Analysis I Solutions of Tutorial Exercise Sheet 2

This document is supplemented for the second chapter lecture notes (Analyses 1).

Exercise 01:

Let us take n € N, then we have:

(a) For n € N we have —3,1, 2 5 T

(b) For n € N* we have 2 0,9,0, 225

(¢) For n € N* we have %7—% 4i _% %'

(d) ForneN*wehave ,0 41 141l 11l Lol 11y 1 1

Exercise 02:

(a) For values of u; = 0.22222..., us = 0.56000..., ujg = 0.64444 ..., ujo0 = 0.73827..., uigpo = 0.74881...,
10000 = 0.74988 ... and u100000 = 0.74998.... A reasonable guess is that the limit is 3/4. It’s important to note
that this limit becomes evident only for sufficiently large values of n.

(b)To verify this limit by using the definition: We need to demonstrate that for any given positive value €, there

exists a corresponding number N (dependent on ¢) such that |u, — 2| < & for all n > N. By mampulatmg the
expression, |21 — *‘ < g, we find that ‘ 0 +5)‘ < g, which leads to 4(4 +5) <E = 4(4"+5) > 1

We can simplify and derive conditions such as 4n+5 > 12 <= n> 1 (4—5 - ) Choosing N = [f (4—9 5)} +1

accordingly ensures that the limit as n approaches infinity is indeed 3/4.

Exercise 03:

(1) lim 2" =3 «— V5>03?n66N,Vn€N;n2n5:>‘3" 1—%‘<E

n——too 2n+3 2 2n+3

3n—1 _ 3 2(3n=1)—-3(2n+3) | _ |6n—2-6n-9| _ _ 11 13
We use 2n+3 ’ < g, then we have 5(@n+3) nt6) = nge) <€ = 1@ < n.
For this, it is sufficient to take n. = % - 7] + 1.

(2) lim D" ) = Ve > 0,3’n. e NVn € Nyn > n. = £ < ¢ leads to —};‘—; < n.

notoo 27

For this, it is sufficient to take n. = [—In(¢)/In(2)] + 1.

(3) 21}_1 % =2 < Ve>0,3Mn. eN,VvneN;n >n, = ‘21]{111((113@ —2’ <e.
21n(14n) _ |2mm(4n)—21n(n) In(&2)| _ 2In (%H)
So we take’ In(n) 2‘ - ‘ In(n) - In(n) - Inn

1
Then we can use: Vn € N* : L < 1 so that we have % + 1 < 2, which leads to 25+ o 21—“73 Thus,

Inn — In
2 In (141
we can choose |20+ o 4)
In(n) Inn

ne = |_€21n(2)/8-| 4 1.

3|

< ¢, which leads to n > et . For this, it is sufficient to take



(4) lim 3" = 400 <= (VA > 0,374 € N,Vn € N;n >na = 3" > A). We have 3" > A <= n > 4 For

n—+oo In3

this, take ns = [|In(A4)/In(3)|] + 1.

(5) lim =9=2 — o0 <= VB <0,3peN,VneN;n>np= =22 < B,

n—-+4oo 4n

We have %72;2 < B — 5"42%2 > —B. It is obvious that; for all n € N* we have 5n% 4+ 2 > 5n?%, which
leads to 5"427"’2 > %”. Thus, for 5’3427:'2 > —B it is sufficient to take %‘ >—-B <= n> _‘51—3. For this, take
ng = [—4B/5] + 1.

(6) lim In(In(n)) =400 < (VA > 0,34 € N,Vn € Nyn > nyg = In(In(n)) > A)

n—-+4oo

For this, take ny = [e¢" ] + 1.

Exercise 04:

(vp) increasing <= Vn > 0; vp41 > Uy <= Upt1 — Up > 0. So we have

ur tug + ...+ Upga _u1+u2+...—|—un

Un4+1 — Unp =

n+1 n
(nuy + nug + ... + nuy) + nupyr1r (nup +nus+ .o Fnuy) Fur Fug o+ uy
B n(n+1) ; n(n+1)
—U] — U2 — ... — Up + NUR41
- n(n+1)
~ (U1 —w) + (Ung1 —u2) + oo F (Ung1 — un)
B n(n+1)
Since the sequence (u,) is increasing, for all integers k, kK =1,2,...,n, ur < tupt1, and thus v,11 — v, > 0.

Therefore, the sequence (v,) is increasing.

