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INTRODUCTION

This course covers those topics necessary for a clear understanding of the qualitative theory of ordinary
differential equations and the concept of a dynamical system. It is written for ferst yers master students.

It begins with a study of linear systems of ordinary differential equations, a topic already familiar to
the student who has completed a first course in differential equations. An efficient method for solving any
linear system of ordinary differential equations is presented in Chapter 1. The major part of this course
is devoted to a study of nonlinear systems of ordinary differential equations and dynamical systems.
Since most nonlinear differential equations cannot be solved, this course focuses on the qualitative or
geometrical theory of nonlinear systems of differential equations originated by Henri Poincarc in his
work on differential equations at the end of the nineteenth century as well as on the functional properties
inherent in the solution set of a system of nonlinear differential equations embodied in the more recent
concept of a dynamical system. Our primary goal is to describe the qualitative behavior of the solution
set of a given system of differential equations including the invariant sets and limiting behavior of
the dynamical system or flow defined by the system of differential equations. In order to achieve this
goal, it is first necessary to develop the local theory for nonlinear systems. This is done in Chapter 2
which includes the fundamental local existence-uniqueness theorem, the Hartman-Grobman Theorem
and the Stable Manifold Theorem. These latter two theorems establish that the qualitative behavior of
the solution set of a nonlinear system of ordinary differential equations near an equilibrium point is
typically the same as the qualitative behavior of the solution set of the corresponding linearized system

near the equilibrium point.



CHAPTER 1

CONTINUOUS DYNAMICAL SYSTEMS

1.1 Dynamical Systems

Dynamics is primarily the study of the time-evolutionary process and the corresponding system of
equations is known as dynamical system. Generally, a system of # first-order differential equations in
the space R* is called a dynamical system of dimension n which determines the time behavior of evo-
lutionary process. Evolutionary processes may possess the properties of determinacy/non-determinacy,
finite/infinite dimensionality, and differentiability. A process is called deterministic if its entire future
course and its entire past are uniquely determined by its state at the present time. Otherwise, the pro-
cess is called nondeterministic. However, the process may be semi-deterministic (determined, but not
uniquely). In classical mechanics the motion of a system whose future and past are uniquely determined
by the initial positions and the initial velocities is an example of a deterministic dynamical system. The
evolutionary process may describe, viz. (i) a continuous-time process and (ii) a discrete-time process.
The continuous-time process is represented by differential equations, whereas the discrete-time process
is by difference equations (or maps). The continuous-time dynamical systems may be described mathe-
matically as follows:

Let x = x(t) € R",t € I € R be the vector representing the dynamics of a continuous system (continuous-

time system). The mathematical representation of the system may be written as

dx

5 =r=f@y (1.1)
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where f(x, ) is a sufficiently smooth function defined on some subset U C R" X R. Schematically, this
can be shown as

]Rn X R - RVH—l

(state space) (time) (space of motions)

The variable f is usually interpreted as time and the function f(x, t) is generally nonlinear. The time
interval may be finite, semi-finite or infinite. On the other hand, the discrete system is related to a
discrete map (given only at equally spaced points of time) such that from a point xy, one can obtain a
point x; which in turn maps into x,, and so on. In other words, x,+1 = g (x,,) = (g (x4-1)), etc. This is
also written in the form x,.1 = g(x,,) = g2 (xy-1) = ---. The discrete system will be discussed in the later
course .

If the right-hand side of Eq[T-T]is explicitly time independent then the system is called autonomous.
The trajectories of such a system do not change in time. On the other hand, if the right-hand side of Eq.
[[.T)has explicit dependence on time then the system is called nonautonomous.

An n-dimensional nonautonomous system can be converted into autonomous form by introducing a
new dependent variable x,,,; such that x,.; = ¢. In general, the solution of Eq. @is difficult or sometimes
impossible to obtain when the function f(x, t) is nonlinear, except in some special cases. Examples of
autonomous and nonautonomous systems are given below.

(i) Autonomous systems

(@) ¥+ ax + Bx = 0,a,B > 0. This is a damped linear harmonic oscillator. The parameters a and f are,
respectively, the strength of damping and the strength of linear restoring force.

(b) ¥ + w?sinx = 0,w = \/g/_L.g is the gravitational acceleration, L the string length. This is a simple
undamped nonlinear oscillator (pendulum).

(c) * = ox = pry . . This is the well-known Lotka-Volterra predator-prey model, where a, 8, y, 0 are

y=—yy+oxy
all positive constants.

(d)y¥-pu (1 - xz) X+ px = 0, u > 0. This is the well-known van der Pol oscillator.

(ii) Nonautonomous systems

(@) ¥ + ax + px = fcoswt,a, f > 0. This is an example of linear oscillator with external time-dependent
force. f and w are the amplitude and frequency of driving force, respectively.

(b) & + ax + wix + x> = f sinwt. This is a Duffing nonlinear oscillator with cubic restoring force. « is the
strength of damping, wy is the natural frequency and f is the strength of the nonlinear restoring force.
(&—u (1 - xz) X+ px = fcoswt, u > 0. This is a van der Pol nonlinear forced oscillator.

(d)yi—p (1 - xz) X + wix + Bx* = f cos wx. This is a Duffing-van der Pol nonlinear forced oscillator.
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1.2 Flows

The time-evolutionary process may be described as a flow of a vector field.

Generally, flow is frequently used for discussing the dynamics as a whole rather than the evolution of a
system at a particular point. The solution x(t) of a system x = f(x) which satisfies x (t;) = xo gives the past
(t < tp) and future (t > t) evolutions of the system. Mathematically, the flow is defined by ¢ (x) : U — R"

where ¢:(x) = ¢(t, x) is a smooth vector function of x € U C IR” and ¢ € I C R satisfying the equation

L) = £ (o)

for all ¢ such that the solution through x exists and ¢(0,x) = x. The flow ¢:(x) satisfies the following
properties:

(@) ¢o = 1a,

(b) Pres = P10 Ps.

Some flows may also satisfy the property (c)

Pt +5,x) = P(t, P(s,%)) = (s, p(t, x)) = P(s + £, x).

Flows in R : Consider a one-dimensional autonomous system represented by & = f(x),x € R. We
can imagine that a fluid is flowing along the real line with local velocity f(x). This imaginary fluid is

called the phase fluid and the real line is called the phase line.

