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Chapter 1

Taylor’s Formula and Limited Development

The limited development LD, (zy) is useful in many areas of mathematics and physics, including
solving differential equations, computing integrals, evaluating limits, and analyzing the local

behavior of a function along with its polynomial approximation.

1.1 Taylor’s Formula

1.1.1 Taylor’s Formula

The Taylor formula allows the approximation of a function that is differentiable multiple times
in the neighborhood of a point by a polynomial whose coefficients depend only on the derivatives

of the function at that point.

Definition 1.1.1. A function that is continuous on [a,b] and differentiable at xo €]a,b] can be

expressed in a neighborhood of xq as follows

f(x) = f(x0) + (v — w0) f'(w0) + R(7),

where R(x) = e(x)(x — x¢), and lim e(x) = 0, This shows that if f is differentiable, then f can
T—T0

be approximated by a polynomial of degree 1 (a line).

Example 1.1.2. Consider the function f = e*, and xo = 0. f can be written as
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f(x) = f(0)+ (z = 0)f(0) =z +1

Taylor’s formula generalizes this result by showing that functions that are n—times differ-

entiable can be approximated in a neighborhood of zy by polynomials of degree n, that is to

say
n_ fk)(z0) L
k=0
pn(2) " (n)
T "(x
= f(xo) + (x — xo) f'(z0) + / ; 0) (x —x0)*+ -+ + fn(‘o)(x — xo)" + R, (),
where R, (z) is the remainder of order n, such that
f(”Jrl)(:Eo) _—
= e(z)(x —xo)" and lim e(z) =
T—x0

1.1.2 Taylor’s Theorem
Let f and g : [a,b] — R be two functions satisfying the following conditions:
1. f € C™[a,b]), and f™ is differentiable on ]a, b].

2. The function g € C([a,b]) and it is differentiable on ]a, b[ and Va €|a, b , ¢'(x) # 0, for

zo € [a,b]: then Vz € [a,b], x # xy we have:

/ Zo " Zo (n) To
f(x) = flwo)+ f(l' )(x—xo)-i- / ;' )(x—xo)Z—i—'--—i- / n(' )(x—xo)”—i—Rn(xo,x) ..... (%)
(k) IEO ' '
= Yro fk(‘)(x — 10)* + Ry(29, )
) () (z — )™ g(x)g(zo
such that R, (zo,z) = / ( )(n' g’(>c)g( ) >, ¢ €]z, zo[.....(%x)

e The expression (*) is called the Taylor formula with generalized remainder (**).

e he choice of different functions g satisfying condition (**) leads to different forms of the

remainder R, (xg, ).
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1.1.3 Taylor’s three formulas

Notation 1.1.3. Let I = [a,b] be an interval of R, xzy be an interior point of I, and let
f:I — R be a function. We fix a natural number n.
We say that a function is of class C™ on I if it is n times differentiable on I, and its n-th

derivative is continuous on 1.

Taylor-Lagrange

Theorem 1.1.4. Let f be of class C"™* on I, and xq € [a,b]. For all x € [a,b], x # xo, we

have:
_ [ (o) f" (o) 2 F™ (o) n F 0 (e)
f(l’) = f(.%'o) + 1 (iL‘ — iL’o) + ol (33' — iL‘o) + -+ n' (.’L‘ — iL‘o) + m(ﬂ? —
zo0)" T, ¢ €]z, x|
F(e)
The term ~———>(x — x9)" ™! is called the Lagrange remainder.
(n+1)!

Example 1.1.5. 1. Consider the function sin(x). The Taylor-Lagrange formula up to

order 3 in the neighborhood of 0 is written as follows

2 2t

sin(x) =z — 3 + a cos(c).

2. Consider again v — e*. The Taylor-Lagrange formula up to order j in the neighbor-

hood of 0 is writtenas follows

2 133 $4 $5

xr __ :,U C
e —1+$+§+§+E+56.

Taylor-Maclaurin

If we set xo = 0 in Taylor-Lagrange’s formula, we obtain Maclaurin’s formula

/ " (n) (n+1)
+f(0)x+f(0)x2+---+f (O)I”—i-if (Qx)x"H, 0<6<1.

