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Chapter: Math reminders

In this chapter, we will review the main mathematical concepts we will need
to solve the various exercises in this chapter.

1. Elément of length, surface, volume
1.1- Cartesian coordinates

A material point M is assumed to move in a Cartesian coordinate system with origin O. The

point M in space is identified by its Cartesian coordinates x, y and z:

oM = x 1+ yj + zk With (°, j, k) are the unit vectors.
S _raic el adasill Jais gy, dy, dz srall Lalite SlSs M idagill clflas) et Ladie

When the coordinates of point M change infinitesimally: dx, dy, dz the point M undergoes an

elementary translation

e Length element g =il J&l : dOM = dx T + dyj + dzk
o il Jaul Jok aia s dL=||doM|| = /(dx)? + (dy)? + (d2)?

e Surface element

In the (xOy) plane, the surface element generated by the displacement from M to M" we express
the differential surface by calculating the area of a rectangle of length and width dy
(Li):dS, = dy.dz

(Lj):ds, = dx.dz
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(L k) :dS, = dx.dy

1. Infinitesimal volume element

In 3D space, the infinitesimal volume dV generated by the displacement of point M is a
cube of height dz; dV = dx.dy.dz

1.2-  Polar coordinates( p,8)

We denote each point M in the plane by its distance from the principle: p and the angle 6
between the position ray oM and the axis (ox).

oM =pi; : p=|0M| ; 6=(o%;oM)
Knowing that: x = pcosf ;y = psinb ; p =/x?> +y? ;tgb =% = 0 = arctg %
A pdﬂ

).d6 ds = /.)(/p.l./(‘)

——

A 4

Polar coordinate change domain:(0 < p < R;0 < 0 < 2m)

When the coordinates of the point M change infinitesimally: d6, dp, the point M undergoes

an elementary translation:
The length element: dOM: doM = dpu, + pdfug

L’élément de surface: dS = p.dp.do

2T
The area of a circle of radius R: S = [[dS = [[ pdpd6 = [ pdp. [ d6 = ”—] 0]k = nR?

2
21p

1.3- Cylindrical coordinates (p. 0., 7))

Given a cylindrical coordinate system (p, 0, Z) with base(u_m’u_(,’, ﬁ), the position of a point
"M" is: oM = pu, + zk

When the coordinates of point M change infinitesimally: dp, d@, dz the point M undergoes

an elementary translation

Length element dOM is: dOM = pu, + pd6ug + dzk.
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dL is arc of length: dL = ||dOM|| = /(dp)? + (pd8)? + (dz)>

Cylindrical coordinate change domain :(0 < p<R;0<0<2m;0<z<1L)
Surface element (Cylinder lateral surface):
(Lup);dS =pd.dz  (lug) ; dS=dp.dz (Lk); dS= pdp.do
v’ Lateral surface of a cylinpder with base radius R and height L:

S=ﬂdS=ﬂp.d9.dz=Rf2nd9dez (p=R)
0 0

S = 2nRL

Infinitesimal volume element : dV = pdpdfdz
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1.4-  Spherical coordinates (r, 0, ¢)

Given a spherical coordinate system(r, 0, ¢) of base (u;,ug, U, ), the position of a point

"M"is: OM =ru;.

Spherical coordinate change domain: (r=0; 0<6<m; 0<¢ <2m)

When the coordinates of point M change infinitesimally: dr, d@, d¢ the point M undergoes

an elementary translation

2. Length element dOM: dOM = dru; + rd0 ug + rsinfde u,

dL = ||dOM|| = V/(dr)? + (rd@)? + (rsinfde)?
3. Surface element dS :
(Lw); dS = r2df.sinf .dg
(Lup) ; dS =rdr.sinf.de
(Lu,) ; dS=rdr.do

4. Infinitesimal volume element : dV = r?dr sinf d6 d¢

Calculate the volume of a cylinder V of radius R and height H.
Solution

We take a volume element a small cube with coordinates (r, d@, dz) in the plane the length
elementis: dV =dr. rd@. dz

The triple integral of V:  V = [[[ rdr.d6.dz
R
Separation of variables: V = f: rdr foz "de f: dz = E]o (013" [z]4

V = mR?H (is the volume of a cylinder of height H)
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Calculate the volume of a sphere V with radius R. Triple volume integral

R H 2m
V= f rzdrf sinedef do
0 0 0

. . 73 R 2 R3
Separation of variables: V = [;]0 [cosOG[@ls" = ?2 2w

V= gnR:“ (V is the volume of a sphere of radius R).