For solution of the system X = f(x) starting from an arbitrary initial position xo, we place an imaginary
particle, called a phase point, at xg and watch how it moves along with the flow in phase line in varying
time ¢t. As time goes on, the phase point (x, f) in the one-dimensional system x = f(x) with x(0) = x
moves along the x-axis according to some function ¢ (t, xp). The function ¢ (f, xo) is called the trajectory
for a given initial state xo, and the set {(j) (t,xg)|telC ]R} is the orbit of xp € IR. The set of all qualitative
trajectories of the system is called phase portrait.

Flows in R?: Consider a two-dimensional system represented by the following equations x = f(x, y), i =
g(x,v), (x,y) € R%.. Animaginary fluid particle flows in the plane IR?, known as phase plane of the system.
The succession of states given parametrically by x = x(f), y = y(t) trace out a curve through some initial
point P (x (tp), y (t)) is called a phase path.

The set {cp (t,xp) | telC IR} is the orbit of x in R?. There are an infinite number of trajectories that would
fill the phase plane when they are plotted. But the qualitative behavior can be determined by plotting a
few trajectories with different initial conditions. The phase portrait displays how the qualitative behavior
of a system is changing as x and y varies with time t. An orbit is called periodic if x(f + p) = x(¢) for some

p > 0, for all t. The smallest integer p for which the relation is satisfied is called the prime period of the
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orbit. Flows in R cannot have oscillatory or closed path.
Flowsin IR" : Let us now define an autonomous system representing # ordinary differential equations

as
%1 = f1(x1,x0,..., %)

XZ = f2 (xl/er' ”rxn)

xn = fn (xl/x2/‘ . '/xn)

which can also be written in symbolic notation as ¥ = f(x), wherex = (x1,x2,...,x,)and f = (f1, fo, ..., fu)-
The solution of this system with the initial condition x(0) = xy can be thought as a continuous curve in
the phase space IR” parameterized by time t € I C R.

So the set of all states of the evolutionary process is represented by an n-valued vector field in R"”. The
solutions of the system with different initial conditions describe a family of phase curves in the phase
space, called the phase portrait of the system. The vector field f(x) is everywhere tangent to these curves

and their orientation is directed by the direction of the tangent vector of f(x).

1.3 Evolution

Consider a system & = f(x),x € R" with initial conditions x (fyp) = xp. Let E C R" be an open set and
f € CY(E). For x € E, let ¢ (t, ) be a solution of the above system on the maximum interval of existence
I(x0) € R. The mapping ¢; : R" — IR" defined by ¢:(xo) = ¢(t, x0) is known as evolution operator of the
system.

The linear flow for the system % = Ax with x(t)) = xo, is defined by ¢; : R" —» R" and ¢ = €%,
the exponential matrix. The mappings ¢; for both linear and nonlinear systems satisfy the following
properties:

(i) o(x) = x

(i) s (p1(x)) = ers(x), Vs, t € R

(i) ¢t (¢-1()) = ¢ (¢1() =, ¥t € R

In general a dynamical system may be viewed as group of nonlinear / linear operators evolving as
{(pt(x),t €ER,x€ ]R"}. The following dynamical group properties hold good:

(i) ¢rps € {¢)t(x),t €ER,xe ]R”} (Closure property)

(ii) s (qbsqbr) = (¢:ds)P, (Associative property)

(iii) po(x) = x, Po being the Identity operator.

(iv) st = p_spy = Po, where ¢_; is the Inverse of ¢b;.

For some cases the flow satisfies the commutative property ¢:¢s = ps¢:.
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1.4 Fixed Points of a System

The notion of fixed point is important in analyzing the local behavior of a system. The fixed point is
nothing but a constant or equilibrium or invariant solution of a system. A pointis a fixed point of the flow
generated by an autonomous system x = f(x), x € R” if and only if ¢(t, x) = x for all t € R. Consequently
in continuous system, this gives ¥ = 0 = f(x) = 0. For nonautonomous systems fixed point can be
defined for a fixed time interval. A fixed point is also known as a critical point or an equilibrium point
or a stationary point. This point is also called stagnation point with respect to the flow ¢, in R". Flows
on line may have no fixed points, only one fixed point, finite number of fixed points, and infinite number
of fixed points. For example, the flow x = 5 (no fixed points), & = x (only one fixed point), ¥ = x> — 1 (two

fixed points), and x = sin x (infinite number of fixed points).

1.5 Linear Stability Analysis

A fixed point, say xo is said to be stable if for a given ¢ > 0, there exists a 6 > 0 depending upon ¢ such
that for all £ > t, ||x(f) — xo(t)|| < €, whenever ||x (fo) — xo (£)|| < 6, where || - || : R” — R denotes the norm
of a vector in R”. Otherwise, the fixed point is called unstable. In linear stability analysis the quadratic
and higher order terms in the Taylor series expansion about a fixed point x* of a system X = f(x),x € R
are neglected due to the smallness of the terms. Consider a small perturbation quantity £(t), away from
the fixed point x*, such that x(f) = x* + £(t). We see whether the perturbation grows or decays as time

goes on. So we get the perturbation equation as

E=x=f(x)=f(x+&).
Taylor series expansion of f (x* + &) gives
. &2
c=fON)+f @)+ S 1)+
According to linear stability analysis, we get
E=&f ([ f(x)=0]

Assuming f’ (x*) # 0, the perturbation &(f) grows exponentially if f” (x*) > 0 and decays exponentially
if f" (x*) < 0. Linear theory fails if f* (x*) = 0 and then higher order derivatives must be considered in the
neighborhood of fixed point for stability analysis of the system.

Example 1.1 Find the evolution operator ¢; for the one-dimensional flow % = —x2. Show that ¢»; forms a

dynamical group. Is it a commutative group?
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Solution The solutions of the given system are obtained as below:

dx , 1 1
{=—=—Xx">-=t+A=>x(t)= —
Tt x ) t+A
in any interval of R that does not contain the point x = 0, where A is a constant. If we take starting point
x(0) = xo, then A = 1/xp and so we get

x(t) = % t#—1/x.

th,

The point x = 0 is not included in this solution. But it is the fixed point of the given system, because
% =0 & x = 0. Therefore, $:(0) = 0 for all £ € R. So the evolution operator of the system is given as
¢(x) = = forall x € R.

