
Chapter 4 

Forced  vibrations of systems with one degree of freedom. 

4 .1 Introduction 

Forced vibrations (oscillations) occur when the system is subjected to along its vibrations to 

periodic external forces. Often these forces are called external excitations. The resulting 

movement is called the response of the system to external excitement. The excitation force 

can be harmonic, periodic or harmonic, non-periodic or random. In this course, we are only 

interested in harmonic excitations. The excitement harmonic can be given mathematically 

by 

 

Φ The phase of the excitation (depends on the value of the force f at t = 0. 

4. 2.  Harmonic excitation of an undamped system. 

 Equations of motion      : 

 

 



From the application of Lagrange's theorem, which is recommended in this course?

 

 

 

 Solution of the differential equation. 

The equation of motion is a second order differential equation with second member. 

The solution to this equation is the sum of two solutions 

 General solution x g of the homogeneous equation 

 Particular solution x p of the non-homogeneous equation 

 



The solution x g of the homogeneous equation  

 𝒙̈ +
𝒌

𝒎
𝒙 = 𝟎 ⇒𝒙+ ̈  𝛚𝟎𝟐𝒙 = 𝟎     

Is given by: 𝒙𝒈 = 𝑨₁ 𝐜𝐨𝐬(𝝎𝟎𝒕) +  𝐀₂𝐬𝐢𝐧(𝝎𝟎𝐭)                                                           

Since n w is not a solution of the characteristic equation, the particular 

solution is given by: 𝒙𝒑 = 𝑪₁ 𝐜𝐨𝐬(𝝎𝒕) +  𝐂₂𝐬𝐢𝐧(𝝎𝐭)  

To find the constants C 1 and C2, we must replace this solution in the 

equation differential. We have, 

𝒙𝒑 = 𝑪₁ 𝐜𝐨𝐬(𝝎𝒕) +  𝐂₂𝐬𝐢𝐧(𝝎𝐭)  

 𝒙̇𝒑 = −𝑪₁𝝎 𝐬𝐢𝐧(𝝎𝒕)+  𝐂₂𝛚𝐜𝐨𝐬(𝝎𝐭)   

𝒙̈𝒑 = −𝑪₁𝝎𝟐 𝐜𝐨𝐬(𝝎𝒕) −  𝐂₂𝛚𝟐𝐬𝐢𝐧(𝝎𝐭)  

By replacement we find,  

−𝑪₁𝝎𝟐 𝐜𝐨𝐬(𝝎𝒕) −  𝐂₂𝛚𝟐𝐬𝐢𝐧(𝝎𝐭) +  𝑪₁ 𝛚𝐧 𝐜𝐨𝐬(𝝎𝒕) +  𝐂𝟐𝛚𝐧 𝐬𝐢𝐧(𝝎𝐭) =
𝒇𝟎
𝒎
 𝐜𝐨𝐬(𝝎𝐭) 

By comparing the two sides of the equation, we find: 

C1=

𝒇𝟎
𝒎

𝝎𝟎
𝟐 −𝝎𝟐

   and      C2=0 

We put C1 =X and divide the numerator and denominator by k we find, 

X=

𝒇𝟎
𝒎

𝒎

𝒌
(𝝎𝟎

𝟐 −𝝎𝟐)
      ⇒    𝐗 =

𝜹𝒔𝒕

𝟏−(
𝝎

𝝎𝟎
 )𝟐

 

𝜹𝒔𝒕 =
𝒇𝟎

𝒌
∶Represents the deflection of the mass under the application of the force f 

0 and is called the static deflection of the mass. 