2. Operators

2.1 Gradient

= Cartisian coordinates (i,j, k)

The vector quantity V represents the nabla operator defined by: V= ai aif ;E.
Let f(x,y,z) be a scalar field.
The gradient of a scalar field f(x,y,z) is the vector:
f ., Of af
gradf =V.f = —
gradf =V.f = l +— 3y +=— az
= Cylindrical coordinates(U,, Ug, k)
The vector quantity V represents the nabla operator defined by: V = %F{ + %;—9 Uy + %E
of i 19f af -
gradf =V.f=—U, +—— Uy +—k
gradf =V.f = 6r r a0 az
= Spherical coordinates (U, Uq, U,,)
The vector quantity V represents the nabla operator defined by: V = U + :aae Ug + ﬁ%U_,p’

e v af_>+16f U_>+ 1 an_>
gradf = f_ar rae rsinfdg ¢
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2.3- Divergence

Consider a vector field 4:
We call divergence of the vector A, the scalar: div A = V. 4

e |n Cartesian coordinates

A= Ax(x,y,2)T+ Ay (x,y,2)] + A, (x,y, Z)E

0Ay 04y, 0A,
+—+
dx Jdy 0z

e Incylindrical coordinates (A4,,A4g,A,):

div A =

A= AU, +AgUg + Ak

. 1[0(pA,)  0(49)  3(pA,)
de—;[ ap + 30 + EP

e In spherical coordinates (4,,4q,4,)

A= AU, +AgUg + A,U,

-, 1 Ia(rzsinHAr) N d(rsinf4,) N O(rAq,)l

v A =
div r2sin6 or a0 adp

2.2- Rotational

Given a field of vectors4, we call rotational of the vector the vector product of the operator v

g

and the vector rotA =V A A

e Cartisian coordinates

A= Ax(x,y,2)T+ Ay (x,y,2) ] + A,(x,y, Z)E

T 7k
. . . |o a ]
rotA=VAA=a E E

Ay Ay A,
0Z dY\. (0X 90Z\. (IY OX\-
=(@‘£)l+(£‘a> (a‘$>"
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e Cylindrical coordinates

u, .k
— u —
p % p
rotA=VAA=|9 9 9
ap 06 oz
A, phAy A,

04, apAg]u—,; 04, 04,

Ug

—

“lee ez lp |op oz ap 96 |p
e Spherical coordinates
u, ug U,
r2sin@ 1 sinf T
rotd=Vad=| 9 o 9
ar a0 do
A, rdg rsind A,

_ [6(rsin9A¢) _ 6(rA9)] u;
N 26

¢

r

[6 (rsin6A,) 04,

)

ug
r sinf

[6“19 _ %] Uy
L,

ar 20

The following relation is always checked : Tot (gradf) = 0 is explained as follows ;

when A = gradf = 710tA =0
div(rotA) = 0
div (fA) = f div A + Agradf

rot(f A) = gradf AA + frotA

- + + ¥

div(ANE)=F 7ot & —4 7ot B
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3- The integrations.
3.1- Définitions

The primitive function of function f (x) is another function (x) such that: F ' (x) = (x)
Exemples 1.

F(x) = "3—3 + 3%2 + z?2 Is the primitive function of f(x) = x2 + 3y + 2z.

(x) =-2 cos x + 2x is the primitive function of (x) = 2sinx + 2.

3.2- Simple integral

Let the lines be NyMwith fixed abscissa X, and NM with variable abscissa X. The area

(NoMyMN) represents the definite integral of the function (x) between points X, and X
X
The area(NgMyMN) = | f(x)dx
Xo

The area (NyMyMN) = F(x) + constant

F(x) is the primitive function of (x)

The set of primitives of f(x) is called the indefinite integral where: [ f(x)dx = F(x) + constant
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3.1-  Multiple integral

The multiple integral is a form of integral that applies to functions of several real

variables.