1+xt

The evolution operator ¢; is not defined for all t € R. For example, if t = —=1/x,x # 0, then ¢ is
undefined. Thus we see that the interval in which ¢y is defined is completely dependent on x.
We shall now examine the group properties of the evolution operator ¢; below:

(i) prs € {cpt(x),t €ER,x€ ]R} ¥r,s € R (Closure property)

Now,

_ _
9r(y) = ——. Take y =

yr 1+xs
_x/l+sx x _ X
1+ 75 1+xs+xr 1+x(s+7)

= ¢eur € {Pr(1),t € R,x € R
(ii) s (ql)sqbr) = (qbtqbs) ¢, (Associative property)

y _ V4 _ X
T+yt 1+zs 1+x(r+s)

LHS. = ¢ ((¢:¢) ) = du(v) = ¥ =65 (9:)

(where y= ¢)S(Z),Z = d)r(X) - 1 :—CT’X)

X
.. LHS = m = Prers(X)

RHS. = ((¢i¢:) b))

Now, y
Pi(y) = 1+ yt'y = Psx) = 1+ sx
X
= m = Pras(x)
(Pt+s (qbr) (x) = ¢t+s(z) = ﬁ’z = (Pr(x) = 1 j—crx
X
Pras (<Pr) (x) = Trxtsssn = Qrysir(X)

10
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Hence, ¢ (psr) (x) = (pscpr) r(x), Vx € R.

(iii) Po(x) = 1355 = X, Qo is the identity operator.

Prp-1(x) = Pr(y) = ——,y = Pp4(x) =

1+ty 1-tx

X

" TThTn = ¢Po(x) ((j)_t is the inverse of <Pt)

Hence the flow evolution operator forms a dynamical group.

(v) Qrds = Psy

Now,
(01) 0 = 1) = T v = 9 = T
= ﬁ = Pras()
Gur(x) = $:(2) = T 7 = Bl = T
X = )

T 14trtsy 1+ (s+t)x
So, Prps = Ps¢p; (Commutative property).
Thus, the evolution operator ¢; forms a commutative group.
Example 1.2 Using linear stability analysis determine the stability of the critical points for the following
systems

(i) x =sinx, (i) x=

Solution (i) The given system has infinite numbers of critical points. The critical points are x;, =
nm,n =0,+1,+2,.... Whenniseven, f’ (x},) = cos (x},) = cos(nm) = (=1)" =1 > 0. So, these critical points
are unstable. When n is odd, f’ (x}) = —1 < 0, and so these critical points are stable.

(ii) The critical point of the system is at x* = 0. Now, f’ (x*) = 0 and f” (x*) =2 > 0. Hence, x" is

attracting when x < 0 and repelling when x > 0. Actually, the critical point is semi-stable in nature.

1.6 Analysis of One-Dimensional Flows

As we know qualitative approach is the combination of analysis and geometry and is a powerful tool for
analyzing solution behaviors of a system qualitatively. By drawing trajectories in phase line/plane/space,
the behaviors of phase points may be found easily. In qualitative analysis we mainly look for the following
solution behaviors:

(i) Local stabilities of fixed points for a system;

(ii) Analyzing the existence of periodic/quasi-periodic solutions, limit cycle, relaxation oscillation,
hysteresis, etc.;

(iii) Local and asymptotic solution behaviors of a system;

11
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(iv) Topological features of flows such as bifurcations, catastrophe, topological equivalence, transi-
tiveness, etc.

We shall now analyze a simple one-dimensional system as follows.

Consider a one-dimensional system represented as X(t) = sinx with the initial condition x(t = 0) =
x(0) = xp. The characteristic features of the system are (i) it is a one-dimensional system, (ii) nonlinear
system (iii) autonomous system, and (iv) its closed-form solution (analytical solution) exists. This is a
one-dimensional flow and we analyze the system on the basis of flow. The analytical solution of the

system is obtained easily

X
rri sinx = df = cosec(x)dx

Integrating, we get

t= f cosec(x)dx

= —log | cosec(x) + cot(x)| + c

where ¢ is an integrating constant. Using the initial condition x(0) = xp, we get the integrating
constant c as
¢ = log|cosec (xp) + cot (xg)] .
Thus the solution of the system is given as

cosec (xg) + cot (xg)

t=log cosec(x) + cot(x)

From this closed-form solution, the behaviors of solutions for any initial conditions are difficult to
analyse. Moreover, the asymptotic values of the system are
also difficult to obtain. The qualitative approach can give better dynamical behavior about this simple
system.

We consider t as time, x as the position of an imaginary particle moving along the flow in real line
and x as the velocity of that particle. The differential equation x = sin x represents a vector field on the
line. It gives the velocity vector x at each position x. The arrows point to the right when % > 0 and to the
left when x < 0. We shall draw the graph of sin x versus x in xx - plane which gives the flow in the x-axis
(see Fig. [L).

We may imagine that fluid is flowing steadily along the x-axis with a velocity & which varies from
place to place, according to equation X = sinx. At points X = 0, there is no flow and such points are called
equilibrium points (fixed points). According to the definition of fixed point, the equilibrium points of this

system are obtained as sinx = 0 = x = nn(n = 0,£1,+2,...). This simple looking autonomous system

12
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has infinite numbers of equilibrium points in R. We can see that there are two kinds of equilibrium
points. The equilibrium point where the flow is toward the point is called sink or attractor (neighboring
trajectories approach asymptotically to the point as ¢t — oo ). On the other hand, when the flow is away
from the point, the point is called source or repellor (neighboring trajectories move away from the point
ast — oo ). From the above figure the solid circles represent the sinks that are stable equilibrium points
and the open circles are the sources, which are unstable equilibrium points. The names are given because
the sinks and sources are common in fluid flow problems. From the geometric approach one can get
local stability behavior of the equilibrium points of the system easily and is valid for all time. We shall

now re-look the analytical solution of the system. The analytical solution can be expressed as

Source
iy

Figure 1.1: Graphical representation of flow generated by sin(x)

Let the initial condition be xy = x(0) = 7t/4. Then from the above solution we obtain

A=tan(n/8) = -1+ V2 =1/(1 + V2)

So the solution is expressed as

x(t) = 2tan”! (1 +et \/ﬁ)

We see that the solution x(t) — 7 and t — oo.
Without using analytical solution for this particular initial condition the same result can be found

by drawing the graph of x versus t. So the solution’s behavior at any initial condition can be obtained

13
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easily by geometric approach. This simple one-dimensional system also has an interesting application.
For a slow motion of a spring immersed in a highly viscous fluid such as grease or viscoelastic fluid
(the combined effects of fluid viscosity and elasticity for example, synovial fluid in the joints of human
bones), the viscous damping force is very strong compared to the inertia of motion. So one can neglect
acceleration term (that is, inertia) and the spring-mass system may be governed by the equation ax =
sin x, where @ > 0 (string constant) is a real number and the dynamics can be obtained using this approach
for different values of a (see the book Strogatz [5] for more physical examples and explanations).

