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1. Introduction: Mathematics Revision

This lesson provides a mathematical revision covering fundamental concepts essential for
physics and engineering applications. We will review the elements of length, surface area,
and volume in different coordinate systems, as well as important mathematical operators
and calculus techniques.

1.1 Elements of Length, Surface Area, and Volume in Different Coordi-
nate Systems

We will analyze the fundamental differential elements in the three primary coordinate
systems: Cartesian, cylindrical, and spherical. Understanding these elements is crucial for
evaluating integrals in physics and engineering.

1.1.1 Cartesian Coordinate System

A Cartesian coordinate system is defined by an origin point O and three mutually per-
pendicular axes (Ox,0y,0z). The unit vectors along these axes are i,j,k. Any point M in
space is represented by the position vector:
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Cartesian basis (a) Position vector and (b) elementary displacement and volume

Example: Consider a straight-line motion along the x-axis where x = 2¢, y =3, and z =0.
The velocity vector is given by:
dR d
= — = —(2¢ti+3j+0k) =2i
V=g T gt ar =2



Differential Length Element: The differential displacement is given by:

dOM =d 1 =dxi+dyj+dzk

Differential Surface Element: The surface element depends on the plane of integra-
tion:

dSy=dydz, dS,=dxdz, dS,=dxdy
Differential Volume Element: The elementary volume is given by:
dV =dxdydz

1.1.2 Cylindrical Coordinate System

In the cylindrical coordinate system (r,0,z), a point is represented as:

x=rcosf, y=rsinf, z=z

Cylindrical base

It should also be noted that we can write:
u, =cosfi+sindj

and derive this vector with respect to 6:



We obtain:
du, =d0(-sinfi+cosbj),

knowing that:
cos (9 + z) =—sinf and sin (9 + z) = cos#f.
2 2
Thus:
dup . . T .
0 can be obtained by rotating wu, by an angle of 3 and we can write:
du,
do v

The position vector DM is written as:
DM = pu,, +zk = (xi + yj) + 2k,
where x and y are the Cartesian coordinates of the point M in the Oxy plane, given by:
x=pcosl, y=psinf, and z=z.
The expression for the elementary displacement is:
dDM=dpu, +pdfug +dzk.
The expression for the elementary surface is:

ds=pdpdb.
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Cylindrical coordinates



Example: Find the velocity vector for a particle moving in a circular path where r = 2,
0 =¢2, and z = 4¢. The velocity components are:

P
Tdr > 0T A T T
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Thus, the velocity vector is:
v =0e, +4tep +4e,

Differential Length Element:
d1 =dre,+rdfeg +dze,
Differential Surface Element:

dS,=rd0dz, dSg=drdz, dS,=rdrd0

Differential Volume Element:
dV =rdrdfdz
1.1.3 Spherical Coordinate System
In the spherical coordinate system (r,60,¢), a point is represented as:
x=rsinfcos¢, y=rsinfsingy, z=rcosf

The position vector of point M in spherical coordinates, meaning in the spherical basis, is
written as:

O_]\i:ru—;:xi+yj+zk.

From the figure, we can express x,y,z in terms of r,0, ¢:

X =0Mcosp =rsinfcos,
Y =OMsing@ =rsinfsine,

Z =0OM cosB =rcos0.

Thus, we deduce:

u, =sinfcos@i+sinfsingj+ cosHk.

The unit vector u_[p at OM is written as:



Uy =cos@i+singj.
This vector u_(;, can be obtained either by replacing ¢ with ¢ + 27 or by differentiating
u, with respect to ¢:
U, = —singi+cos@j.
This basis vector can also be expressed as the derivative of u, with respect to ¢:

_ 1 ou,
Uy

 sinf d¢
The third basis vector in the spherical coordinate system is given by:

—
—  Ouy

ug = 3

1.1.4 Elementary Displacement:

—

dM =d(ru,)=dru,+rdu, +r%d9 +r dr

o

do.

=dru, +rd0ug + r(sinfd¢)u,.

1.1.5 Elementary Surface and Volume:

dS =r?sinfd6de.

dV =r?sinfdrd6de.

Spherical base



Example: Find the length of an infinitesimal arc in spherical coordinates for a small
change in 6 while keeping r and ¢ constant.

dl=rdo

Differential Length Element:

di = drey +rdfeg +rsinfdgey

Differential Surface Element:

dS, =r%sin0d0d¢, dSp=rsin0drdp, dS,=rdrdd

Differential Volume Element:

dV =r?sin0drd0d¢

A

elementary volumes in spherical coordinates

1.1.6  Solid Angles

A solid angle dQ in spherical coordinates is given by:
dQ =sin6d6d¢

The total solid angle in three-dimensional space is:

2n pn
Q= f f sinfd0d¢ =4n
o Jo
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Solid Angles

1.2 Operators in Vector Calculus

Example: Compute the gradient of the scalar function f(x,y,z) = x2 + y2 + 22

Vi =12x,2y,22)
Example: Compute the divergence of the vector field A = (x2, y2,22):
0 0 0
V-A= —(@?%)+ —(y2) +—EYH=2x+ 2y +2z
0x oy 0z
These examples reinforce the mathematical concepts necessary for physics applications.

1.3 Applications:
1.3.1 Calculate the perimeter of a circle C with radius R (simple integral).

Solution:
We have dl = R d6, hence:
2m

C= RdO=2nR.
0

1.3.2 Calculate the area of a disk D with radius R (double surface integral).

We use the differential surface element dS =dp p df, hence:
Solution:



arc length

inside angle

gle all the way around: 360 glegrees

perimeter length

inside angle

m X perimeter length

arc length =

Perimeter of a circle
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Area of a disk

R 21
D=ff dpd@:f f pdpdo.
S 0 JO

Evaluating the integral:
27 R R?
D:f dﬂf pdp =21 x — =nR2.
0 0 2

1.3.3 Calculate the volume of a cylinder V with radius R and height H (triple
volume integral).

We use the differential volume element dV =dp p dfdz, hence:
Solution:



V=nr’xh

Figure 9: Volume of a cylinder

R 2n H
szff dpdez:f pdpf d@f dz.
14 0 0 0

Evaluating the integral:
H 2n R
V= f dz f do f pdp.
0 0 0
2

R
V:H><2nx7:nR2H.

1.3.4 Calculate the surface area of a hemisphere D with radius R (excluding
the horizontal disk) (double surface integral).

SURFACE AREA OF A HEMISPHERE Foraus

I—nlaa =mre

Figure 10: Surface area of a hemisphere

We use the differential surface element dS = R2sinf df d ¢, hence:
Solution:



D :ff R2sin0d6Od¢.
S
Evaluating the integral:

D=R f s1n9d9 d(,b

_ p2 T _ p2 _ 2
D=R (—cosB|O)><(2n)—R (1+1)x 27 = 27R2.

1.3.5 Calculate the volume of a sphere V with radius R (triple volume integral)

z
-ana "u-:l A rde
'9‘*"’9‘ A\ rsind do
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Volume of a sphere

We use the differential volume element dV = r?sinfdrdf d¢, hence:

Solution:
V:fff r2sin0drdode.
14

Evaluating the integral:

V= frdrf s1n9d9 d¢
V:(};)x( cos@| ) x 271,

R3 R3 4
V=?x(1+1)x2n=?x2><2n=§nR3.
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