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Algebra II, Worksheet 1

Exercise n°1 Let X be a non-empty set, and let (E, +, -) be a K—vector space. Consider the set
F(X,E) = EX of all mappings defined on X with values in E. We define an addition operation
(internal operation) +

+: FXE)XF(X,E) — F(XE)
(f,9) — f+g
defined as
Vx e X:(f+9)(x) = f(x) +g(x),

and a scalar multiplication operation (external operation) -

KXF(XE) — F(XE)
(Oé,f) — Oé-f,

defined as
VxeX:(a-fllx)=a- f(x)

1. Assume that (EX, +) is a commutative group with the zero mapping Ogx = 0 as neutral element.
Show that (EX, +, -) forms a K—vector space.
Exercise n°2 : Let (E, +, -) be a K—vector space. Prove the following properties :

(1)Vxe E,Yae K:a-0g =0gand Og - x = Of.

)VxeE,VaeK:a-x=0 & a=0gor x = 0.

B)Vx,ye EVYaeK:a-(x—y)=a-x—a-y.

4)VxeEVa,peK:(a-p)-x=a-x—f-x.
Exercise n°3 : Determine whether R?, equipped with the following internal and external opera-
tions, forms a R—vector space :

(a,b)+(c,d)=(a+b,b+d)

([11) V(a, b), (C, d) € ]Rzl YaeR: { a- (g, b) = (LZ, &b)

(a,b)+(c,d)=(a+cb+4d)
a - (a,b) = (a®a,a®b)

(a,b) + (c,d) = (c,d)
a-(a,b) = (aa, ab)

Exercise n°4 : Determine whether the following sets are vector subspaces of E over K :

(@) Y(a,b),(c,d) e REVaeR: {

(a3) Y(a,b),(c,d) e RZ,VaeR: {

Fi={(x,y,2)€E:x+y+z=a,a€R}, E=R,K=R
F=PRR)={feEVYxcR: f(-x) = f®)], E=FRR),K=R
Fi=3(RR)={feEVxeR: f(-x)= —f()}, E=F (R R),K=R

F,={PeE:P(0)=P1)=0}, E=R[X],K=R
Fs=R,[X]=[P€E:deg(P)<n},neN, E=R[X],K=R
Fe={f €E: fisbounded}, E=% (R R),K=R

where :

P (R, R) (resp. I (R, R)) denotes the set of even (resp. odd) mappings from R to RR.

R, [X] the set of all polynomials with the indeterminate X of degree less than or equal to n with
coefficients in the field R of real numbers.