We shall discuss a few worked out examples presented below.

Example 1.5 With the help of flow concept discuss the local stability of the fixed points of X = f(x) =
(x2 - 1).

Solution The fixed points of the given autonomous system are given by setting f(x) = 0. This gives
x = 1. So the fixed points of the system are 1 and -1 . For the local stability of the system about these
fixed points we plot the graph of the function f(x) and then sketch the vector field. The flow is to the
right direction, indicated by the symbol * — ’, where the velocity x > 0, that is, where (x2 - 1) > 0 and
to the left direction, indicated by the symbol * « ’, where X < 0, that is, (xz - 1) < 0. We also use solid
circles to represent stable fixed points and open circles for unstable fixed points.

In Fig[T.2] the arrows indicate the flow of the system. From the figure, we see that the fixed point
x = 1is unstable, since it acts as a source point and the fixed point x = —1 is stable, since it acts as a sink
point.

Example 1.6 Discuss the stability character of the fixed points for the system % = x(1 — x) using the

concept of flow.

Sink Source
] "

Figure 1.2: Graphical representation of f(x) = (x2 - 1)

Solution Here f(x) = x(1 — x). Then for the fixed points, we have

14
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fX)=0=2x(1-x)=0=x=0,1

Thus the fixed points are 0 and 1 . To discuss the stability of these fixed points we plot the system ( x
versus x) and then sketch the vector field. The flow is to the right direction, indicated by the symbol " —
’, when the velocity x > 0, and to the left direction, indicated by the symbol ” < ’, when % < 0. We also
use solid circle to represent stable fixed point and open circle to represent unstable fixed point.

From Fig. [L.3|we see that the fixed point x = 1 is stable whereas the fixed point x = 0 is unstable.

Example Find the fixed points and analyze the local stability of the following systems (i) & = x + x°
(i) x = x — x3 (iii) ¥ = —x — 23

Solution (i) Here f(x) = x + x°. Then for fixed points f(x) =0 = x+x>=0=>x=0,asx € R. So, 0
is the only fixed point of the system. We now see that when x > 0,% > 0 and when x < 0,% < 0. Hence
the fixed point x = 0 is unstable. The graphical representation of the flow generated by the system is
displayed in Fig[T.4

(ii) Here f(x) = x —x>. Then f(x) =0 = x —x*> = 0 = x = 0,1, —1. Therefore, the fixed points of the
system are 0,1, —1. We now see that

(a) whenx < -1, thenx > 0

(b) when -1 <x<0,x<0

(c)when0<x<1,x>0

(d) when x > 1, then x < 0.

This shows that the fixed points 1 and -1 are stable whereas the fixed point 0 is unstable (Fig. [T.5).

(0,0)

8
¥

Figure 1.3: Pictorial representation of f(x) = x(1 —x)

(iii) Here f(x) = —x —x3. Then f(x) =0 = —x— x> =0 = x = 0, as x € R. So x = 0 is the only fixed
point of the system. We now see that X > 0 when x < 0 and * < 0 when x > 0. This shows that the fixed

point x = 0 is stable. The graphical representation of the flow generated by the system is displayed in

15
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'
=

(0,0 ™

%o
Y

Unstable

Figure 1.4: Graphical representation of f(x) = (x + x3)

Fig. [1.6

Example 1.8 Determine the equilibrium points and sketch the phase diagram in the neighborhood of
the equilibrium points for the system represented as x + x sgn(x) = 0.

Solution Given system is X + x sgn(x) = 0, that is, X = —x sgn(x), where the function sgn(x) is defined

as

1, x>0
sgn(x) =4 0, x=0
-1, x<0

For equilibrium points, we have

¥x=0=>xsgnx=0=>x=0

16
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-
Unstable

Figure 1.5: raphical representation of the flow generated by (x - x3)

e

S.tahle

Figure 1.6: Graphical representation of f(x) = (—x - x3) versus x

This shows that the system has only one equilibrium point at x = 0. In flow analysis we see that the
velocity & < 0 for all x # 0. The flow is to the right direction, when x > 0, in the negative x-axis and to
the left direction, when & < 0, in the positive x-axis. This is shown in the phase diagram depicted in Fig.

which shows that the fixed point origin is semi-stable.

1.7 Conservative and Dissipative Dynamical Systems

The dichotomy of dynamical systems in conservative versus dissipative is very important. They have
some fundamental properties. Particularly, conservative systems are the integral part of Hamiltonian
mechanics. We give here only the formal definitions of conservative and dissipative systems. Consider

an autonomous system represented as

17
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x = f(x),x e R". (1.2)

.

Semi - Stable

d

o = X

Figure 1.7: Graphical representation of the flow x = —xsgnx

The conservative and dissipative systems are defined with respect to the divergence of the corre-
sponding vector field, which in turn refers to the conservation of volume or area in their state space or
phase plane, respectively as follows:

A system is said to be conservative if the divergence of its vector field is zero. On the other hand, it
is said to be dissipative if its vector field has negative divergence. The phase volume in a conservative
system is constant under the flow while for a dissipative system the phase volume occupied by the
system is gradually decreased as the time t increases and shrinks to zero as t — co. When divergence of
vector field is positive, the phase volume is gradually expanding. We shall discuss it in a later chapter.
We state a lemma below which gives the change of volume in a phase space for an autonomous system.

Sometimes, it is useful to find the evolution of volume in the phase space of a system x = f(x), x € R".
The system generates a flow ¢(t, x). We give Liouville’s theorem which describes the time evolution of
volume under the flow ¢(t, x). Before this we now give the following lemma.

Lemma Consider an autonomous vector field X = f(x), x € R” and generates a flow ¢;(x). Let Dy be
a domain in R" and ¢; (Dy) be its evolution under the flow. If V(t) is the volume of D;, then the time rate

do

of change of volume is given as | _, = ﬁ)o V- fdx.

Proof The volume V(t) can be expressed in the following form using the definition of the Jacobian of

18
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Expanding Taylor series of ¢(t, x) in the neighborhood of t = 0, we get

o(t,x) = x+ f)t + O ()

:3—f=1+%t+o(t2)

Here I is the n X n identity matrix and
I¢ of

’3’ = ‘I+ ﬂt‘ + O(tz)

)
=1 + trace (&—ﬁ) t+0 (tZ) [Using expansion of the determinant]

Now, trace (g—ﬁ) =V - f,so we have

wn:wm+f}v¢w+OW)

Do

This gives % g = fDo V- fdx.