Finally, the particular solution is written:  

 

𝐱𝐩 =
𝜹𝒔𝒕

𝟏 − (
𝝎
𝝎𝟎
 )𝟐
 𝐜𝐨𝐬(𝝎. 𝒕) 

We sum the solutions and p x, the solution of the differential equation of motion (1) 

is written as follows: 

 

 

 



 

 

4.2. Harmonic excitation of a damped system. 

 

4.2.1. Différentiel équation of motion 

Pour un mouvement de translation, on écrit 

𝒅

𝒅𝒕
(
𝝏𝑳

𝝏𝒒̇
) −

𝝏𝑳

𝝏𝒒
+
𝝏𝑫

𝝏𝒒̇
= 𝒇(𝒙) 

 Example: mass-spring-damper system 

Let us return to the case of the elastic pendulum (vertical for example). 

The study of the damped oscillator is done in the  

same way as previously but adding an external force 

In one dimension, the Lagrange equation is written:  

𝒅

𝒅𝒕
(
𝝏𝑳

𝝏𝒙̇
) −

𝝏𝑳

𝝏𝒙
+
𝝏𝑫

𝝏𝒙̇
= 𝒇(𝒙) 

Consider a sinusoïdal force applied to mass m 𝑭𝒆𝒙𝒕 = 𝑭𝟎  𝐜𝐨𝐬 𝝎𝒕. 

 



L: The Lagrangian of the system is given by : 𝐋 = 𝑻 − 𝐔    

q: The generalized coordinate, in this case 𝒒 ≡ 𝒙 

The kinetic energy of the system: 𝑻 =
𝟏

𝟐
 𝐦𝒙̇𝟐 

The potential energy of the system :𝑼 =
𝟏

𝟐
𝐤𝒙𝟐 

 𝑫 =
𝟏

𝟐
𝜶𝒒̇𝟐:.The dissipation energy is 

The Lagrange function:   𝐋 = 𝑻 − 𝐔 =
𝟏

𝟐
 𝐦𝒙̇𝟐 −

𝟏

𝟐
𝐤𝒙𝟐  

 

{
 
 

 
 
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑥̇
) = 𝑘𝑥̈

𝜕𝐿

𝜕𝑥
= 𝑘𝑥

𝜕𝐷

𝜕𝑥̇
= 𝛼𝑥̇

               ⇒     𝒎𝒙̈ + 𝜶𝒙̇ + 𝒌𝒙 = 𝑭𝟎  𝐜𝐨𝐬𝝎𝒕  

 We then divide by m and we find :     𝒙̈ +
𝜶

𝒎
𝒙̇ +

𝒌

𝒎
𝒙 =

𝒇𝟎

𝒎
 𝐜𝐨𝐬𝝎𝒕     

Often the differential equation is written in reduced form: 

𝒙̈ + 𝟐𝜹𝒙̇̈ + 𝝎₀𝟐𝒙 =
𝒇𝟎
𝒎
 𝐜𝐨𝐬𝝎𝒕 

Tels que : {
𝛿 =

𝜶

𝒎
  [1/𝑠] 𝐅𝐚𝐜𝐭𝐞𝐮𝐫 𝐝’𝐚𝐦𝐨𝐫𝐭𝐢𝐬𝐬𝐞𝐦𝐞𝐧𝐭.

𝜀 =
𝛿

𝜔0
(Sans unité) ∶  𝐑𝐚𝐩𝐩𝐨𝐫𝐭 𝐝’𝐚𝐦𝐨𝐫𝐭𝐢𝐬𝐬𝐞𝐦𝐞𝐧𝐭.

 

 

We therefore obtain a second order linear differential équation with constant 

coefficients with second member. 

4.2 .2. Solution of the differential equation of motion 

The general solution of this differential equation is the sum of two terms 

• A solution of the equation without a second member: homogeneous solution 𝒙g(𝒕). 

• A solution of the equation with second member: particular solution 𝒙𝑷(𝒕). 