J(@) = J(0)+ = 2l nl (n+1)!
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Taylor-Young

Theorem 1.1.6. Let f : [a,b] — R be a function, and let zy € [a,b], suppose that f™ (z)

exists and finite, then Vo € [a, b

@) = Sio Lo 0 — )+ o — a0

the remainder R, (xg,x) = o(x —x0)" is called Young’s remainder, and it satisfies the following
property:

lim Ln(xo,x) =

T—x0 (gj — Q;O)n
R, (z9, )
(x — xo)"

following form: R, (xo,z) = e(z)(x — x0)

By setting e(x) = for x # xg and £(xg) = 0 we obtain the Young remainder in the

" where lim e(z) =0
T—T0

If o = 0, we obtain the Maclaurin- Young formula

f0) 4, . 3
T + a"e(x) where 91013%5(:5)—0

f(x) =X

Example 1.1.7. The Taylor-Young formula for the function sin(x) up to order 2n + 1 at 0 is

written as follows

273 5 x?n—f—l
sin(@) =z —gr 5+ CD Gy

+ 2?2 le(x).
Indeed, we must calculate the successive derivatives of sin(x) at 0. We have

sin(0) = 0, sin’(0) = cos(0) =1, sin”(0) = —sin(0) =0, - -
More generally, for all k € N we have

Sin(2k)(0) =0, and Sin(?k—i—l)(o) — (_1)k cos(0) = (_1)k

hence the result.
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1.2 Limited Development

1.2.1 Developments limited to the neighborhood of 0

Definition 1.2.1. Let f be a function defined in the neighborhood of x = 0, possibly except at
0. We say that f admits a limited development of order n in the neighborhood of 0 if there exist
real numbers ag, ai,as, - ,a, € R and a function € such that for any non-zero element x of

an interval I of R:

f(x) = ap+ a1z +ax® + -+ + a,z" + 2"e(x)

= P,(x)+ 2" e(x)

such that lime(z) = 0.

z—0

Remark 1.2.2. The polynomial P,(x) is called regular part of the limited development and

x"e(x) is remainder or complementary part.

1
Example 1.2.3. Let f = T f admits LD, (0), indeed:
—x

Since 1 — ™t =(1—xz)(1+z+2®+ - +2"), we have

1 gt -2t l—2)(l+z+- 42" n
— = = =1l4+z+---+2"
l—2z 1-—-x 1—2z 11—z
where
1 ntl x
—=l4+z+---Fa"+ =l+z+---+a" ;
11—z 11—z 11—z
Therefore, the function f(x) = ——, x # 1 admits a limited development of order n at x = 0,

1—=x

with e(x) = %, where ligl%a(a:) = 0.
— e

1.2.2 Properties of Limited Development

e If f admits a LD, (x), then lim f (x) exists, is finite, and is equal to ag. This criterion
T—x0
is generally used to show that a function does not admit LD,, ().

For example the function In(z) does not admit LD, (0), because lin% In(z) = —oc.
z—
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e A function does not necessarily have an LD, (z), but if it does, it is unique.
e Parity
— Even function The LD, (zy) of an even function has a main part that contains
only monomials of even degree. That is to say the coefficients ag,1; = 0.
— 0Odd function The LD, (z¢) of an odd function has a main part that contains only

monomials of odd degree. That is to say the coefficients aq, = 0.

e The LD,(z¢) of a polynomial of degree n is the polynomial itself.

1.2.3 Obtaining Limited Development Using the Taylor-Young For-

mula

Theorem 1.2.4. If f is of class C"' in a neighborhood of a and f™(a) ewists, then f has a

limited expansion of order n in a neighborhood of a, given by the Taylor-Young formula

(a "(a () (g
f@) = @)+ L@ )+ L@ oy

(x —a)" + (x — a)e(x)
where lime(x) + 0.
Tr—a
particular case: If f(™ = (0) exists then f has the following limited development
/'(0) (0) £ (0)
+ 1

