Contents

(1 Differential Equations| 2
(1.1  Differential equations of ordern| . . . . . . . .. ... 000 2
(1.2 First Order Difterential Equations| . . . . . . . . . ... .. ... ... ... ... 3

(1.2.1 Equations with separable variables| . . . . .. ... ... ... .. .... 3
[1.2.2  Homogeneous Difterential Equations| . . . . .. .. ... .. ... ... . 5
(1.2.3  Linear Differential Equations| . . . . . .. ... .. ... ... ... ... 6
(1.2.4  Bernoulli Equations|. . . . . . . ... ... ... L. 9
[1.2.5 Riccati Equation| . . . . . . . ... . oo 10
(1.3 Second Order Differential Equations with Constant Coetficients] . . . . . . . .. 11
[[.3.1 The homogeneous equation associated with (E)(without second member)| 12

132

Solving the Linear Differential Equation of Order 2 with Second Member | 13




Chapter

Differential Equations

Calculus is the mathematics of change, and rates of change are expressed through derivatives.
Thus, one of the most common ways to use calculus is to set up an equation containing an
unknown function y = f(x) and its derivative, known as a differential equation. Solving such
equations often provides information about how quantities change and frequently provides

insight into how and why the changes occur.

1.1 Differential equations of order n

Definition 1.1.1. Let n € N, n > 1, we call a differential equation of order n and of unknown

function y any relation of the form

y" = flay(@)y (@), y" V() (1.1)

with initial conditions

y(xo) = yo, ¥'(wo) =y1,--- 7y(n_1)($o) = Yn—1 (1.2)
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where fis a function defined on a part of R, (z0,v0,** ,Yn_1) 48 vector fized in R™™! and

the unknown is a function y of class C™ defined on an open interval of R containing xy.

o We call solution of this equation any function y of class C™ defined on an open interval

containing xo and verifying the equations , and .
o The largest order of derivation is called the order of equation (1.1]).
Example 1.1.2. 1. ¢y =y + z is a first order differential equation.

2. y" =3y + 2y =0 is a second order differential equation.

1.2 First Order Differential Equations

Let f: D CR? = Rand y: I C R= R two functions such that y is differentiable on I.

Definition 1.2.1. We call a first order differential equation any equation of type

Y (z) = flz,y)

We say that admits a solution yo(x) if y, = f(z,v0).

1.2.1 Equations with separable variables

A first order differential equation is said to have separate variables if it is of the form

f(y)dy = g(z)dx

(1.3)

(1.4)

where f, g are two real (continuous) functions of the real variable. To solve (1.4)) we use the

definition

_

y_da:

3
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hence

= F(z)=G(z)+c
where F' is the antiderivative of f and G is the antiderivative of g. Moreover, if F' admits an

inverse function F~! then
y(z) = F7Y(G(z) +¢).
1
Example 1.2.2. Let’s solve the equation —y' = (z* +1).
Y

1, 9 1dy )
Sy = 1) = ~-2 = 1
W= @)= =@

1
/fdy:/(a?—irl)da:
Y 23
ln\y]:§+x+c, ceR
23
ly =es T ceR

ly| = ket k= e
Y

el

y=Ke5, KeR*, K==k

Example 1.2.3. ¢/(x) = 2%y

—~

x) + 22, is with separable variables. Indeed, we can bring it back
to the form
/
y'(z) — 2
y(r) +1

consequently, passing to the antiderivatives, we have

ZL’S

, eR
3—|—cc

Infy+1] =
which implies to

3

y(r) = Kes —1, K = =+e°

4
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1.2.2 Homogeneous Differential Equations

A first order differential equation is said to be homogeneous with respect to x and y if it is of

the form

v =1(%) (15)

T

where f is a real (continuous) function of the real variable.

To solve ((1.5) we put

t=2
X

so y = xt, and then dy = x dt +t dx. we replace in the equation ([1.5)), we obtain

d
2o () == do
= zdt+tdr=f(t)dx
— o dt=(f(t)—1t) de

dt dw
fO -t

this last equation is an equation with separate variables.

—

Example 1.2.4. To solve the equation
22y =22+ y? —ay
by dividing both sides of the equality by x*, this equation can be reduced to

we put t = y, then
x
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2
W 1+<y> A
dx T T

— dy=(1+t>—1t)dx
= zdt+tdr=(1+t>—1t)dx
= zdt=(1+1>-2t) dr
dt dz
—_ = t#1
1+t2-2t = (t#1)
~ Jyt
1-t)2 J z
— L+
T = nlzlte
and so
1
t=1— ———
In|z|+c¢
and we return to y
t—s *
=X =r— —
Y Y In|z| + ¢

and do not forget that if t =1 then y = x is also a solution of the given equation.