Theorem (Liouville’s Theorem) Suppose V - f = 0 for a vector field f. Then for any region Dy € R",
the volume V(t) generated by the flow ¢(t, x) is V(t) = V(0), V(0) being the volume of Dj.

Proof Suppose the divergence of the vector field f is everywhere constant, that is, V- f = c¢. For
arbitrary time f, the evolution equation for the volume is given as V = ¢V. This gives V(t) = V(0)e“.
When the vector field is divergence free, that is, c = 0, we get the result V = 0 = V(t) = V(0) = constant.
Thus we can say that the flow generated by a time independent system is volume preserving.

Examples of conservative and dissipative systems are presented below.

(a) Consider a linear and undamped pendulum represented as X + x = 0. This is an example of a

conservative system. Setting ¥ = y, we can write it as a system of equations

xX=y
y=-x
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The system may also be written in the compact form ¥ = fx), where f(x) = (”). The divergence
of the vector field f is given by V- f = %(y) + (%(—x) = 0. According to the definition, the system is
conservative and the area occupied in the xy-phase plane is constant.

(b) The damped pendulum governed by ¥+ ax+px = 0, a, f > 0is an example of a dissipative system.

Setting * = y, we can write the system as

x=y
iy = —xy - fx

The vector field is then expressed as f(x) = (_, ;’_ﬁx). Now, V - f= %(y) + %(—ay - Bx) = —a < 0, since
a>0.

This shows that the divergence of the vector field is negative.

So the system is dissipative in nature and the area in the phase plane is decreasing as time goes
on. This is the simplest linear oscillator with linear damping. It describes a spring-mass system with a
damper in parallel. The spring force is proportional to the extension x of the spring and the damping or
frictional force is proportional to the velocity X . The two constants o and 8 are related to the stiffness
of the spring and the degrees of friction in the damper, respectively. According to the above lemma, the

change in phase area is given by
A(t) = cA(0)e™, a > 0 as t — oo, c being a constant.

Example Find the phase volume element for the systems (i) X = —x, (ii) * = ax — bxy, y = bxy — cy where
x,y 2 0and a,b, c are positive constants.
Solution (i) The flow of the system & = —x is attracted toward the point x = 0. The time rate of change

of volume element V(t) under the flow is given as

. f dx = -V(0)
r=0 D(0)
or, V() = V(0)e! — 0ast — oo.

dv
dt

Hence the phase volume element V(t) shrinks exponentially.

(ii) The given system is a Lotka-Volterra predator-prey population model. The rate of change in

dv =
E——fv.fdxdy

:—f(a—c—by+bx)dxdy

phase area A(f) is given as

This shows that a phase area periodically shrinks and expands.
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1.8 Some Definitions

In this section we give some important preliminary definitions relating to flow of a system. The defini-
tions given here are elaborately discussed in the later chapters for higher dimensional systems.

Invariant set A set D C IR" is said to be an invariant set under the flow ¢ if for any pointp € D, ¢:(p) €
Dforallt € R. The set D is said to be positively invariant if ¢,(p) € D for t > 0. Trajectories starting in an
invariant set remain in the set for all times. An interval is called trapping if it is mapped into itself and is
said to be invariant if it is mapped exactly onto itself. Moreover, if a bounded interval is trapping, then
all of its trajectories are trapped inside and must converge to a closed, invariant, and bounded limit set.
Basically these limit sets are the attractors of a system. So the periodic orbits are examples of invariant
sets. We now define two limiting topological concepts which are relevant to the orbits of dynamical
systems.

Limit points (w - and a-limit points)

The asymptotic behavior of a trajectory may be related with limit points/sets or cycles and are termed
as w - and a-limit points/sets or cycles. We now give the definitions.

A point p € IR" is called an w-(resp. a a-) limit point if there exists a sequence {t;} with t; — oo (resp.

t; — —oo ) such that ¢ (t;, x) = p as i = co. The w-limit set(cycle) is denoted by A(x) and is defined as
A) = {x € R"| 3t} with t; > coand ¢ (t;,x) - pasi — oo}
Similarly, the a-limit set (cycle), u(x), is defined as
p(x) = {x eR" | 3{t;} witht; - —ccand ¢ (t;,x) > pasi — 00}.

For example, consider a flow ¢(t,x) on R? generated by the system # = cr(1 — r),6 = 1,c being a
positive constant. For x # 0, let p be any point of the closed orbit C and take {t;};; to be the sequence of
t > 0. The trajectory through x crosses the radial line through p. So, t; = o0 asi — oo and
¢ (t;,x) = p asi — co. If x lies in the closed orbit C, then ¢ (t;, x) = p for each i. Hence every point of C
is a w-limit point of x and so A(x) = C for every x # 0. When |x| < 1, the sequence {t;};2; with t < 0 gives

{0} for x| <1

the a-limit set u(x) = .
closed orbit  for |x| =1

When |x| > 1, there is no sequence {t;}7;, with t; — co as i — oo, such that ¢ (t;, x) exists as i — o0. So,
u(x) is empty when |x| > 1. The closed orbit C is called a limit cycle of the system.
The trajectory of a system through a point x is the set y(x) = (J,cg ¢(f, x) and the corresponding

positive semi-trajectory y*(x) and negative semi-trajectory y~(x) are defined as follows:

v @) = Jott,v and @) = ot »).

>0 t<0
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Attracting set A closed invariant set D C IR" for a flow ¢, is said to be an attracting set if there exists
some neighborhood U in D such that ¥t > 0, ¢(t, U) € U and (. ¢(t, U) = D.

Absorbing set A positive invariant compact subset B C IR" is said to be an absorbing set if there exists
a bounded subset C of R" with C > B such that tc > 0 = ¢(t,C) C BVt > tc (see the book by Wiggins [7]
for details).

Trapping zone An open set U in an invariant set D C R" in an attracting set for a flow generated by
a system is called a trapping zone. Let a set A be closed and invariant. The set A is said to be stable if
and only if every neighborhood of A contains a neighborhood U of A which is trapping.

Basin of attraction The domain (called as basin of attraction) of an attracting set D is defined as
U0 ¢(t, U) where U is any open setin D ¢ R".

