2)k;

Ji; = arctan(z) + C.

2. Integration of the type fR(sin(x), cos(x)) dx:

using the change in the variable ¢ = tan (g), where:

11—t 2t 2
COS(I) = m, SIH(JI) = m, dl’ = m dt
b\ = b\ @ b\ ¢
3. Integration of the type fR <:U; (Zjid) : (Z§1d> SRR (Zj——i—i_d) ) dx:

ar +b
cr +d

1
k
use a change in the variable ¢ = ( ) , where k is the Least Common Multiple (LCM)

of the numbers n, ¢,---, s.

1
1. f 1 dz. We use the formula
0 (14 22)2
2k —1 x
J
% T i F a2

1 1
where: J, = fm dr, and J; = f T2 dr = arctan(z). So for

Jk+1 =

k =1 we obtain:

Iy = fl;dw—Ll—i—lJ]l
2D (1+222 T 21+ 2?) 9 1o

1 1
= Z+§arctan(a:)](1)
1 17T_1+7T
424 408
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1 1
2. fl m dz. We have

fl L fl L
2t dr+7 T @223 ™

1 [ 1
= 3 —1<x+2 5 1da:
_l’_
V3
_ T+ 2
We use the change of variable ¢t = , SO
V3
1 1 1 1
———dr = f—d
I1x2+4m—|—7 v -1 (x+2)2+3 v
V3 V3 dt V3 V3
= 3 s gy g el

= \/?ﬁ [arctan (\/5) — arctan (?)] .

L3z 41 )
3. , —— 5 dx. We use the change of variable t =2 +1 =2 =1¢—1, so

(1+xz)
23t—1)+1
poo [P UEL,
1 t2
23t f22
972
= 3lnt]§+—]
t]y
1
= 31n2+2(§—1):31n2—1.
d 2dt 2t
4. sinfx'we pose t = tan (g):dx:m, and sinx:m. So
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d 1 1+t%)?
sin® x 4 t3
1f 1 2
= | (=+2+¢t) at
ACEEES)
1 1 t?
= - |——=—=+2Int+ —
4( o T +2)
1 1 +21n(tan(x))+tan2(§)
4\ 2tan?(%) 2 2 '
sin 2x )
5. f — - dx. We pose y = sinx = dy = cosz dx, so
sin“x — 5sinx + 6

sin 2z 2sinx cosx
< 2 . dw = -2 N dflf
sin“x —bsinxz + 6 sin“x — bsinxz + 6

2y 2y a b
D) —= = —|—
y> =5 +6 (y—-3)(y—2) y—-3 y-—2

After a simple calculation, we find a = 6 and b = 4. As a result

2 4
[ o [(S AYy,
y?> — by +6 y—3 y—2
= 6lnjy—3|—4lnjly—2|+C

= 6ln|sine — 3| —4In|sinz — 2|+ C



