1 Y.Chellouf

Solution of series N°1

Fxercise 1:

1. e We suppose that f(x) = arcsinz — , Yz €]0,1[. f is defined and

x
V1—2?
differentiable on |0, 1[, we have:

222
VI-?+ ——
L 2v/1 — a2

V1 — 22 1 —a?

fix) =

1 1 —a?
— 1— -
\/1—x2( 1—I2) V1—22(1 — 2?)
(because —z? < 0, and 1 —2? > 0, V1 —22 > 0, Vz €]0,1[). So

< 0.

f'(z) < 0= f(x) is decreasing Vz €]0,1].

T

V1—22

We have z > 0 = f(z) < f(0) = 0 = arcsinz — < 0.

Therefore arcsine < —————, Vaz €0, 1].

V1—122

e We suppose that f(z) = arctanx — %, Vo > 0, f is differentiable,
—x

and
1 1+ 22 — 222
f’(x) = 2 2\2
1+z (1+ 22)
1 1 — 2?2 222

— = — >0
T+22 (1+227 (1+22)2

So f is increasing. We have z > 0 = f(x) > f(0) = arctanz —

’ > (0. Then arctanz > L, Vo > 0.
1+ 2?2 1+ 22

e Assume that f(x) = arcsinz + arccosz, Vo €] — 1,1, f is defined and

1 1
differentiable on | — 1, 1], and f'(z) = e o =0,s0 fisa
—x —x

constant Vo €] —1,1[. We have f(0) = arccos 0+ arcsin0 = g Therefore

Vo €] = 1,1[, f(x) = g — f(x) = arccosz + arcsinz = g
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e Assume that f(z) = arctanz + arctan =, f is differentiable and f'(z) =

! _(;_2) ! v 0 fi tant Vo > 0
= — =0, so f is a cons :
1+a22 145  1+22 22(1+a?) ’

We have f(1) = arctanl + arctan1 =

+ - = g Therefore f(z) =

T T
4 4

m
arctan x + arctan + = > Vo > 0.

2

2vVa? —1 2x 1

SR S sE R WX oy Ry ey
1
o gn)= A~ :

~ 1+arctan’z (14 22)(1 + arctan®z)’

Fxercise 2:

1. We have
1 1
ch(z)ch(y) = é(em +e ") X 5(69 +eY)
— ;l(eﬂc-&-y L et Y e (@my) o e—(x-i—y))
1 1 B
sh(z)sh(y) = 5(6“ —e ") X 5(6?’ —eY)
_ le(ewy B g )

Substracting gives

ch(zx)ch(y) — sh(x)sh(y) = 2 X i(emy + e~ (@)

1 1
2. We have ch(2x) = 5(6235 +e7%7), sh(2z) = 5(623& —e7"). So

62:5 + €—2z + 56235 _ 56—231: = 5
6e* —5 —de™ = 0
6el® —5e?* —4 = 0

(3¢2 — 4)(2¢** +1) = 0
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1
s0 €™ =g ore®=—g. The only real solution occurs when e?* > 0, therefore

4 1. 4
27 =In— = _In-.
X 1’13:>.§C 2113

Fxercise 3:

. Vx € - Xr— — SIn xr r——-————. USlll aylor-Lagrange rormula

for f(x) =sinz, o =0, and n = 3; n =5 we get

3

° Forn:3:>sinx:x—%+%x4wherex€ [O,g},andcisareal
number between z and 0.
3 5 ink
° Forn:5:>sinx:x—%+1x—20+8;;0:v6Wherexe [O,g},andkis

a real number between x and 0.

s sin k sin ¢
Si v,,ke[o,—};— 6 <0, and 2201 > 0. We get
ince Vz, ¢ 5 g & =0, and oozt > e ge
3 3 5
Vx € [O,g}, x—%ﬁsinxﬁx—%—%.
Exercise j:
1. Let us compute LD3(0) for:
. :z;—>sin( —1). Since
l—2z
! -1 = —z+2*—23+0(z?)
1—x
23
sine = x— - + o(z?)
Then, we compose, only considering terms of order 3 or less:
sin ! —-1)] = —z+22—-23- 1(—:U)?’—i—o(:lt?’)
1—=x 6
5 3
= —zr+22— % + o(x?).