1
T+ / 2?4+ 21" +a"(z), such that lime(x)+ 0.
! 2! n! 20

f(z) = £(0)
Corollary 1.2.5. If f™(0) exists and if f admits a limited exzpansion of order n

f(x) =ao+ a1z + agx® + - - - + a,a™ + 2"e(x),

, " (n)
then F(0) = ao. f1(!0) = ay, f2(!0) oy ,f n!(o)

=a,.
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1.2.4 Limited Development of usual Functions

Below, we show some well-known limited development of common function of order n, at x = 0

using Maclaurin’s formula :

P14 ¥ x? " .

e’ = +ﬂ+§+"'+m+0(w)

In(z1 + ) ZLr + (1)1 4 o)

nxl+zx)=o0c——+"— — .4 (— Stz
2 3 n

. =l+z+22+23+ -+ 2"+ o(z")
—x

2 L1l x3x5x-x(2n—3)

T oz
\/1+x:1+§—§—~~+(—1) S 2" 4 o(z")
1 . x+3m2 +( 1)n1><3><5><~~~><(2n—1) -
=1-S4— =+ (= z" + o(x
1+ 2 8 2nn!
1 1) (a— 1
(1+x)a=1+ax—|—a(2'):c2+-~+a<a ) ‘(a n ):c”+0(:lfn)
! n!
2 4 20 ,
=1 - — — —1)» n+1
cosx =1 ot t + (1) (2n)!+0($ )
P B L2+l ,
i = r - — 4+ — 4+ ... 1y n+2
sinw = =gt gt CD gy o)

Remark 1.2.6. We will often work with xo = 0, based on changes of variables:

1. If xg € R*, we put t = x — g, and then t — 0 when x — xy.
1

2. If xo — 00, we put t = —, and then t — 0 when x — oo.
x

Example 1.2.7. Find LDs(7%) for the function x — sin(z).

Weputt:x—g, thent—>0whenx—>%. Thus, © =t +

AN

So
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f(z) = sinz =sin(t + 2) = sin(?) cos(%) + cos(t) sin(%) = ? sin(t) + \éi cos(t).
= \f (t—t6,+0(t3)> +\f (1—2—!—0(753)) = ?Jr‘ft—\ft? ft3+o(t3) ,

- PR )R D (D)

Example 1.2.8. Find LD, (1) for the function v — €*.

We putt =2 — 1, thent — 0 when x — 1. Thus, x =t + 1. Thus

y? y"

= e(l—i—(m—l)—i—(x;!1)2+...+(x_1>n+0((x_1)n)>

1.2.5 Operation on Limited Development

e Sum: If f admits a LD, (0): f(z) = ap + a1z + agx® + - - - + a,z™ + o(a™),
and ¢ also admits a LD, (0): g(z) = by + bix + baz® + - - - + b, z™ + o(z").
Then f 4 g admits a LD,,(0), given by the sum of the two expansions:

(f +9)(x) = (a0 + bo) + (a1 + b))z + (ag + ba)a® + - - + (an + by)z"™ + o(z").

Example 1.2.9. Find the LD4(0) of In(1+ x) + e*.

As
2 .3 .4
In(z+1) = x—x—+x——x—+0(a:4)
2 3 4
2 37 4
e = l4z+—+° 4+ 4ot
2 6 24
3 54
Hence: In(1+x)+e* =1+ 2z + % - 2—2 + o(x?)
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e Product: If f admits a LD, (0): f(x) = ag + a17 + agx? + - -+ + a,x™ + o(z"),
and ¢ also admits a LD, (0): g(z) = by + b1x + bax® + - - - + b, z™ + o(z").
Then the product fg admits a LD, (0), obtained by retaining only the monomials of

degree at most n in the expansion of the product:

(aop + a1z + agx® + -+« + a,a™) (by + bz + box?® + - - - + bx™).

Example 1.2.10. Find LD3(0) of © — sin(x) cos(z).

We have

2

cos(z) = 1— ) + o(x?)

$3

sin(z) = z-— 5 o(z?)