Exercise 1.2.5. Solve the differential equation: (2z + y)dx — (4o — y)dy = 0.

1.2.3 Linear Differential Equations

A first order differential equation is said to be linear if it has the form

a(z)y’ + b(x)y = c(z) (1.6)

where a, b and ¢ are real (continuous) functions of the real variable, a being assumed not
identically zero.
Equation ([1.6)) is called an equation with a second member, we associate it with the following

equation called without a second member (or homogeneous equation)

a(x)y + b(x)y =0 (H.FE)
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1. Solving the homogeneous equation associated:

to solve this one just need to separate the variables

2/ — _b(x)ﬁ@:—b(@dm if y#0
y Zl(fv) lSy() a(z)
y i
= [y me

= Inly|=—-A(z)+¢, ceR

where /—Zii; dr = —A(x) +c. So

yn(z) = Ke 4@ K = +e°

2. Particular solution by variation of the constant:

To find y, the particular solution of (1.6)) we use the method of variation of the constant.

A(z)

We pose y, = K(z)e”**) with K a function to be determined.

and consequently
y, = K'(z)e 4@ — A'(2)K (2)e4") = K'(z)e=4) — K(:E)—)e‘A(m)

SO

implies that

which give
a(z)K'(z)e=4®) = ¢(z)
and so K'(x) = a(:cc)(eqi)f‘(f)’ hence K(x) = /a(:cc)(eqi)f‘(f) dx. So the particular solution is:

7
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W= 6A(m)/a(a:c)(e%—)f‘l(a?) dz
and therefore the general solution of is given by
y=uyn+y,=Ke 2 + K(x)e 4@ keR.
Example 1.2.6. Solve the differential equation
2%y 4 2y = €°
we solve the homogeneous equation

Y +2zy = 0= =-—"

and so the homogemeous equation is given by

k
Yp = — keR.

9
1'2

Let’s look for the particular solution:

therefore

we replace in the equation %y’ + 2xy = €* we obtain

LK (x)2? — 2ak(x) N Zxk:(x) _.

zt 2

T

X
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which give K'(x) = e, and so k(x) = e*. hence

then the general solution is given by

k+e*
yzyh+yp:7, k € R.

Exercise 1.2.7. Solve the differential equation on I = }O, ;T[

y'sin(z) — ycos(z) = x.

1.2.4 Bernoulli Equations

A first order differential equation is said to be Bernoulli if it has the form
a(x)y +b(z)y + c(z)y* =0 (1.7)

where a, b and c are real (continuous) functions of the real variable, v is a non-zero real and
a#1, (if a =1, or a =0 the equation is linear).

To solve the equation ([1.7)) we will follow the following process

v + b(x)% +c(x)=0

a(z)y +b(x)y +c(x)y* =0 = a(a:)y—a )

= a(z)y'y* +b(x)y"*+c(z) =0
we pose t = y17 and then ¢’ = (1 — a)y'y™®, we substitute in our equation to obtain

ala)
1-a)

t'+b(z)t+c(z) =0
and this last equation is a linear equation that we know how to solve.

Example 1.2.8. Solving the Bernoulli equation
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vy —y =22y}, a=2 (EB)
1 /
(EB)=> axy'y 2 —y ' =2z Weposet=y'=—-=1t = _% =Yy
Y Y

S0
(EB)=— —at' —t =2z

the homogeneous equation associated with (EB) is

—at' —t=0 = —at' =t

t 1
_ - = ——
t z
t 1
— [—drx=—[-dx
t x
= In|z|=—In|z|+¢, ceR
1. 1
s f— e — k—, k= 4e.
|
The particular solution of (EB):
Note that t = —x is a particular solution of (EB), so the general solution is
k
= — -z
||
1 ]

1

LS

1.2.5 Riccati Equation

A first order differential equation is said to be Riccati if it is of the form

a(z)y' + b(z)y + c(z)y* = d(z) (1.8)

where a, b, ¢ and d are real (continuous) functions of the real variable, a being assumed to be

non-zero. To solve (|1.8) you must first find a particular solution y,,.

a(x)y, + b(x)y, + c(x)y; = d(x)

10
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We pose t =y —yp, =y =t+y, =y =1t +y, and y* = t* + y> + 2ty,. To determine ¢
let’s replace y in the equation
a(z)y +b(@)y +c(@)y? =d(z) = a(@)(y, +t) +0(x)(y, +1) + c(x)(yp +1)* = d(z)
— @)t + o) + 20@)yy] £ + (@)t = 0
and this last equation is a Bernoulli equation in ¢ with @ = 2, an equation that we know how

to solve.