Consider the one-dimensional system % = —x* sin(7t/x). It has countably infinite set of fixed points at

x'=0,+1,1=1,23,.... Now,

f(x) = —x*sin(rt/x) = f'(x) = —4x° sin(r/x) + 7x* cos(t/x)

= f (x)

_T _ Tty
el = Ecos(nn) = nz( 1"

The fixed point x* = 0 is neither attracting nor repelling. The interval [-1, 1] is an attracting set of the
given system. The fixed points x* = i%, n=1,2,...are repelling while the fixed points x* = J_r(an—_l), n=

1,2,... are attracting.
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CHAPTER 2

LINEAR SYSTEMS

This chapter presents a study of linear systems of ordinary differential equations:
x = Ax 2.1)

where x € R", A is an n X n matrix and

dX]
dt
. _dx

X=— =
dt
dx,
dt
It is shown that the solution of the linear system [2.1| together with the initial condition x(0) = x¢ is

given by

x(t) = ettxg

A

where ¢ is an 7 X n matrix function defined by its Taylor series. A good portion of this chapter is

concerned with the computation of the matrix e’ in terms of the eigenvalues and eigenvectors of the
square matrix A. Throughout this cour all vectors will be written as column vectors and AT will denote

the transpose of the matrix A.

2.1 Uncoupled Linear Systems

The method of separation of variables can be used to solve the first-order linear differential equation
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The general solution is given by

x(t) = ce
where the constant ¢ = x(0), the value of the function x(t) at time ¢ = 0.
Now consider the uncoupled linear system
J'C] = —X1
Xy = 2xp
This system can be written in matrix form as (2.I). where

-1 0
0 2

A=

Note that in this case A is a diagonal matrix, A = diag[-1,2], and in general whenever A is a
diagonal matrix, the system [2.1| reduces to an uncoupled linear system. The general solution of the

above uncoupled linear system can once again be found by the method of separation of variables. It is

given by
x1(t) = cre”t (2.2)
x(t) = cpe® (2.3)
or equivalently by
et 0
x(t) = c (24)
0 e2t

where ¢ = x(0). Note that the solution curves 4 lie on the algebraic curves y = k/x* where the
constant k = c%cz. The solution 4 or defines a motion along these curves; i.e., each point ¢ € R2
moves to the point x(t) € R? given by @ after time t. This motion can be described geometrically
by drawing the solution curves @ 4 in the x1, x, plane, referred to as the phase plane, and by using
arrows to indicate the direction of the motion along these curves with increasing time ¢; cf. Figure 1. For
c1 =c = 0,x1(t) = 0 and x,(t) = 0 for all t € R and the origin is referred to as an equilibrium point in
this example. Note that solutions starting on the x;-axis approach the origin as t — oo and that solutions
starting on the x,-axis approach the origin as t — —oo.

The phase portrait of a system of differential equations such as[2.Tjwith x € R" is the set of all solution
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curves of 2.]in the phase space R". Figure 1 gives a geometrical representation of the phase portrait of
the uncoupled linear system considered above. The dynamical system defined by the linear system [2.1]
in this example is simply the mapping ¢ : R x R? — R? defined by the solution x(t, c) given by@ ie.,

X2
1

Figure 1

Geometrically, the dynamical system describes the motion of the points in phase space along the solution
curves defined by the system of differential equations.
The function

f(x) = Ax
on the right-hand side of defines a mapping f : R* — R? (linear in this case).
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This mapping (which need not be linear) defines a vector field on R i.e., to each point x € R?, the
mapping f assigns a vector f(x). If we draw each vector f(x) with its initial point at the point x € R?, we
obtain a geometrical representation of the vector field as shown in Figure 2.

Note that at each point x in the phase space R?, the solution curves [2.2] are tangent to the vectors
in the vector field Ax. This follows since at time ¢t = t;, the velocity vector vo = X (f;) is tangent to the
curve x = x(f) at the point xo = x (fp) and since x = Ax along the solution curves. Consider the following

uncoupled linear system in R® :

X1 =X
Xp =X (2.5)
X3 = —Xx3
The general solution is given by
x1(t) = i
xo(f) = cpe!
x3(t) = cze”

And the phase portrait for this system is shown in Figure 3 above. The x;, x, plane is referred to as
the unstable subspace of the system (2.5) and
the x5 axis is called the stable subspace of the system (17;5[) Precise definitions of the stable and unstable

subspaces of a linear system will be given in the next section.
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2.2 Diagonalization

The algebraic technique of diagonalizing a square matrix A can be used to reduce the linear system (2.T)
to an uncoupled linear system. We first consider the case when A has real, distinct eigenvalues. The
following theorem from linear algebra then allows us to solve the linear system (2.1).

Theorem: If the eigenvalues Aq,A3,..., A, of an n X n matrix A are real and distinct, then any set
of corresponding eigenvectors {vi,Vvs,...,v,} forms a basis for R", the matrix P = [ Vi VooV ] is
invertible and

P'AP = diag[A4,...,A,]

This theorem says that if a linear transformation T : R” — R" is represented by the n X n matrix A
with respect to the standard basis {e;, e, ...,e,} for R", then with respect to any basis of eigenvectors
{vi,v2,...,v,},T is represented by the diagonal matrix of eigenvalues, diag[A1, A5, ..., A,]. A proof of

this theorem can be found, for example, in Lowenthal [Lo]. In order to reduce the system (2.1I) to an
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uncoupled linear system using the above theorem, define the linear transformation of coordinates

y =P 'x

where P is the invertible matrix defined in the theorem. Then
x = Py,
y =P 'x=P'Ax = P'APy

and, according to the above theorem, we obtain the uncoupled linear system

y =diag[A1,..., Au]y

This uncoupled linear system has the solution

y(t) = diag [eM, o, e}\"t] y(0)
(Cf. problem 4 in Problem Set 1.) And then since y(0) = P~!'x(0) and x(t) = Py(#), it follows that
has the solution
x(t) = PE(t)P~'x(0) (2.6)

where E(t) is the diagonal matrix

E(t) = diag [e”, .. .,eM]

Corollary. Under the hypotheses of the above theorem, the solution of the linear system is given
by the function x(t) defined by (2.6).

