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Chapter

Integral Calculus

Calculus is built on two operations "differentiation” and "integration”. Integration, at its most
basic level, allows us to analyze the area under a curve. Of course, its application and impor-

tance extend far beyond areas and it plays a central role in solving differential equations.

1.1 The Definite Integrals

1.1.1 Partition

Definition 1.1.1. Let f be a function defined and bounded on |a,b]. A set P = (xg, 1,22, -+ ,Tp)

is called a partition of a closed interval [a,b] if for any positive integer n,

Aa=20 < T1 < Tg <+ < Tp_1<xp,=0>.

Axy  Ax, Axg Ax,,
| | | ~1 | ]
Xo Xy X2 X3 Xn—1 Xy
a b

Notes:

e The division of the interval [a, b] by the partition P generates n subintervals:
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[x(]?xl]a [I17$2]7 [I27 .7)3], Tty [xn—hxn]

e The length of each subinterval [xy_1,xy] is Az = 2 — Tp_1.
e The union of subintervals gives the whole interval [a, ].

e The strictly positive real §(P) = max(zj —x_1) is the maximum length of a subintervals.

1.1.2 Definition of Darboux Sums

Definition 1.1.2. Let f be a bounded function defined on a closed bounded interval [a,b], and

P is a partition of [a,b]. Let my and My, be the infimum and the supremum of f over [xy_1,xg]

my = inf  f(z)
T€[zp—1,71]
My = sup  f(z)

TE€[TK_1,Tk]

Consider the lower and upper Darboux sums of f corresponding to a partition P:

L(f,P) = >h_imp(vy — Tr-1)

U(f,P) = Xjo Mi(wr — 2p1)

Definition 1.1.3. (Upper and Lower Integrals)

Suppose f : a,b] — R is bounded. Then we define the lower integral of f on [a,b] as:

/b f(z)dz = sup(L), where L = {L(f, P)|P is a partition of [a,b]},

*a

and the upper integral of f on [a,b] as:

/*bf(x)dx = inf(U), where U = {U(f, P)|P is a partition of |a,b]}.

a
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Lower Darboux sum

Upper Darboux sum

1.1.3 Properties of Darboux Sums
e For all partition P C [a,b], we have U(f, P) > L(f, P).
o If PC P, then L(f,P) < L(f,P)and U(f,P) > U(f, P).

e VP, P'C[a,b], L(f,P) S/iaf(:v) dxé/if(fv) dwé/:bf(f’f) dv < U(f, P').

1.1.4 Integrable functions, Riemann integrals

Definition 1.1.4. Suppose f : [a,b] — R is bounded. We say that f is integrable in the sense

of Riemann if:

/b f(x) dx:/*bf(x) dx.

*a a

The value of the lower integral and the upper integral is called the Riemann integral of f over

b
[a,b] and is denoted by/ f(z) dx.

Theorem 1.1.5. A function f is Riemann integrable on [a,b] if and only if for every e > 0

there is a partition P of [a,b] such that U(f, P) — L(f, P) < e.

Theorem 1.1.6. e Any bounded and monotonic function on [a,b] is integrable on [a,b].

e Any continuous function on [a,b] is integrable on [a,b].
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1.1.5 Riemann Sums

Let f : [a,b] — R be a bounded function, and P = xg, 21, ,x, a partition of [a, b].

Definition 1.1.7. The sum o(f, P) = > 7_; f(Ce)(xr — xp—1) where (i, € [xp_1,2k], k=T1,nis

said to be the Riemann sum of f corresponding to P and the system of points ¢ = ({1, Co, -+, Ca)-

Definition 1.1.8. We say that the number A is the limit of o(f, P,() when §(P) tends to 0
(f, P.¢) if:

and we write A = lim o
0(P)—0

Ve >0, 37>0, Yo(f,P,(), 0(P)<T=|o(f,P,() — Al <e.

Theorem 1.1.9. If f : [a,b] — R is integrable then:

b
A= lm o(f.P.) = | 1@ dz.

Particular case:

b b—a b—a
Zzzlf<a+k )
n n

Example 1.1.10. Calculate: I = lim 37, (In(n+ k) — In(n)).

n—-+o0o

I = lim 1 Sy (In(n+ k) —In(n))

n—-+oon,

Therefore, f(x) =In(z), a =1, and b = 2.

b—a=1
b=a+1
and == L (a+1—a) — a=1, and b=2
k b—a 1+ =a+k
1+ —=a+k n
n n
So
1, 2
Jim —X7 (In(n+ k) = In(k) = / In(a) d.
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1.1.6 Properties of the Riemann integral

Let f and g be two bounded and integrable functions on [a,b], ¢ € [a,b] and o € R

—_

: /af(x) dxr = 0.

