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Solution of series N◦1

Exercise 1:

1. • We suppose that f(x) = arcsin x− x√
1− x2

, ∀x ∈]0, 1[. f is defined and

differentiable on ]0, 1[, we have:

f ′(x) =
1√

1− x2
−

√
1− x2 +

2x2

2
√

1− x2
1− x2

=
1√

1− x2
− 1

(1− x2)
√

1− x2

=
1√

1− x2
(1− 1

1− x2
) =

−x2√
1− x2(1− x2)

< 0.

(because −x2 < 0, and 1 − x2 > 0,
√

1− x2 ≥ 0, ∀x ∈]0, 1[). So

f ′(x) < 0 =⇒ f(x) is decreasing ∀x ∈]0, 1[.

We have x > 0 =⇒ f(x) < f(0) = 0 =⇒ arcsinx − x√
1− x2

< 0.

Therefore arcsinx <
x√

1− x2
, ∀x ∈]0, 1[.

• We suppose that f(x) = arctanx − x

1− x2
, ∀x > 0, f is differentiable,

and

f ′(x) =
1

1 + x2
− 1 + x2 − 2x2

(1 + x2)2

=
1

1 + x2
− 1− x2

(1 + x2)2
=

2x2

(1 + x2)2
> 0

So f is increasing. We have x > 0 =⇒ f(x) > f(0) =⇒ arctanx −

x

1 + x2
> 0. Then arctan x >

x

1 + x2
, ∀x > 0.

• Assume that f(x) = arcsinx + arccosx, ∀x ∈] − 1, 1[, f is defined and

differentiable on ]− 1, 1[, and f ′(x) =
1√

1− x2
− 1√

1− x2
= 0, so f is a

constant ∀x ∈]−1, 1[. We have f(0) = arccos 0+arcsin 0 =
π

2
. Therefore

∀x ∈]− 1, 1[, f(x) =
π

2
=⇒ f(x) = arccos x+ arcsinx =

π

2
.
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• Assume that f(x) = arctanx + arctan 1
x
, f is differentiable and f ′(x) =

1

1 + x2
+
−( 1

x2
)

1 + 1
x2

=
1

1 + x2
− x2

x2(1 + x2)
= 0, so f is a constant ∀x > 0.

We have f(1) = arctan 1 + arctan 1 =
π

4
+
π

4
=
π

2
. Therefore f(x) =

arctanx+ arctan 1
x

=
π

2
, ∀x > 0.

2. • f ′(x) =

2x

2
√
x2 − 1

1 + (
√
x2 − 1)2

=
2x

2x2
√
x2 − 1

=
1

x
√
x2 − 1

.

• g′(x) =

1

1 + x2

1 + arctan2 x
=

1

(1 + x2)(1 + arctan2 x)
.

Exercise 2:

1. We have

ch(x)ch(y) =
1

2
(ex + e−x)× 1

2
(ey + e−y)

=
1

4
(ex+y + ex−y + e−(x−y) + e−(x+y))

sh(x)sh(y) =
1

2
(ex − e−x)× 1

2
(ey − e−y)

=
1

4
(ex+y − ex−y − e−(x−y) + e−(x+y))

Substracting gives

ch(x)ch(y)− sh(x)sh(y) = 2× 1

4
(ex−y + e−(x−y))

=
1

2
(ex−y + e−(x−y)) = ch(x− y).

2. We have ch(2x) =
1

2
(e2x + e−2x), sh(2x) =

1

2
(e2x − e−2x). So

e2x + e−2x + 5e2x − 5e−2x = 5

6e2x − 5− 4e−2x = 0

6e4x − 5e2x − 4 = 0

(3e2x − 4)(2e2x + 1) = 0
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so e2x =
4

3
or e2x = −1

2
. The only real solution occurs when e2x > 0, therefore

2x = ln
4

3
=⇒ x =

1

2
ln

4

3
.

Exercise 3:

1. ∀x ∈
[
0,
π

2

]
, x− x3

6
≤ sinx ≤ x− x3

6
− x5

125
. Using Taylor-Lagrange formula

for f(x) = sin x, x0 = 0, and n = 3; n = 5 we get

• For n = 3 =⇒ sinx = x− x3

6
+

sin c

125
x4 where x ∈

[
0,
π

2

]
, and c is a real

number between x and 0.