1 1 1\
ox—>—2.Since(1—:< ),and

(1—2x) 1—x
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: =1+ax+2*+ 2%+ 2" +o(a?).
— X

Derive the LD4(0) of , we obtain LD3(0) for

1
(1—x)?

m = 1+2£L‘+3$2—|—4ZL’3—|—0(ZE3).

l1—=x

2
2. We show that Vo > 0, x — % < In(z + 1) < z. Maclaurin’s formula is

_ / f"(0) o f0) L, f"0(0)
f@) = FO) + f0)r + 7as + oo+ T —a” GRS

n+1

2
e We show that = — % < In(x + 1). We have

f@) = £+ po+ Tar e D00 g gy

flz) = In(l1+z)= f(0)=0

) = =) =1
F@) =~ = 0= -1
2

O (2) = i = O (0z) =

2
m70<9<1.

— — 1 2 1 2 3 1 3
SO, f(.T) = hl(l—l-l’) = 56—51' +§m$ . We have m.f >0
3

1 1
(because x > 0, and 0 < 6§ < 1), therefore, z — §x2 + 301 +0x)3x
7 a?
x—?=>1n(1—l—a:)>:v—?-

e Now, we show that In(z + 1) < z. Let

f"(0x)
2!

f(z) =In(l+2z) = f(0)+ f'(0)x + 22 0<6<1.

We have:

F0) =0, f1(0) =1, f'(z) = —ﬁ — [102) =~y ﬁw'

Then, f(z) =In(1+2) =2 — Q(Tlgx)z
1

We have —me < 0, (because x > 0, and 0 < 6 < 1), so
1
x — mx2 < x = In(1 +z) < x. Therfore

22, 0<0<1.
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2
x—%<ln(1+x)<x’ Ve > 0.

/
1. Let f,(x) = arctan(u(x)) such that u(z) = fjac;. 2(z) = %, thus

u,(x> _ 1X(1—a:(7)—(:1c+a)x (—a) _ 1+ a2
(1 —ax)? (1 —ax)?

R e R =

1+a*2? + 22 +a*>  (1+a*)(1+ 2?)

(1 - ax)? T (1—ax)?
Now,
1+ a?
1= ar)? 1
() 0w} 1
(1+a®)(1+2?)  1+a2
(1— ax)?
fé(l') = 1—x2+;)§4_m6_’_...+(_1)nx2(n71)+0<x2n—1)'
2. We have
S L 201
a = Ja(0 T T (=) on
fa(z) Ja(0) + 2 3_|_5 7+ +( )2n_1+0($ )
3 5 7 2n—1
= arctan(a) + @ — G+ T = o+ (21— + o(a™).

_Ezercise 6:

1. The Maclaurin formula of order n is

(0) 2 f(n)(o) n f(n+l)(9l,) n+1
1! T AT R P T
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We have f™(z) = e* = f™(0) = 1, and f™+Y(fz) = €. Then

x:n—xk—i- ‘ o< h<1.
/() kZ:Ok! (n+1)!
2. We show that
1+1+1+ +1< <1+1+1+ +1+ ‘
TP ¢ T al (1)
We have for = 1 in the previous formula:
fly—e = 1424ty g
R TR al (1)
S
Sk (1)
We have
1 el e

l<l<l=l<el<e— < <
ST A S e S 1)

therefore
- n 1 < e
6_ R
(n+1)! i=ok! (n+1)!
n e
0 < e— — <
“TEH S i)
i 1 - - e + i 1
R 6 JE—
k:Ok! (n + 1)' k:[)k:!
SO
LA +1< B WL .
R R — 6 —
11 " 9l 11 " 9l I (n+1)!
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no1
then lim (e—zk')—O:> lim Z—'—e Thus

n—>+ook O

n

lim u, = lim — =c.
n—-+4oo n%Jrook:O k'