Exercise 05:

1. Let’s assume by contradiction that (u,)nen converges to two different limits I; and o such that I; # lo. Then
we have:

(limy—y g oo Up =11) = (‘v’e >0,3In., eN,VneNn>ng, = |u, — 1] < %)
(limy—y 4 oo Up, = la) = (VE >0,3n., eNVneNn>n., = |u, —la] < %)

Now, let n., = max(n,, ne,), then for all n > n.,, we have:

ll2 = | = [(un — 1) + (l2 = un)| < [(un — 1)+ [(un — 12)] <€

This leads to |lo — 1| < e. Regardless of how small the positive number ¢, this statement holds true. So, €
must be zero , which contradicts the assumption Iy # ls. Therefore, I; = I3, which is absurd.

2. e The sequence (uy)nen is bounded < |u,| < P; Vn € N, where P > 0.
e lim wu,=0 = Ve>0,In. e N\VneN,n>n, = |u, — lo| <e.

n—+4o0o
Let us take:
[ | = |up =L+ < Jun, = I+ || <e+|ll; Vn>n

So it is sufficient to choose P = ¢ + [I|.

3. (limy—io0 ty = A) = (Va >0,3n., e N,Vn e Nyn > ng, = |u, — A < %)
(limy,— 400 Un = B) = (Ve > 0,3n., e N,Vn € N,n > n., = |u,, — B| < £)
We have: .

2:5, Vn > n.

[(un +vn) = (A+ B)| < fun — Al +vn — Bl < - +



where n. = max(ng,, ne, ).
we get:
Ve >0,In. e NNVn e Non > ne = |(up, +vn) — (A+ B)| <€

which is the definition of: ngrfoo(un +uv,) = A+ B.
We have:
|t - vp = A- Bl = |un(vn = B) + B(up = A)| < |un||vn = B+ [Bllun — A| < Plup — B+ (| B| +1)[un, — A (1)
where we use the fact that |u,| < P because the sequence (vy,)nen is convergent.
o (limyiooup = A) = (Ve > 0,3n,, e N,Vn € Nyn > ngy = |u, — A < 55)

o (I o0 vn = B) = (Vs >0,3n., € N,¥n € N,n > ne, = |un — B| < m)
So we find: Ve > 0,3n. € N,Vn € Nyn > n. = |u, - v, — A- B| < § + § = ¢, where n. = max(ne,,ne,). We
get the definition of: EIE (Up - vp) =A- B.

(a) We need to demonstrate that: Ve > 0,3n, such that Vn € N, n >n, = ‘1% - %‘ <e.

First, we have
1 1 |v,, — B]

v, B' |v,||B]
We use:

|B| = |B + vy — vp| < |B —vp| + |v] (2)

From the definition of limit, we have:

( lim vn:B> = (V6 > 0,3Ins e N,Vn e Nyn > ns = |v, — B| < 9) (3)

n—-+oo

so, we can choose: § = @. Then from (2) and (3) we find: |v,| > @, and we get |v,||B| > @
1 2 .
oalTB] < TBP» °

<~

|v, — B|  2|v, — B]
4
wa1B] < 1B )

also we have the choice to take: § = @ in the definition (3), which leads to:

1 1| |va—B|
11y _fem =Bl 5
5|~ e < ®)
Thus, the proof is concluded.
(b) We have
1 1 A
Jim =l o= i lm = A=
Exercise 06:
3n2—5n 3-2 _ 340 _ 3

(a)
(b)
(c)

nkffoo Bn2+2n—6 ngrfoo 5FZ-5 — 5+0+0 _ 5

lim (VAT T - /i) =

lim
n—-+oo n—-+o0o

_ Vntl+yn 1. 1 _
(Vn 1=V Ues s = verrs =0

142.10" _
54+3-10m

(142:10™)-10~"
(5+3-107)-10— 7

— i L0 2
nostse 5107743 T 3

lim
n—-+oo

lim
n—-+4oo



(d) We have:
—1 <cos(2n® —5) <1

So, we can write
-1 cos(2n® — 5) 1
33 +2n2+1 " 3n3+2n2+1 " 3n3+2n?2+1

Thus, we find

, 1 cos(2n3 — 5) ) 1

lim < < lm —————+——
n—too 3n3 +2n2+1 =~ 3n3 +2n2+1 ~ no+oo 3n3 +2n2 + 1

In fact, we have
1

lim ————m——— =
n—+oo 3n3 + 2n2 + 1
Then, we get
cos(2n3 — 5)