Example 2.2.1 Consider the linear system

5C1 = —X1 — 3XQ
562 = ZXZ

which can be written in the form with the matrix

-1 -3
0 2

The eigenvalues of A are A1 = =1 and A, = 2. A pair of corresponding eigenvectors is given by

A=
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A -

The matrix P and its inverse are then given by

The student should verify that

PlAP =

-1 0
0 2
Then under the coordinate transformation y = P~'x, we obtain the uncoupled linear system

V1=-mn
V2 =2y

', y2(t) = coe®. The phase portrait for this system is given in Figure

which has the general solution y1(t) = c1e”
1 in Section 0.1 which is reproduced below. And according to the above corollary, the general solution to the

original linear system of this example is given by

e—t

x(t) =P

where ¢ = x(0), or equivalently by

x1(t) = cie™ + ¢ (e’t - eZt)

x0(t) = e @)

The phase portrait for the linear system of this example can be found by sketching the solution curves defined
by (3). It is shown in Figure 2. The phase portrait in Figure 2 can also be obtained from the phase portrait in
Figure 1 by applying the linear transformation of coordinates x = Py. Note that the subspaces spanned by the
eigenvectors vi and v, of the matrix A determine the stable and unstable subspaces of the linear system (2.1)
according to the following definition: Suppose that the n X n matrix A has k negative eigenvalues Ay, ..., Ay and
n — k positive eigenvalues Ayi1, ..., Ay and that these eigenvalues are distinct. Let {v,..., vy} be a corresponding

set of eigenvectors. Then the stable and unstable subspaces of the linear system 2.1), E° and E*, are the linear
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subspaces spanned by {vy,...,vi} and (v, ..., v, respectively; i.e.,

E® =Span{vy,..., v}

E" = Span{vi41, ..., Vu}

If the matrix A has pure imaginary eigenvalues, then there is also a center subspace E¢; cf. Problem 2(c) in

Section 0.1. The stable, unstable and center subspaces are defined for the general case in Section 0.9.

> o:—‘ o 20 N\x X
| R
\
Figure 1 Figure 2

2.3 Exponentials of Operators

In order to define the exponential of a linear operator T : R* — R”, it is necessary to define the concept
of convergence in the linear space L (R") of linear operators on R”. This is done using the operator norm

of T defined by

ITl = max|T(x)|
[x|<1

where |x| denotes the Euclidean norm of x € R*; i.e.,

X| = [+ + 23
1 n

The operator norm has all of the usual properties of a norm, namely, for S, T € L (R")

@) |IT]l = 0and |[T|| = 0iff T =0
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(b) [IKT|| = |KI[|IT| for k € R

(@ IS + Tl < [ISIf + [IT1l.

It follows from the Cauchy-Schwarz inequality that if T € L (R") is represented by the matrix A with
respect to the standard basis for R”, then ||A|| < \/nt where ¢ is the maximum length of the rows of A.

The convergence of a sequence of operators Ty € L (R") is then defined in terms of the operator norm
as follows:

Definition 1. A sequence of linear operators Ty € L(R") is said to converge to a linear operator

TeL(R") ask — o,i.e.,

lim Ty =T

k—o0

if for all € > 0 there exists an N such that fork > N, ||T — Ty|| < €.

Lemma. For S, T € L (R") and x € R,

(M TEI < [Tl

@) TSI < TS|

@) ||| < ITII* for k = 0,1,2, ...

Proof. (1) is obviously true for x = 0. For x # 0 define the unit vector y = x/|x|. Then from the

definition of the operator norm,
1
Tl = |T(y)l = mlT(X)I
(2) For |x| < 1, it follows from (1) that
TS < [ITNSK)
< ITIINISIlIx
< TSIl

Therefore,

TS|l = leil{(ITS(X)I < ISt

and (3) is an immediate consequence of (2).

Theorem. Given T € L (R") and {7 > 0, the series

- THE
~ k!
is absolutely and uniformly convergent for all [¢| < fo.

Proof. Let ||T|| = a. It then follows from the above lemma that for || < ¢y,
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It therefore follows from the Weierstrass M-Test that the series

o TEE
Kk
k=0
is absolutely and uniformly convergent for all [t < to; cf. [R], p.148.

The exponential of the linear operator T is then defined by the absolutely convergent series

It follows from properties of limits that e’ is a linear operator on R" and it follows as in the proof of
the above theorem that |[e”]| < eI,

Since our main interest in this chapter is the solution of linear systems of the form

x = Ax

we shall assume that the linear transformation T on R” is represented by the n X n matrix A with
respect to the standard basis for R" and define the exponential e.

Definition 2. Let A be an n X n matrix. Then for t € R,

ooy AL
k=0
For an n X n matrix A, e! is an 1 x n matrix which can be computed in terms of the eigenvalues and
eigenvectors of A. This will be carried out
in the remainder of this chapter. As in the proof of the above theorem ||eAt ” < et where ||A|| = ||T]| and
T is the linear transformation T(x) = Ax.

T

We next establish some basic properties of the linear transformation e’ in order to facilitate the

computation of e or of the n x n matrix e”.
Proposition 1. If P and T are linear transformations on R” and S = PTP, then ¢° = Pe’ P71
Proof. It follows from the definition of ° that
k
v, (PTP) n Tk
¢® = lim =Plim } —P'=PpeP"

n—oo k' n—o0o k'
k=0 k=0
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The next result follows directly from Proposition 1 and Definition 2.

Corollary 1. If P7'AP = diag [/\j] then e = P diag [eM] P

Proposition 2. If S and T are linear transformations on R” which commute, i.e., which satisfy ST = TS,
then e5*7T = ¢%T.

Proof. If ST = TS, then by the binomial theorem

, SITk
(S+T)" =n! Z )

j+k=n

Therefore,

. SITF o S/ TF
S+T _ _ < - _ AS.T
=) j!k!_Zj!Zk!_ee
n=0 j+k=n =0 /" k=0

We have used the fact that the product of two absolutely convergent series is an absolutely convergent

series which is given by its Cauchy product; cf. [R], p. 74.

Upon setting S = —T in Proposition 2, we obtain

Corollary 2. If T is a linear transformation on R”, the inverse of the linear transformation e’ is given by
-1
(eT) =eTl.

Corollary 3. If

then

et =e

cosb —sinb }

sinb cosbh

Proof. If A = a + ib, it follows by induction that

-

where Re and Im denote the real and imaginary parts of the complex number A respectively. Thus,

Re (Ak) —Im (/\k)
Im (1) Re(A¥)
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Note that if 2 = 0 in Corollary 3, then ¢! is simply a rotation through b radians.

Corollary 4. If

then

Proof. Write A = al + B where

And from the definition

B =I1+B+B*/21+---=1+B

since by direct computation B> = B> = --- = 0.
We can now compute the matrix e’ for any 2 X 2 matrix A. In Section 1.8 of this chapter it is shown
that there is an invertible 2 X 2 matrix P (whose columns consist of generalized eigenvectors of A ) such

that the matrix

B=DPAP

has one of the following forms
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A0 Al a -b
B= , B= or B=
0 u 0 A b a
It then follows from the above corollaries and Definition 2 that

e 1 ¢t cosbt —sinbt
OBt — Bt oM or =t
0 e 0 1 sinbt  cos bt

respectively. And by Proposition 1, the matrix e is then given by

et = pebip!