Then, we develop the product, only considering terms of order 3 or less:

x? x3
cos(z)sin(z) = (1 -5+ 0(x3)> (1’ -5t o(x?’))
2 3
= z-— % + o(z?)
e Quotient: If f admits a LD, (0): f(z) = ag + a1 + ax® + - -+ + a,a"™ + o(z"),
and ¢ also admits a LD, (0): g(z) = by + by + baz® + - - - + bz™ + o(x™), with by # 0.

Then = admits a LD, (0), obtained by performing the division according to increasing
g

degrees, up to order n, of the polynomial (ag+ a1z + asx®+ - - - + a,z") by the polynomial

(bo + bll' + beQ + -+ bn:c”)

Example 1.2.11. Let us compute LD5(0) for x — tan(z) = smix))
cos(z
We have
3 5
sin(z) = x— Ty 1:1:70 + o(z?)
cos(z) = 1-— é - I—Z + o(z?)
2 24
Thus,

10
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z3 N z° + oz
: r——+-—+ox
tan(z) = sin(z) = 6 120
cos(z) 1 z? n zt + o(z)
2 24

Then, we develop the division according to increasing degrees up to order 5:

2 -5 2 4
X —=+-"—+o0(x% 1-=+=+o0(x%
6 | 120 2 | 24

2 xE

x 5
X 2+24+0()c) x+£+2i5
3

X.png

3 228 5
Therefore, tan(z) = x + Y + 15 + o(x°)

e Composition If f admits a LD,,(¢g(0)):
f(x) = ao + ar(x — g(0)) + az(z — g(0))* + - - + an(z — g(0))" + (z — g(0))"e(x),

and g also admits a LD, (0): g(x) = by + byz + - -+ + byz" + z"e(x).
Then, f o g admits a LD, (0), obtained by substituting the limited development of g into

that of f and keeping only the monomials of degree n or less.

1
Example 1.2.12. Let us compute LD3(0) for x — sin (1 — 1).
—x

Since,
! -1 = —z+22—23+o(z?)
1—=
3
sin(z) = x— T o(x?)

Then, we compose, considering only terms of order 3 or less:

11
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1 1
Sin(l—x_l) = —x+x2—x33—6(—x3)+0(:c3)
5
= —x+x2—%—l—o(x3)

e Differentiability: If f : I — R admits a LD,,,1(0) and f is differentiated at least n+1

times, then f’ admits a LD, (0), obtained by differentiating the limited development of

f.
_
(1—x)*

1 1y 1
Since = (1 — x) , and T 14+ x+a22+ 2%+ 2% +o(x?). Derive the LD4(0)

, we obtain LD3(0) for

Example 1.2.13. compute LD3(0) for v —

of

1
(1 —x)?

1—=x

1= ) =1+ 2z + 3% + 42° + o(2?).

e Integration: If f: [ — R admits a LD, (0), and f is integrable on I, then f admits a

LD,1(0), obtained by integrating the limited development of f. i.e: if

f(z) =ap+ a1z + -+ + aa™ + x"e(x), where lime(x) =0

z—0

then

F(z) = [y f(D)dt = aozx + %362 o gty "1 (x), where lim7(z) = 0.
n

+1 z—0

1.2.6 Generalized LD

Let f be a function defined in the neighborhood of 0 except possibly at 0. Suppose that f does
not admit a limited expansion in the neighborhood of 0 but the function zf(x) (« positive

real) admits a limited development in the neighborhood of 0 then for o # 0
zf(x) =ap+ a1z + - + a,z” + o(z")

1
Hence f(x) = g (ap + arx + -+ - + aza” + o(z™)).

this expression is called the generalized limited development in the neighborhood of 0.

12
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1
Example 1.2.14. Consider the function f(x) = ——. The function f does not admit a
r—z
LD(0) because lig(l)f(x) = 400. But
1 1 9
vf(x)=x = =1l+z+2°+ - +2"+o(z").

x—22 l1-ux
The generalized limited expansion of f is
1
flz) = —(It+z+a®+-+a"+o(am))
1
= —+1l4z+---+a2" o™
x

Exercise: Find the LD4(0) of the following functions:

L f(x) = sinx(x)
2. 9x) = cosl(a:)
3. h(z) = lnil—i——i-xx)
4. k(x) = ecs@)

13
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