[\

: /Zf(m) dx:—/:f(x) dx.
b

@

/ (f(z) + g(x)) do = /Zf(x) dx + /ig(x) dz.

a

e~

/Z (af(z)) dx = a/:f(x) dx.

ot

: /Zf(ac) dxz/if(m) dx—l—/if(x) dx.

D

[ 1@ da| < [ 17 d

7. f(z) < g(x), Vx € [a,b] = /Zf(x) dr < /:g(x) dx.

0]

- f(@) ZO:>/Zf(x) dz > 0.

b
but if f > 0 and continuous on [a, b] and if/ f(z) de =0= f(x) =0 on [a,b].

1.1.7 Mean Theorem

If f and g are two bounded and integrable functions on [a,b]. If g > 0 and if m < f(z) < M,

Vm, M € R then:

Particular case:

e If g =1, we obtain:
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e First formula for the average: If f is a continuous function on [a, b] and if g is a bounded
integrable function, of constant sign on [a, b], then there exists an element ¢ € [a, b] such

that:

If g =1, we obtain the

e Second average formula: If a function f is continuous on [a, b], there exists an element

¢ € |a, b] such that:

[ @) dr = (0 — )£ (o)

The number f(c) is called the average value of f over [a, b].

1.1.8 Cauchy-Schwarz Inequality

If f and g are two bounded and integrable functions on [a, b], we have:
b 2 b b
(/ f(x).g(x) dx) < / f3(z) dx / g*(z) dux.

1.1.9 Antiderivative of a continuous function

Definition 1.1.11. Let f : [a,b] — R a function. We say that a differentiable function

F :[a,b] — R is an antiderivative of f if: Yx € [a,b], F'(z) = f(x)

Example 1.1.12. 1. F(z) = 32° + 5z + 2 is an antiderivative of f(x) = a2® + 5, since

F'(x) = (32° + 5z +2) = 2 + 5.
!/ x

2. € is an antiderivative of €*, since (e*) = €”.

Theorem 1.1.13. Any continuous function f : [a,b] — R admits an antiderivative.

b
The application x — F(x) = / f(t) dt is an antiderivative of f.

8
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1.1.10 General method of calculating the integral
1. Integration by parts method:

Proposition 1.1.14. Let f and g be two functions in class C' on an open interval

I = [a,b], we have:

b b
[ 1@gta) dz = £)g) - fa)gla) — [ o) (@) do

1

Example 1.1.15. Calculate: 1 :/ arctan(z) dx
0

we have:

1
I = /arctan(x) dx

Lo
= z.arctan(z )|(1)—/ dx

01—|—x2
= ;.arc’lcan _O_/01~|—x2
= %—%ln(l—l—xz)\o
= Z_iln(Q)

2. Integration By Substitution (Change of Variables):

Proposition 1.1.16. Let f be a continuous function on [a,b] and g € C'([a,b]), then:

g(b) b
[ @) de= [ fa0)g0) di

Example 1.1.17. Calculate the integral I :/ cos*(z) sin(z) dz.
0

We set t = cos(z) = dt = —sin(z) dx, therefore

if 1=0 = t=1

if r=1 = t=-1

9



Integral Calculus Y. Chellouf

SO

™

cos?(x) sin(z) dx

| ©

1 1
t4(—dt) :/ th dt
—1
2
= -, ==

2 )

1

I

1.2 Indefinite integral

Definition 1.2.1. The indefinite integral of f(x) : I — R is the collection of all antideriva-

tives of f(z), denoted by /f(x) dx.

If we have: F is an antiderivative of f on I, then we write:
/f(:zc) dr = F +¢, VeeR.
Example 1.2.2. We have:

1
e The indefinite integral of the function — on | — 00, 0| is defined by:
x

d
/—x =In(—x)+c, g €R

T

1
e The indefinite integral of the function — on ]0,4o00] is defined by:
x

d
/—len(x)—i-cQ, c2 €R

T

1
= The indefinite integral of the function — on R* is defined by:
x

d
/—x:ln|x|+c, ceR
x

1.2.1 Existence of the Indefinite Integral

Theorem 1.2.3. Let f : I — R be a function defined on I, then we have the following

implication.:
f is continuous on I = f admits an antiderivative on I.

