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Final exam: Analysis 1

Exercise 1: (4 points)

Let B =
{

n−1
2n+1 , n ∈ N∗

}
.

. B =
{

n−1
2n+1 , n ∈ N∗

}
	áº�JË

1) Show that B is a non-empty, bounded set.
. �èXðYm× �éJ
ËA

	g Q�

	« �é«ñÒm.× B 	à


@ 	á�
K. (1

2) Show that sup(B) = 1
2 .

. sup(B) = 1
2

	à

@ 	á�
K. (2

3) Show that inf(B) = min(B) = 0.
. inf(B) = min(B) = 0 	à


@ 	á�
K. (3

4) Show that max(B) does not exist.
. Xñk. ñÓ Q�


	« max(B) 	à

@ 	á�
K. (4

Exercise 2: (6 points)
Consider the sequence (Un)n∈N defined by:

: �K.
�é 	̄QªÓ (Un)n∈N

�éJ
ËA�J�JÖÏ @ Q�. �Jª 	K{
U0 > 0

Un+1 = ln(1 + Un), ∀n ∈ N

1. Show that 0 < Un for all n ∈ N.
. n ∈ N É¿ Ég.


@ 	áÓ 0 < Un

	à

@ 	á�
K. .1

2. Define g(x) = ln(1 + x)− x. Study the variations of g on ]0,+∞[, and specify its sign on ]0,+∞[.
. ]0,+∞[ úÎ« Aî�EPA ��@ XYg ð , ]0,+∞[ úÎ« g Q�
 	ª�K �PX


@ . g(x) = ln(1 + x)− x

	¬Qª	K .2

3. Deduce the monotonicity of (Un)n∈N.
. (Un)n∈N

�éK. A�KP i.
�J 	J���@ .3

4. Conclude that (Un)n∈N is convergent and calculate its limit.
. Aî �DK
Aî 	E I. �k


@ ð �éK. PA

�®�JÓ (Un)n∈N
	à
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5. Let E = {Un/n ∈ N}. Determine inf E and show that supE is positive.
.I. k. ñÓ supE 	à


@ 	á�
K. ð inf E 	á�
« . E = {Un/n ∈ N} 	áº�JË .5
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Exercise 3: (4 points)
Let

	áº�JË

f(x) =

{
xe−

1
x2 , x ̸= 0

0, x = 0

Using the definitions, show whether f(x):
: f(x) �I	KA¿ AÓ @ 	X @

	á�
K. , �HA 	®K
Qª�JË @ ÈAÒª�J�AK.

1) is continuous at x = 0.
. x = 0 Y	J« �èQÒ�J�Ó (1

(Where lim
x→x0

f(x) = l ⇐⇒ ∀ϵ > 0,∃α > 0,∀x ∈ I, |x− x0| < α =⇒ |f(x)− l| < ϵ)

2) has a derivative at x = 0.
. x = 0 Y	J« �é�®�J ��Ó AîE
YË (2

Exercise 4: (3 points)

Find:(Yg. ð

@)

(1)
d sin2(x2 + 1)

dx
(2)

d arccos(x)

dx
(3) lim

x→+∞

ln(3e3x − 5x)

x

Exercise 5: (3 points)
1. The speed v of waves in shallow water is given by:

�K. ù¢ª�K �éÊj 	�Ë@ èAJ
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B v
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v2 = 1.8L tanh
6.3d

L

where d is the depth and L the wavelength. If d = 30 and L = 270, calculate the value of v.
. v �éÒJ


�̄ I. �k

@ , L = 270 ð d = 30 	àA¿ @ 	X @ .
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2. The functions
	àA�JË @YË @ .2

f1(x) = tanhx, f2(x) =
1

1 + e−x

are two different forms of activating functions representing the output of a neuron in a typical neural
network. show that f1(x)− 2f2(2x) = −1.
. ú
«A
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. f1(x)− 2f2(2x) = −1 	à

@ 	á�
K.
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