• For n = 5 =⇒ sinx = x− x3

6
+

x5

120
+

sin k

720
x6 where x ∈

[
0,
π

2

]
, and k is

a real number between x and 0.

Since ∀x, c, k ∈
[
0,
π

2

]
: −sin k

720
x6 ≤ 0, and

sin c

120
x4 ≥ 0. We get

∀x ∈
[
0,
π

2

]
, x− x3

6
≤ sinx ≤ x− x3

6
− x5

125
.

Exercise 4:

1. Let us compute LD3(0) for:

• x −→ sin

(
1

1− x
− 1

)
. Since

1

1− x
− 1 = −x+ x2 − x3 + o(x3)

sinx = x− x3

6
+ o(x3)

Then, we compose, only considering terms of order 3 or less:

sin

(
1

1− x
− 1

)
= −x+ x2 − x3 − 1

6
(−x)3 + o(x3)

= −x+ x2 − 5x3

6
+ o(x3).

• x −→ 1

(1− x)2
. Since

1

(1− x)2
=

(
1

1− x

)′
, and
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1

1− x
= 1 + x+ x2 + x3 + x4 + o(x4).

Derive the LD4(0) of
1

1− x
, we obtain LD3(0) for

1

(1− x)2

1

(1− x)2
= 1 + 2x+ 3x2 + 4x3 + o(x3).

2. We show that ∀x > 0, x− x2

2
< ln(x+ 1) < x. Maclaurin’s formula is

f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn +

f (n+1)(θx)

(n+ 1)!
xn+1.

• We show that x− x2

2
< ln(x+ 1). We have

f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 +

f 3(θx)

3!
x3, 0 < θ < 1

f(x) = ln(1 + x) =⇒ f(0) = 0

f ′(x) =
1

1 + x
=⇒ f ′(0) = 1

f ′′(x) = − 1

(1 + x)2
=⇒ f ′′(0) = −1

f (3)(x) =
2

(1 + x)3
=⇒ f (3)(θx) =

2

(1 + θx)3
, 0 < θ < 1.

So, f(x) = ln(1+x) = x−1

2
x2+

1

3!

2

(1 + θx)3
x3. We have

1

3(1 + θx)3
x3 > 0

(because x > 0, and 0 < θ < 1), therefore, x − 1

2
x2 +

1

3(1 + θx)3
x3 >

x− x2

2
=⇒ ln(1 + x) > x− x2

2
.

• Now, we show that ln(x+ 1) < x. Let

f(x) = ln(1 + x) = f(0) + f ′(0)x+
f ′′(θx)

2!
x2, 0 < θ < 1.

We have:

f(0) = 0, f ′(0) = 1, f ′′(x) = − 1

(1 + x)2
=⇒ f ′′(θx) = − 1

(1 + θx)2
.

Then, f(x) = ln(1 + x) = x− 1

2(1 + θx)2
x2, 0 < θ < 1.

We have − 1

2(1 + θx)2
x2 < 0, (because x > 0, and 0 < θ < 1), so

x− 1

2(1 + θx)2
x2 < x =⇒ ln(1 + x) < x. Therfore
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x− x2

2
< ln(1 + x) < x, ∀x > 0.

Exercise 5:

1. Let fa(x) = arctan(u(x)) such that u(x) =
x+ a

1− ax
. f ′a(x) =

u′(x)

1 + u2(x)
, thus

u′(x) =
1× (1− ax)− (x+ a)× (−a)

(1− ax)2
=

1 + a2

(1− ax)2

1 + (u(x))2 = 1 +

(
x+ a

1− ax

)2

=
(1− ax)2 + (x+ a)2

(1− ax)2

=
1 + a2x2 + x2 + a2

(1− ax)2
=

(1 + a2)(1 + x2)

(1− ax)2
.

Now,

f ′a(x) =

1 + a2

(1− ax)2

(1 + a2)(1 + x2)

(1− ax)2

=
1

1 + x2
.

f ′a(x) = 1− x2 + x4 − x6 + · · ·+ (−1)nx2(n−1) + o(x2n−1).