10
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1.2.2 Change of variable and integration by parts in indefinite inte-

grals

1. Change of Variables:

Let I and J be two intervals and h : J — I of class C*(J).

Theorem 1.2.4. Let f € C(I), then

F:/f(x) dx:Foh:/(foh)h’(x).

In other words, if F' is a primitive of f then F o h is a primitive of (f o h)h'.
/f(m) der = /f(h(t))h’(t) dt, = = h(t) = dx = h'(t)dt. Indeed the change of variable
x = h(t).

Example 1.2.5. Calculate: I = /0083(t) dt.
/ cos3(t) dt = f(h(t))W(t)dt, so

cos®(t) dt = cos?(t) cos(t) dt = cos®(t)(sin(t))'dt = (1 — sin®(¢))(sin(t))'dt.
We set x = sin(t), we obtain

cos?(t)cos(t)dt = (1 —2?) dx

1
/cosS(t) dt = /(1 —2?) dr =x — % + ¢ = sin(t) — 3 sin?(t) + c.
2. Integration by parts:

Theorem 1.2.6. Let u, v: I — R, u, v € CY(I) then:

/u’(x)v(x) dr = u(x)v(z) — /u(m)v’(m) dx

Example 1.2.7. (a) Compute /az:eaC dr. We set u(x) =z, and v'(x) = €*, then we get:

/a:e“” dr = xew—/ez dx

= ze¥ —€e*+c

= ez —1)+ec

11
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(b) Compute /x In(z) de. We set u(x) =Inz, and v'(x) = z, then we get:

1 1 1

/xlnxdm = fx21n:c—f/x2.— dx
ey
= ilenx—zxz—i-c.

1.2.3 Antiderivative of rational fractions

Any rational fraction can be uniquely decomposed into the sum of a polynomial and a finite
Mx+ N

(x—a)f" (e—aP+p)F

We are therefore brought back to looking for antiderivatives of the polynomial and each of the

number of simple rational fractions (simple elements) of the form

simple elements there is no difficulty with integral polynomial as well as the simple elements of

the ﬁrSt kind m

1 1
——dx = -— k>1 R
/(:L‘—a)k . k—D@—ap1 @ "7h €

1
/(x_a)dx = Injlz—a|+¢, a€R

Mz + N
((z — )2+ p2)"
By applying the substitution x = a + ft, we calculate the integrals:

t 1
I :/7@, :/7dt.
P+ )k Je (1+ t2)k
L rdu

e The calculation of I, is immediate in fact the change of variable u = 14t% then I}, = 3

The integration of simple elements of the second kind

uk
hence

1
— For k=1: Ilziln(l—FtQ)—i-c.

-1
—Fork>1: I, =
or K > k 2k — 1)(1+ 2y 1 +c

e For the calculation of J an integration by parts gives us:

12
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po L Ty o Oyt o
(1 +2)F (1+ )% (1 + £2)r

SO
1
S S
T /(1+t2)’f
YAy S
T /(1+t2)k+1 !
1

t 1
DL +2k/(1+t2)kdt_2k/(1+t2)k+1dt

1
we have Jk+1 = /(14—t2)k+ldt’ then
Jp = t + 2k J, — 2k J,
hence the recurrence relation:
t

The calculation comes down to that of:

1
Jp = /H—tzdt = arctan(t) + c.

T+ 3
Example 1.2.8. Calculate I = /1‘2—31:—1—2 dx.
We have
r+3 B x4+ 3 o a b
Z_3r42  @-29@-1) @-2 (@-1

B 5 4

T (-2 (-1
S0

T+ 3
[ = /761
2 — 3z +2 *

5 4
o /(%—2_33—14>dx
- /x—de_/m—ldx

= blnjx —2|—4ln|z—1|+c

13
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br —1
Example 1.2.9. Calculate J = / ‘ dx. The decomposition into simple elements
(x +2)%(x2 —1)
gives
br — 1 B a n b n c n d
(x+2)2(22+1)  2+2 (x+2)2 x-1 z+1
1 =29 33 n 2 N 27
C9\z+2 (@+2? 2-1 z+1

Now, we integrat the simple elements obtained after decomposition. From the property of in-

definite integrals we have:

J = 3+2+27d
_9 x+2 @+2? o—1 z+1)"

/ 1/ 33 d +1/ 2 /
= —_— 7;‘6 f— [
9 x—|—2 9/ (x +2)? 9 I—l x—i—l
29 11 1
= Tln|x+2|+—j+91n|x—1|—|—31n|x+1|+c
1
Example 1.2.10. Calculate L = /(x2 _x;; n 3)2dx.

z+1
L = / d
(22 — 2z + 3)? g

/ 2(x+1) cl
= T
2 —2x+3

20 —2+4
= / dx
2 2 —2x+43)?

