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Algebra II, Worksheet 2

Exercise n’1 :
(1) Find the value of a € R for which the vector x = (1,1,2) in R® can be written as a linear
combination of the vectors x; = (1,-1,1) and x, = (0,1, a).
(2) Let E be a K—vector space. Suppose the family of vectors A = {vy, v, v3,v4} in E is linearly inde-
pendent. Show that the family of vectors B = {e; = v1,ex = 01 + 03,63 = U1 + Uy + U3, €4 = U1 + U2 + U3 + U4}
is also linearly independent.
(3) Let E be a K—vector space, and let F; and F, be two subspaces of E. Their sum is defined as

F1+F2={x€E,3x1€F1,3x2€F1 IXZX1+3C2}

(a) Prove that F; + F; is a subspace of E.
Exercise n"2: Let E = ¥ (IR, R) be the space of all mappings from R to R. Define F = span(B) =<
B >, where B = {f;, fo} and f;, f, are mappings defined by

Vx € R: fi(x) = cosx, fr(x) = sinx

(1). Show that B = {fi, f»} is a linearly independent family in E.
(2). Let a and B be fixed real numbers. Define the mappings f and f as follows

Vx e R: f(x) = cos(x + ), g(x) = sin(x + B)

(a). Prove that f and g belong to F, and determine their coordinates in the basis B of F.
Exercise n°3 : We consider the following subspaces of R*

P:{(x,y,z,t)elR4:2x+y:0 and —x+3z—t:0},G:{(x,y,z,t)EIR4:x+2y+3z+t:O}

1. Find a basis for each of the subspaces F and G.
2. Determine the intersection F N G and deduce a basis for F N G.
3. Compute the dimensions d]iRmF, d%RmG, d%?mF + G.

Exercise n’4 : Let ¥ (R, IR) denote the vector space over R of all mappings from R to R. Let
EV (R,R) and OD (R, R) be the subspaces of ¥ (IR, R) consisting of even and odd mappings from
R to R, respectively, defined by

EVIRR) ={feF (RR),VxeR: f(—x)=f(x)},OD(RR)={f e F (R, R),VxeR: f(-x) = —f (x)}

1. Let f € ¥ (R, R). Define two mappings f; and f, in ¥ (R, R) as follows

VxeR: fi(x) = %[f(x) + f(-x)] and fo(x) = %[f(x) - f(—x)].

(a) Prove that f; is even and f, is odd. Deduce that ¥ (R, R) = EV (R, R) + OD (R, R).
(b) Show that EV (R, R) and OD (R, R) are complementary in ¥ (R, R),i.e., ¥ (R,R) = EV(R,R) &
OD (R, R).

Exercise n’5 : (Supplementary Exercise) Let F; = span(L;) =< L; > and F, = span(L;) =<
L, > be the vector subspaces of R® generated (or spanned) respectively by the families L; =
{ﬂl = (0, —1, 1) , 02 = (1, 1, 1)} and L2 = {b1 = (1, —1, 1),b2 = (1, —1, —1)}
1. Determine a generating family Ls for F; + F».
2. Find the dimensions of Fy, F,, F; + F, and F; N Fs.