2. We have

fa(x) = fa(0) + x− x3

3
+
x5

5
− x7

7
+ · · ·+ (−1)n

x2n−1

2n− 1
+ o(x2n)

= arctan(a) + x− x3

3
+
x5

5
− x7

7
+ · · ·+ (−1)n

x2n−1

2n− 1
+ o(x2n).

Exercise 6:

1. The Maclaurin formula of order n is

f(x) = ex = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · ·+ f (n)(0)

n!
xn +

f (n+1)(θx)

(n+ 1)!
xn+1

=
n∑
k=0

f (k)(0)

k!
xk +

f (n+1)(θx)

(n+ 1)!
xn+1, 0 < θ < 1
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We have f (n)(x) = ex =⇒ f (n)(0) = 1, and f (n+1)(θx) = eθx. Then

f(x) =
n∑
k=0

1

k!
xk +

eθx

(n+ 1)!
xn+1, 0 < θ < 1.

2. We show that

1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
< e < 1 +

1

1!
+

1

2!
+ · · ·+ 1

n!
+

e

(n+ 1)!

We have for x = 1 in the previous formula:

f(1) = e = 1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
+

eθ

(n+ 1)!
, 0 < θ < 1

=
n∑
k=0

1

k!
+

eθ

(n+ 1)!
, 0 < θ < 1

We have

0 < θ < 1 =⇒ 1 < eθ < e =⇒ 1

(n+ 1)!
<

eθ

(n+ 1)!
<

e

(n+ 1)!

therefore

1

(n+ 1)!
< e−

n∑
k=0

1

k!
<

e

(n+ 1)!

0 < e−
n∑
k=0

1

k!
<

e

(n+ 1)!
n∑
k=0

1

k!
< e <

e

(n+ 1)!
+

n∑
k=0

1

k!

so

1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
< e < 1 +

1

1!
+

1

2!
+ · · ·+ 1

n!
+

e

(n+ 1)!
.

3. Deduce the limit of the sequence un =
∑n

k=0

1

k!
. We have

0 < e−
n∑
k=0

1

k!
<

e

(n+ 1)!

0 < lim
n→+∞

(e−
n∑
k=0

1

k!
) < lim

n→+∞

e

(n+ 1)!
= 0



7 Y.Chellouf

then lim
n→+∞

(
e−

n∑
k=0

1

k!

)
= 0 =⇒ lim

n→+∞

n∑
k=0

1

k!
= e. Thus

lim
n→+∞

un = lim
n→+∞

n∑
k=0

1

k!
= e.

Exercise 7:

Let un =
n∏
k=1

(
1 +

k

n2

)
, ∀n ∈ N∗. Assume that

vn = lnun =⇒ vn = ln
n∏
k=1

(
1 +

k

n2

)
=

n∑
k=1

ln

(
1 +

k

n2

)
according to exercise 3

k

n2
− k2

2n4
< ln

(
1 +

k

n2

)
<

k

n2

=⇒
n∑
k=1

k

n2
−

n∑
k=1

k2

2n4
<

n∑
k=1

ln

(
1 +

k

n2

)
<

n∑
k=1

k

n2

=⇒ 1

n2

n∑
k=1

k − 1

2n4

n∑
k=1

k2 <
n∑
k=1

ln

(
1 +

k

n2

)
<

1

n2

n∑
k=1

k

We have:
n∑
k=1

k =
n(n+ 1)

2
, and k2 ≤ n2 =⇒

n∑
k=1

k2 ≤
n∑
k=1

n2 = n.n2, so

1

2n4

n∑
k=1

k2 ≤ 1

2n4
n.n2 =

1

2n
=⇒ −

n∑
k=1

k2

2n4
≥ − 1

2n
.

Therefore,

1

n2

n(n+ 1)

2
− 1

2n
<

n∑
k=1

ln(1 +
k

n2
) <

1

n2
.
n(n+ 1)

2

lim
n→+∞

1

n2

n(n+ 1)

2
− 1

2n
< lim

n→+∞

n∑
k=1

ln(1 +
k

n2
) < lim

n→+∞

1

n2
.
n(n+ 1)

2

Thus,

lim
n→+∞

n∑
k=1

ln(1 +
k

n2
) =

1

2
=⇒ lim

n→+∞
vn =

1

2

=⇒ lim
n→+∞

un = lim
n→+∞

evn = e
1
2 .