FExercise 7:

n

Let u, = [] (1 + %) , Vn € N*. Assume that
k=1 n

,1 2nt = k=1 n k=1
(n +1) 2 2 N2 NS, 2 2
We have: > k= 5 and k* <n* = > k* < > n®=mn.n? so
=1 k=1
1 2 1 1 n k2 1
— Yk < —nn?=— =y — >
2n4,€z::1 =ont " T 9y kZ::l n* —  2n
Therefore,
I nn+1) 1 n k 1 n(n+1)
—_—t - — < In(1+ — < —=.——"
n? 2 2n ;;1 n(l+ 2> n? 2
. 1nn+1) 1 k .1 n(n+1)
o B nkifto,? (l+.5) < lm 5=
Thus,
SEE I E) =y = s
— lim wu, = lim e = €3,
n—-+00 n—-+00

FEzercise 8:
1 1’2

1. f(x) = 2(chx)z = 2e™" ) 35 =0, n = 3. We have ch x = 1—|—?—|—0(Iz) =

2 2

In(ch z) = ln(1+%+0($2)). We pose y = %—i—o(ﬁ), if r — 0, theny — 0,

then
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1
In(1+y) = Y=gy +oly?)
x? 2 1
== ln(1+5+0(x2)) = lIn(ch x):?—§x4+0(x4)
1 1
— ;ln(ch ) = §—§x3+0(9€3)
— elln(ch x) _ eg—la:s-i-o(x?’)
r 1, 3
Now,weposez:§—§:£ +o(z?), t — 0= 2z — 0, so
P 2, L s 3
e = 1l+z+z +§z + o(z°)
' 3\ 2 3\ 3
Lin(ch a) — U SR (L Lz _ = 3
—> T = 1
¢ T3 talaTw) telamw) o)
r x? bx?
= 144 == 3
tot e s + o(x?)
_— f(x):xe%ln(dlm) = T 1+£+ZE_2_5_(L'3+0($3)
2 8 48
2 3
= x~|—%+%+o(x3).
: - L 3 3
. f(x) = In(1 +sinz), zg = 0, n = 3. We have sinz = T oy + o(z°) =

1 1
flx)=(1+2— gx?’ +o(z?)). We pose y = x — gfﬁg + o(x?), then

1 1
flz)=In(1+y)=y - 53/2 + gyg + o(y?), therefore

f(x) In(1 + sinx) Ls_ 1 132+1 133+(3)
z) = In sing) =2 — -2°— =2z — =2 — |z —=x o(x
6 2 6 3 6
A 5
= r-G oy Ty el
2 a8 5
= JZ—?—FE—{—O(.%).

3. f(x) =tanx, o =0, n=>5. We have tanxz = MY with cos(0) =1 # 0, and
cos T
3 5 2 4
sinx:m—%—i—leO—l—o(:pf’), COSZE:1—%+§—4+O(1‘5),SO



9 Y.Chellouf

x—%+lx750+o()c5) 1—?+£+0(x5)
x=Z 4T 4 0(%) T
o r+T 4+
RETRAICS)
Tt o)
2x3
E+o(x5)
2x3
E+o(x5)
o(x%)
3 220
Then tanz = 4+ — + =— %)
en tanz = x + 5 + B + o(x”)
In(1+ z)
f(z) T , Zo , n e have
In(1 2 3
_nijmf) In(1+ ) x 5 x:( —7+%+o<x3>)<1—x+x2—w3+o<x3>>
1
= ZE+(—1—§)$2+(1+_+§)x3+0($3)
3r2 1123
— 2 x o(x?)
2 6

5. f(x) = 3 sin(2z), zo =0, n = 4. We have

flz) = e¥sin(2z) = (1 gy B0 G0 Bo) 0(I4)> <2x I 0(x4)>

2! 3! 41 3!
9z%  9x3 272! 43
— 1 - - 4 2 - 4
( + 3z + 5t 5 t—5 +0(:c))(:c 3 +0(;1:))
9 4 4 9
= 2r+ 62+ (5 ><2—§> 3+ (3>< (_§)+§ ><2> xt + o(z?)