Exemples

< For a function with two variables: [[ (x, y)dxdy
« For a function with three variables : [[[(x, y, z)dxdydz

3.2-  Methods for calculating integrals

3.2.1- Primitives

Let f be a continuous function on an interval [a, b] of R. If its primitive F is easy to

determine, then we can use the well-known formula:

b
[ reax = F) - F@

The usual primitives are given in the table below :

Exemples
I- f‘i—x=ln|x|+c

2- fozn sinfd@ = [—cosO]3™ = 1
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3.2.2- Intégration par parties

Soit f et g des fonctions définies sur un intervalle I, nous avons :

[ rrwgeadx = @960 - [ 1) g/ @ax

Calculate the following integral: fot t2etdt
In this integral, we pose: f'(x) = et et g(x) =t?

Let's calculate f(x) et g ' (x) : f(x)=et et gx)=2t
1 1
f t?etdt = [t?e']} — 2 f tetdt
0 0
Iy

Let's apply integration by parts a second time to calculate the integral I;: Let's say:

ux)=et et ux) =¢et ,vx)=t = v'(x)=1
1 1
f teldt = [tet](l,—f eldt=e—e+1=1
0 0
So:
1
f t?etdt = [t?e']} —2=e—2
0

3- Calculate [ x sin x dx

Wepose: (x)=x=g'(x)=1et f'(x)=sinx = (x)=—cosx
[ x sin x dx = —xcosx + | cos x dx

| x sin x dx = —xcosx + sinx + C
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Apply integration by change of variables to calculate:
V3

3
fxcosxdx; fxz.lnxdx
0

1) For the calculation of fugx cosx dx
Weask '(x)=cos(x) and g(x)=x
(x)=lcos(x)dx = f(x)=sinx andg’(x)=1
Applying integration by parts: [ f'(x)g(x)dx = f(x)g(x) — [ f(x) g’ (x)dx
3 T J‘% T3 % /3
0

3 n
f x cosxdx =[xsin(x)]; — | sinxdx = ra + [cos(x)]
0

2) For the calculation of [ x%.lnx dx :
Weask f'(x)=x? and (x)=In(x)

(x)=] xzdx=x?3 end g'(x)= i

Applying integration by parts: [ f'(x)g(x)dx = f(x)g(x) — [ f(x) g’ (x)dx
x3In (x) x*  x*In(x) x* x°
_ f % dx _

3 = — (ln(x) - %) +c

2 — —_—
fx Inxdx = 3 3 3

3.2.3- Integration by change of variables

Integration by change of variables is a method of integration, which consists of considering a
new variable of integration in order to replace a function of the initial variable of integration.

» Calculate the following integral:

1 2
fo x+1 dx
Letsask:y=x+leox=y—-1=2dx=dy,0—x—>1=21—y—2
We will have :

x = =| ydy—| 2dy+ | —dy
o xt1 1 y Y 1 1 1Y

292

= [y_L =2yl + [Inyl; =In2 —%.
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1

mdx

» Calculate the following integral: f01
Letsasky = Vx ©x=y?0 « x5 1230 <y > 1
11 12 201+ 2
o 1+ vVx o 1+y o\ 1+y 1+y

1 1
2
— _ — 1_ 1
—.[;Zdy .[;1+ydy 2[yl5 = 2[In(1 + V)]

1
s0: f; — = dx = 2(1 - In(2))

Appliquer I’intégration par changement de variables pour calculer :

41_ e(l n
LPP j("x) dx J%dx
1 X 1 X (x%—4)

1. Calculde:

s
1

d
Jx =

Posons :u = VJx & x = u? = dx = 2udu,

lex—24=21u—2

49 2 1 -1 2 2
f \/;dx = f 2u( “) du = ] 2du — f 2udu
y Vx 1 u 1 1

= [2u — u?)} = -1

dx = —1

fl“l:/;ﬁ
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2. Calcul de:

fe (In x)" -
1 X

dx
Posons:u=lnxwdu=T=:clx=xdu, lex—e=0eu-—1

¢ l n 1 n+1 1! 1
f Gax) dx=f u"du:[u l =—
1 X o n+1]  n+1

f*' (Inx)" . 1
1

x X n+1

3 s N x .
3. Calculde [ de.

P du
Posons :u = x? ¢ 2xdx = du = xdx = o

1

X 1 1
f(xz—4)2dx='2'f(u—4)2d“="2(u—4)

f—x e G
(i — A o el Ay