2r — 2 1
- _d 2/ d
2/ PR PR (Y o e P

20 — 2 1
LI :/ dz, and L :/ d
we set Ly (7201 3P x, and Ly 207 37 x
2 — 2 1
L= dop=——
! (22 — 2z + 3)? v (22 — 2z + 3)

14
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1
Now calculate Lg:/ dzx.
(2?2 — 2z + 3)?
—1)2 z—1\°
We have 2” — 20 +3 = (z—1)? 12 =2 [ & r1) =2 1),
e have x x (x—1) 5 7
—1 1
we sett—x\/i:>dt—\/§dx:>dm—\/§dt hence:
L :/ —/ d
? (22 —2x—|—3 o1 24%
+1
(ﬂ)
2 1
f/dt
1)@+
~—_—
Jo
From (I), for k=1
2k J, bt + 2k —1)J :>2J—7t + J :>J—}71E +}J

where J;, = /1 dt = arctant, then

LZZ\/§<1 t 1J1>:\/§ t V2
8

L S Al
20+ 2 i+ g

r—1

- \f V2 —i—?arctan(x_l).

(ela))

1 z—1 V2 z—1
L = — 2 — t
22 22 13) <4(m2—2x+3)+ 8 arcan( f))

So

1 N x—1 +¢§ .
= — — arctan
222 —-2x+3) 2(x*2—-2x+43) 4

T — 2 +\/§ ; rz—1 n
= —— arctan { —— C.
212 —2x+3) 4 V2

15
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1.2.4 Integration of Trigonometric Functions

In the calculation of trigonometric function integrals, we distinguish the following cases:

e Integrals of type /R(cos(m)) sin(x)dzx or /R(sin(x)) cos(x)dx with R(z) is a rational

fraction:

— If we have: I = /R(cos(a:)) sin(x)dz, we make a change of variable of the form
t = cos(z), and dt = —sin(x) dz
— If we have: I = /R(sin(x)) cos(z)dx, we make a change of variable of the form
t = sin(z), and  dt = cos(z) dx

— If we have: I = /R(tan(x))

dx, we make a change of variable of the form

cos?(x)
1
t = tan(z), and dt = cos?(2) dx
cos®(x) cos’(z) 1—sin®(x)

. We h =
sin?(z) c nave sin?(x) sin?(z)

of type /R(sin(x)) cos(z) dx. So we perform the following change of variable:

Example 1.2.11. Compute I :/ cos(z) =1

t = sin(z) = dt = cos(x)dx

1—t2
— I:/ / dt—/dt

— | = —E —t+ C, ceR
Finally, if we replace t by sin(x) we obtain:

1
I= “on() sin(z) +¢, ceR.

e Integrals of type /R(cos(:c), sin(z))dz:

The following change of variable can be used for integrals of this kind. We put

1 —¢2 2t 2dt

1+ t2’ sinz) 1+ t2’ v 14 ¢2

t = tan (2) , cos(z) =

16
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By replacing the expressions dz, cos(x) and sin(z) in the integral, we obtain an integral

of type: / R(t)dt where R(t) is a rational fraction. To return to the variable z in the

result, replace ¢t by tan (;)

1
Example 1.2.12. Compute I = /7
1 —cos

()
t = tan <32:) ,  cos(x)

dx. We put:

Substituting these values into I, we get:

1 1
I:/t—zdt:—g—l—c, ceR

Finally, we replace t by tan <§> we find:

1
[=————+¢ ceR
tan<2)

1.2.5 Integration of rational functions in e*

1—¢2 2dt
= —0 T
1+ ¢27 1+1¢2

This type of integration can always be reduced to a rational fraction by setting t = e”.

1
Example 1.2.13. Compute I :/ dx.
1+e

Let

dt dt

t=e"=dt=2¢" da::>dx:—:?.

ex

50

1 1 dt
R B R
I+e® I+ttt
a

b
_ %) ar — 1 b=1
/<1+t+t . (a=-1, b=1)
‘1 1
Y /fdt
/l-i—t +t

= —In|l|+h|t|+e¢, ceR
t
1+1

T

= In

’—i—c, ceR

= In +c¢, ceR

1+e®

17
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