Exercise 8:

1. f(x) = x(ch x)
1
x = xeln(ch x), x0 = 0, n = 3. We have ch x = 1+

x2

2
+o(x2) =⇒

ln(ch x) = ln(1+
x2

2
+o(x2)). We pose y =

x2

2
+o(x2), if x −→ 0, then y −→ 0,

then
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ln(1 + y) = y − 1

2
y2 + o(y2)

=⇒ ln(1 +
x2

2
+ o(x2)) = ln(ch x) =

x2

2
− 1

8
x4 + o(x4)

=⇒ 1

x
ln(ch x) =

x

2
− 1

8
x3 + o(x3)

=⇒ e
1
x
ln(ch x) = e

x
2
− 1

8
x3+o(x3).

Now, we pose z =
x

2
− 1

8
x3 + o(x3), x −→ 0 =⇒ z −→ 0, so

ez = 1 + z + z2 +
1

3!
z3 + o(z3)

=⇒ e
1
x
ln(ch x) = 1 +

x

2
− 1

8
x3 +

1

2

(
x

2
− x3

8

)2

+
1

6

(
x

2
− x3

8

)3

+ o(x3)

= 1 +
x

2
+
x2

8
− 5x3

48
+ o(x3)

=⇒ f(x) = xe
1
x
ln(ch x) = x

(
1 +

x

2
+
x2

8
− 5x3

48
+ o(x3)

)
= x+

x2

2
+
x3

8
+ o(x3).

2. f(x) = ln(1 + sinx), x0 = 0, n = 3. We have sinx = x − 1

3!
x3 + o(x3) =⇒

f(x) = (1 + x− 1

3!
x3 + o(x3)). We pose y = x− 1

3!
x3 + o(x3), then

f(x) = ln(1 + y) = y − 1

2
y2 +

1

3
y3 + o(y3), therefore

f(x) = ln(1 + sinx) = x− 1

6
x3 − 1

2

(
x− 1

6
x3
)2

+
1

3

(
x− 1

6
x3
)3

+ o(x3)

= x− x3

6
− x2

2
+
x3

3
+ o(x3)

= x− x2

2
+
x3

6
+ o(x3).

3. f(x) = tan x, x0 = 0, n = 5. We have tanx =
sinx

cosx
with cos(0) = 1 6= 0, and

sinx = x− x3

6
+

x5

120
+ o(x5), cosx = 1− x2

2
+
x4

24
+ o(x5), so
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Then tanx = x+
x3

3
+

2x5

15
+ o(x5).

4. f(x) =
ln(1 + x)

1 + x
, x0 = 0, n = 3. We have

ln(1 + x)

1 + x
= ln(1 + x)× 1

1 + x
=

(
x− x2

2
+
x3

3
+ o(x3)

)
(1− x+ x2 − x3 + o(x3))

= x+

(
−1− 1

2

)
x2 +

(
1 +

1

2
+

1

3

)
x3 + o(x3)

= x− 3x2

2
+

11x3

6
+ o(x3).

5. f(x) = e3x sin(2x), x0 = 0, n = 4. We have

f(x) = e3x sin(2x) =

(
1 + 3x+

(3x)2

2!
+

(3x)3

3!
+

(3x)4

4!
+ o(x4)

)(
2x− (2x)3

3!
+ o(x4)

)
=

(
1 + 3x+

9x2

2
+

9x3

2
+

27x4

8
+ o(x4)

)(
2x− 4x3

3
+ o(x4)

)
= 2x+ 6x2 +

(
9

2
× 2− 4

3

)
x3 +

(
3× (−4

3
) +

9

2
× 2

)
x4 + o(x4)

= 2x+ 6x2 +
23

3
x3 + 5x4 + o(x4).

6. f(x) = e
√
x, x0 = 1, n = 3. We pose y = x− 1⇒ x = y + 1, (If x→ 1 =⇒

y → 0), so e
√
x = e

√
y+1. We have
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⇒
√
y + 1 = 1 +

y

2
− y2

8
+
y3

16
+ o(y3)

⇒ e
√
y+1 = e1+

y
2
− y2

8
+ y3

16
+o(y2) = e.e

y

2
− y2

8
+
y3

16
+ o(y3)︸ ︷︷ ︸

Z , (if y → 0⇒ z → 0)

⇒ ez = 1 + z +
z2

2
+
z3

6
+ o(z3)

⇒ e
√
y+1 = e.ez = e.(1 + z +

z2

2
+
z3

6
+ o(z3))

= e.