Example 1.2.9. Solve the equation

ey — 2y +y? =1—e*x
(E.R)

Yp = e’
weposet =y—y,=>y=t+y,=t+e" =y =t +e¢° and y* = t* + €** + 2te".
Replacing in (E.R) we obtain:

(E.R) <= e *(t'+¢€%) —2e(t +€%) + > +2te” + ¥ =1 — ™

— e +12=0
e efxt/:_t2
t/
= — =€
t2
t/
= —dx:/—e””dx
t2
-1
< T:—ex‘f'c, CGR
1
= t=
et —c¢

Then the general solution of (E.R) is
1

et —c¢

y=t+e' =—=y= +e”*.

1.3 Second Order Differential Equations with Constant

Coefficients

A second order linear differential equation with constant coefficients is a differential equation

of the form:

11
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ay” + by’ + cy = f(x) (E)

where a, b, and ¢ are real constants a # 0, and f € C°(I) a real function of the real variable.

1.3.1 The homogeneous equation associated with (E)(without sec-

ond member)

ay’ +by +cy=0 (H.E)
Assume that y = € is solution of (H.E) where r is constante

y/ _ Tem:’ and yl/ _ 7‘267%

. To solve (H.E) we substitute y, 3’ and 3" into (H.FE), and we associate the algebraic equation

called characteristic equation

ar’? +br+c=0

o 1% case: A =b%>—4dac >0

In this case the characteristic equation has two real roots

b+ VA
n 2a

—b—VA

r=——>:", and r1
2a

then the general solution of (H.E) is given by the formula
Yp = C’le“x + Cze”x, Cl, CQ € R.

e 2" case: A=0b%2—4dac=0

In this case the characteristic equation has a double real root

—b

To = —
2a

12



Differential Equations Y. Chellouf

then the general solution of (H.E) is given by the formula
yn = (C1 + Chz) e, Cy, Cy € R.

e 3% case: A =0 —4dac<0

In this case the characteristic equation has two conjugated complex roots
rL=a+1if, and ro =a —ifJ
then the general solution of (H.E) is given by the formula
Yo = (Cy cos(Bx) + Cysin(pr)) e*®, Cy, Cy € R.

Example 1.3.1. To solve the equation
V' +y +y=0
we consider the characteristic equation
P4+r+l1=0=A=-3<0

we have two complex roots conjugate:

-1 V3 -1 V3

nEg Ty e oy

and the general solution is given by

1

3 3 _
Y = <C’1 Cos \2_1‘ + Cysin \g_x> ez” (C, (y eR.

1.3.2 Solving the Linear Differential Equation of Order 2 with Sec-

ond Member

A linear differential equation of order 2 is of the form ay” + by’ + cy = f(x) this equation with

second member solving in two steps:

13
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1. We first solve the equation without a second member and obtain yy,.

2. We solve the equation with right hand side by looking for a particular solution y, of (E)

and in this case y = yp, + y,.

Proposition 1.3.2. (Particular solution of the equation with second member)
Based on the expression of the second member, we will summarize the particular solutions

possible in the case of the differential equation with second member:
o If f(x) = P,(x), we are looking for a particular solution of the form x*P,(x) = Q,(z)

— k =0 if r is not solution of the characteristic equation.

— k=1 1ifr is a root of the characteristic equation.

— k=2 1ifr is a double root of the characteristic equation.
Only y, = Qn(z) , @y is a polynomial of degree n.

o If f(x)=e""(Acosbx + usinfz), 0 cR*

— Ifr+i60, and r — i6 are not roots of (C.E), we are looking for a particular solution

of the form
Y, = € (acosbx + fsinfzx) .
— Ifr+i60, and r —i0 are roots of (C.E), then
Y, = xe™ (Acosfx + Bsinfx).
o If f(x) =e**P,(x), then y, = 2*e** P, (x)
— k =0 if « is not solution of the characteristic equation.

— k=1 1if a is a root of the characteristic equation.

— k=2 1ifr is a double root of the characteristic equation.

14
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Exercise 1.3.3. Solve the following differential equations
1. y'sinx = ycosw.
2. v+ (z+ 1)y = 0.
3. xy —ay =0, a€eR".
4. wyry =2t 4y
5.y +y=(r+1).
6. y' + 2y +y=ex.

7. y" + 5y + 6y = (2> + 1).
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