23
= 2z+62%+ Ea:i” + 5z + o(x?).

6. f(z)=eV®, zp=1, n=3 Weposey=ax—1=a2=y+1, Ifz— 1=

y — 0), so eV® = V¥ We have
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2 3
= Vy+1 = 1—1—%—%4—?—4—0@3)
2 3
R
L oV C Aol _ o Y C (ify—0=2—0)
2 3
= €° = 1—1—2—1—%—1—%4—0(%’)
2 3
= eVl =ee? = e.(1+z+%+%+o(z3))
i 2 3 2 3\ 2 2 3
y oy oy 1 y oy oy 1 y ¥y
S I SRR (R AR A A I N A
‘ 2 8+16+2(+2 8+16) +6<+2 T
r 2 3 2 3 3 3
y oy Y Y Y Y Y 3
SEOS - SOVE AU AN AR A A
“I'"27 s s T 32+48+O(y)}
r 3
y .y 3
= 10242
€_+2+48+ (y)]
r—1 x—1)3 e(r —1
so f(x) = eV® = e |1+ 5 —i—( 48) —0—0((1}—1)3)}—6—1— (2 )—l—
—1)3
6(28 S o= 1))
342 1 1
7. f(:):):m i , o =+00, n=3. Weposey=—=zx=—,ifxr =00, y = 0.
r—1 x Y
(1)3_’_2 1+ 293
o) = TE2_w T w114
-1 1_1 1=y v\ 1-y
Yy Yy
1 1
- (i)
y2( ) -
1
= E(1+2y3)(1+y+y2+y3+y4+y5+0(y5))
1
= E<1+y+y2+y3+y4+y5+2y3+2y4+2y5+o(y5))
1

Fxercise 9:
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. 1 1 ) 1 1
hrl% m —_ — = hn’(l) 5 — —
xT—r €T s xT—r X
" r— — + o(z?) v
1 1
1. = lim— + — 1] =lim-— <1—|—£—|—0(Q?2)—1>
=0 1- = =0 2
2
1
— lim 1 o(z) 1
x—0 2 x
0
fim 3% sin 3w _ lim (14 3z + o(x))(3z + o(x))
20 sh(—2x) 250 —2x + o(x)
o(x)
=0—2x +o(x) 0| 2 o(x)
x
_ _3
= -5
. " . 1 1
3. lim (1+—) =lim(1+y)v, we posey=—, so
T—+00 €T y—0 €T
lim (1 + Z/)% —  limev(m+v) — lime%(y_%“(ym
y—0 y—0 y—0
= lime!~ 5o = lime.e~ 2 oW
y—0 y—0
= e.
3 45
v 5
. xr —sinx ) x(a: 6+120+0(x>>
lim = lim
x—0 gjg x—0 3;'3
4. 1 x? 9
= x%—é—m-i-O(x)
B 1
=

1
5. lim 22 (e% — eﬁ>, First, we put t = —, and then ¢ — 0 when z — +o00 and
x

T—+00
z? (e% —614%1> _ 1 <et—e%+t>.
: ¢ 2 2 ¢ t* 2 :
Since, T =t —1*+o0(t?), and e :1+t+§+0(t)weobta1ned,
t—t?)? t2
elit—1+t—t2+%+o(z€2)—1+t—§+0(t2)
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Hence,
1 t 1 t? t? )
1
= (P4 o(r?)
= 14 o(1)
Consequently,
. 1 1 o1 t
lim 22 <e§ — 61+z> = lim— (et — el+t>
T—+00 t—012

= lim(1 + o(1))

t—0