im — 7 =
n—+oo 3n3 4+ 2n2 + 1

. 2n_ _n . 2n___n 1 —2n . __-n _on
() lim Comettl— iy (e —cttbe iy loe "de ™ oo

nr+oo 2en+3 nrtoo (2em+3)e—2n nytoo 2e—"n43e—2n
(f)
Exercise 07:
1. (a) For U,=>}_, 5 we have For all k = 1,...,n the following inequalities:

n___n___n
nS4+n " ndb+k " ndb4+1

nH1<n’+Ek<n’+n —

Then, we can write

n n n
) <> >
5 = 5 5
—n +n —n + k —=n +1
which means that
n2 B n2
nh+n - " T ndb+1
As ) )
lim ——— = lim ——— =0,
n—oo N° +n n—oo No +1
we have
lim U,, = 0.
n—oo

(b) For Un = ZZI] \/ﬁ
So, we have forall k=1,...,n:

P 41<nd+k<ni4n <= Vi3+1<Vnd3+k<vVnd+n

which leads to
1 1 1

< <
Vid4+n T Vnd+k T Vnd+1

Thus, we find
1 - 1 - 1
> < <>
mvnitn oVt kT Vet +1
which gives
_n <U, < n
Vid+n ~ T Vnd+1
As
lim 1 =
n—4o00 1/n3+n n—4o00 1/’[13—"-1
Then
w U =



o S
2. Let U =), T Toos VR
For all k =1,...,n, we have
|cosk| <1
&2+ |cosk|VE <2+ VEk <2+ /n.
:>2+|cosk|\/E§2+\/ﬁ<ﬁ>2+1\/ﬁ§2+‘Colsk‘\/%.

n 1 n 1 1
:Zk}ZI 2+v/n SZICZI 2+‘Cosk‘\/%<:>n(2+\/ﬁ) SUn,VHEN

Asn — +o0, >0, ﬁ = +o00, therefore, lim,, o U, = +o00.

Exercise 8

1. By induction:
For n = 0: we have 0 < Uy < 2.
Assume 0 < U, < 2, then:

2<U, +2<4 = V2<Up1<2 = 0<Upqq < 2.

Thus,
0<U, <2,VneN.

2. Monotonicity of (Uy)nen:

— Up+2—U?

Since 0 < U, < 2,Vn € N, we have:
U, +1)(2-U,) > 0.

Hence, (U, )nen is increasing.
3. Define V,, =2—-U,,Vn € N:

(a) From part 1, U, < 2,Yn € N, so:
0<V,,Vn eN.

(b)
Vot . 2—-Upt1 . 2—U,+2

V,  2-U,  2-U,
Simplify:
Va1 2-U,) _ 1
For all n € N: . )
o<y, = 2 2<2 U,+2 —m —————— < —.
< +V2<24+V/U, + TN el

(¢) By induction:
Forn=1: V; <1.
Assume V,, < (%)n_l, then:

1 1 /1\"*! 1\"
Vol < -V, < == =(=) .
asgss(3) =(3)

1 n—1

Thus:



(d) Since:
1 n—1

1 n—1
li - =
() o

and:

it follows that:

lim V,, =0.
n—-+oo
Since U,, = 2 — V,,, we conclude:
lim U, =2.
n—+4o0o

Exercise 9:

1. By induction:
For n =0: Uy > 0.
Assume U,, > 0, then:
Upe V" >0 = Upyq >0,¥n e N.

2. Monotonicity of (Uy)nen:

Uni1— Uy =Up(e”Un —1).

Since U,, > 0,Vn € N, we have:
eV —1<0 = Uy —U, <0.

Thus, (U, )nen is decreasing.
3. Convergence of (Uy,)nen:
As (Up)nen is bounded below and decreasing, it converges to its infimum.
Let:
lim U,=101= lim U,4;.

n—+o00 n—+o00
Then:
U1 =Upe V" = 1=l = l(e'-1)=0 = 1=0.
Thus:
lim U, =0.
n—-—4o0o

4. By induction:
Forn=0: U =e Vo =%,
Assume Uy, 11 = e~ 97, and show U, 1o = e~ In+1:

Upio = U,l+1(3_[]’"'+1 = e e Un+t = g7 Snt1

Thus:
Unp1 = e %" ¥neN.
5. We have:
Spn=—InU,4+1, and ngr}rloo Upy1 = ngrfoo U, =0.
Thus:
lim S,, = +o0.
n——+oo



Exercise 10

1. By induction:
Forn=0: 0<U, <2.
Assume 0 < U,, < 2, then:

U, +4
U,>0 = >0,
- 33U, +3 —
and: U + 4
Up<2 = TU, +4< 646U, — 7% <9
3U, +3
Thus:
0<Ups1 <2.
Consequently:
0<U, <2,¥neN.
2. Monotonicity of (Up,)nen:
Uy o= U4 —3U7 +4U, +4
T80, +3 0 " 3U,+3
This simplifies to:
2+4+3U,)12—-U,
by - 23R =T

3U, +3

Since 0 < U,, < 2,Vn € N, we have:
(24+3U,)(2-U,) > 0.