[
1 +

y

2
− y2

8
+
y3

16
+

1

2

(
1 +

y

2
− y2

8
+
y3

16

)2

+
1

6

(
1 +

y

2
− y2

8
+
y3

16

)3

+ o(y3)

]
= e.

[
1 +

y

2
− y2

8
+
y3

16
+
y2

8
− y3

32
− y3

32
+
y3

48
+ o(y3)

]
= e.

[
1 +

y

2
+
y3

48
+ o(y3)

]
so f(x) = e

√
x = e.

[
1 +

x− 1

2
+

(x− 1)3

48
+ o((x− 1)3)

]
= e +

e(x− 1)

2
+

e(x− 1)3

48
+ o((x− 1)3).

7. f(x) =
x3 + 2

x− 1
, x0 = +∞, n = 3. We pose y =

1

x
⇒ x =

1

y
, if x→∞, y → 0.

f(x) =
x3 + 2

x− 1
=

(
1

y
)3 + 2

1

y
− 1

=

1 + 2y3

y3

1− y
y

=
1

y2

(
1 + 2y3

1− y

)

=
1

y2
(1 + 2y3)

(
1

1− y

)
=

1

y2
(1 + 2y3) (1 + y + y2 + y3 + y4 + y5 + o(y5))

=
1

y2
(1 + y + y2 + y3 + y4 + y5 + 2y3 + 2y4 + 2y5 + o(y5))

=
1

y2
+

1

y
+ 1 + 3y + 3y2 + 3y3 + o(y3)

= x2 + x+ 1 +
3

x
+

3

x2
+

3

x3
+ o

((
1

x

)3
)
.

Exercise 9:
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1.

lim
x→0

(
1

ln(1 + x)
− 1

x

)
= lim

x→0

 1

x− x2

2
+ o(x2)

− 1

x


= lim

x→0

1

x

 1

1− x

2

− 1

 = lim
x→0

1

x

(
1 +

x

2
+ o(x2)− 1

)

= lim
x→0

1

2
− o(x)

x︸︷︷︸
0

 =
1

2
.

2.

lim
x→0

e3x sin 3x

sh(−2x)
= lim

x→0

(1 + 3x+ o(x))(3x+ o(x))

−2x+ o(x)

= lim
x→0

3x+ o(x)

−2x+ o(x)
= lim

x→0

−3

2
+

o(x)

x
o(x)

x


= −3

2
.

3. lim
x→+∞

(
1 +

1

x

)x
= lim

y→0
(1 + y)

1
y , we pose y =

1

x
, so

lim
y→0

(1 + y)
1
y = lim

y→0
e

1
y
(ln(1+y)) = lim

y→0
e

1
y
(y− y2

2
+o(y2))

= lim
y→0

e1−
y
2
+o(y) = lim

y→0
e.e−

y
2
+o(y)

= e.

4.

lim
x→0

x− sinx

x3
= lim

x→0

x

(
x− x3

6
+

x5

120
+ o(x5)

)
x3

= lim
x→0
− 1

6
− x2

120
+ o(x2)

= −1

6
.

5. lim
x→+∞

x2
(
e

1
x − e

1
1+x

)
, First, we put t =

1

x
, and then t→ 0 when x→ +∞ and

x2
(
e

1
x − e

1
1+x

)
=

1

t2

(
et − e

t
1+t

)
.

Since,
t

1 + t
= t− t2 + o(t2), and et = 1 + t+

t2

2
+ o(t2) we obtained,

e
t

1+t = 1 + t− t2 +
(t− t2)2

2
+ o(t2) = 1 + t− t2

2
+ o(t2)
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Hence,

1

t2

(
et − e

t
1+t

)
=

1

t2

((
1 + t+

t2

2

)
−
(

1 + t− t2

2

)
+ o(t2)

)
=

1

t2
(t2 + o(t2))

= 1 + o(1)

Consequently,

lim
x→+∞

x2
(
e

1
x − e

1
1+x

)
= lim

t→0

1

t2

(
et − e

t
1+t

)
= lim

t→0
(1 + o(1))

= 1.