The total solution of the équation of motion Will therefore bé: 𝒙(𝒕) = 𝒙g(𝒕) + 𝒙𝑷(𝒕)                                         



a) Homogeneous solution : 

The homogeneous solution corresponds to the solution of the differential equation 

without a second member: 𝒙̈ + 𝟐𝜹𝒙̇̈ + 𝝎₀𝟐𝒙 = 0 

It appears that the solution of the homogeneous differential equation is quite simply 

the solution found for the damped harmonic oscillator in free regime in the case of 

weakly damped oscillations: 

 𝒙𝒈 = 𝑨₁ 𝐜𝐨𝐬(𝝎𝟎𝒕) +  𝐀₂𝐬𝐢𝐧(𝝎𝟎𝐭)  

The general solution of the equation without a second member corresponds to a 

transient regime (which only lasts a certain time). 

 

b) Special solution: 

When the component 𝒙g(𝒕) becomes truly negligible, all that remains is the particular 

solution, which is the solution imposed by the excitation function. We say that we are 

in a forced or permanent regime. 

The exciting force forces the mechanical system to follow a temporal evolution 

equivalent to its own. So if 𝐹𝑒𝑥𝑡 is a sinusoïdal pulsation function 𝝎; then the 

particular solution 𝒙𝑷(𝒕) will be a sinusoidal function with the same pulsation 𝝎. 

The oscillations of the mass are not necessarily in phase with the exciting force and 

present a noted phase shift 𝜑. The particular solution corresponding to the steady 

state is written as: 𝒙𝒈 = 𝑿𝐜𝐨𝐬(𝝎𝟎𝒕 + 𝝋) 

To find the constants X et φ, we drift xp and we replace in the equation. 



  

 

 

 

 

 

 



 

4.2.3 Amplification factor: 

The amplification factor is given by the ratio  
𝑨

𝜹𝒔𝒕
 

Where: 𝑨 =
𝜹𝒔𝒕

𝟏−(
𝝎

𝝎𝟎
)
𝟐   ⇔  

𝑨

𝜹𝒔𝒕
 =  

𝟏

𝟏−(
𝝎

𝝎𝟎
)
𝟐 

We distinguish three cases depending on the value of  
𝐴

𝛿𝑠𝑡
 

 
𝑨

𝜹𝒔𝒕
 > 0 ⇒ 

𝝎

𝝎𝟎
< 1 ⇒  𝑥(𝑡) 𝑎𝑛𝑑 𝑓(𝑡) 𝑎𝑟𝑒 𝑖𝑛 𝑝ℎ𝑎𝑠𝑒  

 
𝑨

𝜹𝒔𝒕
 < 0 ⇒ 

𝝎

𝝎𝟎
> 1 ⇒  𝑥(𝑡) 𝑎𝑛𝑑 𝑓(𝑡) 𝑎𝑟𝑒 𝑖𝑛 𝑝ℎ𝑎𝑠𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 

 
𝑨

𝜹𝒔𝒕
 → ∞  ⇒ 

𝝎

𝝎𝟎
= 𝟏  ⇒  𝑖𝑛 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 

4.2.4.Bandwidth: 

In the case of a sinusoidal excitation of variable pulsation 𝝎 and in the case 

where 𝜹 <
𝝎𝟎

√𝟐
 , we define the pulsation bandwidth of the oscillator by the interval 

∆𝝎 = 𝝎𝟐  − 𝝎𝟏 (𝜔2  >  𝜔1) 

such ) 2𝜔( Aand ) 1𝜔( Acorrespond to the amplitudes 2𝜔 and 1𝜔 Where the pulsations

that  𝑨(𝝎𝟏)  =   𝑨(𝝎𝟐) =
𝑨(𝝎𝒓)

√𝟐
 



 

Then the bandwidth is given by: 𝑩  =  ∆𝝎 =  𝝎𝟐 −𝝎𝟏  = 𝟐𝜹 

4.2. 5.The quality factor  

The quality factor is defined by the ratio of the specific pulsation to the bandwidth 

𝑸 =  
𝝎𝟎 

𝐁
 =  

𝝎𝟎

𝟐𝛅
 