Moreover, 3U,, + 3 > 0, so (U, )nen is increasing.
3. Convergence of (Up,)nen:
Since (Up,)nen is bounded and increasing, it converges to its supremum.
Let:
lim U,=101= lim Up,4;.

n—-+4o0o n—-+o0o
Then:
U —7Un+4:>l—7l+4
"t T30, + 3 T 30+3
Simplify:
32 -41—-4=0 = (2+3))(1—-2)=0.
Thus: 5
=2 l=—=.
or 3
Since U,, > 0, we have [ > 0, so:
lim U, =2.
n——+oo

4. Extremes of E = {U, | n € N}:
From above:
supF = lim U, =2.

n—-+oo
Since (Up,)nen is increasing, Uy is a lower bound for E:

Uy <U,,Vn € N.

Moreover, Uy € F, so:
min F = Uy = inf E.



Exercise 11

1.
_ __Uﬁ+3v% Uﬁ+2v% _ 1
vvﬁ+l'—'v%+i Uﬁ+1'_ 4 3 - 12 n-
Hence, (W,,)nen+ is a geometric sequence with ratio r = %:
n—1
1 11
W= (=) =,
! (12) 121
and thus:
lim W, =0.
n—r—+4oo
2. Monotonicity of (Up,)nen+:
U, +2V, 2 2
Uﬁ+1"L%f:‘Aiggggﬁ‘_LhL::7(V%‘_(LJ::‘*MCV
3 3 3
Since W, > 0,Vn € N*, it follows that:
Uﬁ+1—-Uh > 0,
hence (U, )nen+ is increasing.
3. Monotonicity of (V},)nen+:
U, + 3V, 1 1
Vir1 = Vi = —1 Vo, = 4(Vn U,) = 4Wn.
Since W,, > 0,Vn € N*, it follows that:
VQ+1——L% <0,

hence (V,)nen+ is decreasing.
4. Adjacency of (Up)nen+ and (V3,)nen+:

lim (V,, - U,)= lim W, =0.
n—-+4o0o n—-+4oo

Thus, (U, )nen= and (V,)nen+ are adjacent sequences.

Exercise 12

1. Cauchy sequence (Up,)nen:

n

sin k .
Un = Z QT, Vn S N*.
k=0
The sequence (Uy,)nen is a Cauchy sequence if and only if:

<
Ve >0,3n. € N:Vp,g € N : {“ =P
ne <

€ =

Given € > 0, p,q € N, assume p > ¢:

P sink
|Up*Uq|: = Z QT

k=q+1

p . k q . k
yosink sk

k=1 k=1

Since |sink| < 1, Vk, we have:

= U, —Uy| <e.



The sum:

11 1 1
> oF = gavi Togrz T T g
k=q+1

is the sum of p — ¢ terms of a geometric sequence with ratio % Hence:

"1 1 (15 1 L
227_2(1“ 11 ) 20" 2v-q)”

k=q+1
Thus:
L | 1
> 7<%
k=q+1
Therefore: )
|Up - Uq| < 271~
To ensure |U, — Uy| < ¢, it suffices that:
1 e 0> —Ine
2¢ =€ 17 o
Thus, take n. = hégs] + 1.
2. Non-Cauchy sequence (V;,)pen:
74 - L Vn > 2
n — P n =z
Ink

k=2

The sequence (V,,)nen is not a Cauchy sequence if:
n<p
Je>0,YneN;Ip,g e N: ANV =Vl > e
n<q

Let ¢ =n and p = 2n:

2n
1
Vo = Vol = [Von = Vil = Z nk
k=n-+1
Since Ink < k,Vk > 0, we have:
2n 1 2n 1
> nk > %
k=n+1 k=n+1
For k such that 2 < k < 2n:
11
kK~ 2n
SO:
2n 1 2n
> _
DRI D
k=n+1 k=n-+1
Finally:
2n 1 _-1
2n 2’
k=n-+1
hence:
V, =V, > =.
| P q| 2
Take € = £.