As we shall see in Section 1.4, finding the matrix e’ is equivalent to solving the linear system (1) in

Section 1.1.

2.4 The Fundamental Theorem for Linear Systems

Let A be an n X n matrix. In this section we establish the fundamental fact that for xy € R” the initial

value problem

x = Ax

x(0) = xq. 1)
has a unique solution for all t € R” which is given by
x(t) = exp(At)Xo. (2)

Notice the similarity in the form of the solution (2) and the solution x(t) = exp(At)X, of the elementary
first-order differential equation x’ = ax and initial condition x(0) = x

In order to prove this theorem, we first compute the derivative of the exponential function ¢! using the
basic fact from analysis that two convergent limit processes can be interchanged if one of them converges
uniformly.

Lemma. Let A be a square matrix, then

4 At gt
dt
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Proof. Since A commutes with itself, it follows from Proposition 2 and Definition 2 in Section 3 that

d . et _ gl
EEA - },1—>0 h
(" -1)
= lim e
h—0 h
2 K k-1
A im lim A+ A AT
h—0 k—o0 21 k!
= Ae™.

The last equality follows since by the theorem in Section 1.3 the series defining e converges uniformly

for || < 1 and we can therefore interchange the two limits.

Theorem( The Fundamental Theorem for Linear Systems).

Let A be an n X n matrix. Then for a given xg € R”, the initial value problem

x = Ax
x(0) = xo )
has a unique solution given by
x(t) = exq. 2)

Proof. By the preceding lemma, if x(t) = e”'xo, then
’ d t t
X'(t) = EeA xp = Aet'xy = Ax(t)

for all t € R. Also, x(0) = Ixg = xo. Thus x(t) = e'x is a solution. To see that this is the only solution, let

x(t) be any solution of the initial value problem (1) and set

y(t) = e Ax(t).

Then from the above lemma and the fact that x(¢) is a solution of (1)

y'(t) = —AeYx(t) + e~ X/ (1)
= —Ae™Mx(t) + e M Ax(t)

=0
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for all t € R since e and A commute. Thus, y(t) is a constant. Setting t = 0 shows that y(t) = xp and
therefore any solution of the initial value problem (1) is given by x(t) = e!'y(t) = e?'xo. This completes
the proof of the theorem.

Example 2.4.1 Solve the initial value problem

x = Ax

A=

-2 -1
1 -2

and sketch the solution curve in the phase plane R?. By the above theorem and Corollary 3 of the last section, the

x(t):eAfxoze‘Zf[ cost —sint ” 1 }:e‘%[ cost }

sint cost 0 sint

solution is given by

It follows that |x(t)| = e~ and that the angle O(t) = tan™! xp(t)/x1(t) = t. The solution curve therefore spirals

into the origin as shown in Figure 1 below.

4

Figure 1

38



Linear Systems

2.5 Linear Systems in R?

In this section we discuss the various phase portraits that are possible for the linear system

x = Ax 1
when x € R? and A is a 2 X 2 matrix. We begin by describing the phase portraits for the linear system

x = Bx 2)

where the matrix B = P"LAP has one of the forms given at the end of Section 1.3. The phase portrait for
the linear system (1) above is then obtained from the phase portrait for (2) under the linear transformation

of coordinates x = Py as in Figures 1 and 2 in Section 1.2. First of all, if

A0 a -b
B = , B= , or B= ,
0 u b a

it follows from the fundamental theorem in Section 1.4 and the form of the matrix e® computed in Section

Al
0 A

1.3 that the solution of the initial value problem (2) with x(0) = x is given by

eM o0 w1t
X(t) = Xo, X(t) =e Xo,
0 et 01

or

.| cos bt —sinbt
x(f) = €* X0
sin bt cos bt

respectively. We now list the various phase portraits that result from these solutions, grouped according
to their topological type with a finer classification of sources and sinks into various types of unstable

and stable nodes and foci:

Casel. B = with A <0< p.

0 u
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Figure 1. A saddle at the origin.

The phase portrait for the linear system (2) in this case is given in Figure 1. See the first example in
Section 1.1. The system (2) is said to have a saddle at the origin in this case. If u < 0 < A, the arrows
in Figure 1 are reversed. Whenever A has two real eigenvalues of opposite sign, A < 0 < p, the phase
portrait for the linear system (1) is linearly equivalent to the phase portrait shown in Figure 1; i.e., it is
obtained from Figure 1 by a linear transformation of coordinates; and the stable and unstable subspaces
of (1) are determined by the eigenvectors of A as in the Example in Section 1.2. The four non-zero
trajectories or solution curves that approach the equilibrium point at the origin as t — oo are called

separatrices of the system.

CaseII. B = withA <pu<OorB=

with A < 0. The phase portraits for the linear
0 u 0 A

system (2) in these cases are given in Figure 2. Cf. the phase portraits in Problems 1(a), (b) and (c) of
Problem Set 1 respectively. The origin is referred to as a stable node in each of these

cases. It is called a proper node in the first case with A = y and an improper node in the other two cases.
IfA>p>0o0rif A > 0in Case II, the arrows in Figure 2 are reversed and the origin is referred to as
an unstable node. Whenever A has two negative eigenvalues A < p < 0, the phase portrait of the linear
system (1) is linearly equivalent to one of the phase portraits shown in Figure 2. The stability of the node
is determined by the sign of the eigenvalues: stable if A < u < 0 and unstable if A > u > 0. Note that

each trajectory in Figure 2 approaches the equilibrium point at the origin along a well-defined tangent
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line 0 = 0y, determined by an eigenvector of A, as t — oo.

X2 X2 X2

N

D
X — - X, To Xy
s
S~
A<p A<0O

Figure 2. A stable node at the origin.
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a
CaseIII.B=[ witha<0.b>0b<0
b

X2 X2

I
A':\ X, 0 X,

@"7

b>0

b<O

Figure 3. A stable focus at the origin.

The phase portrait for the linear system (2) in this case is given in Figure 3. Cf. Problem 9. The
origin is referred to as a stable focus in these cases. If a > 0, the trajectories spiral away from the origin
with increasing t and the origin is called an unstable focus. Whenever A has a pair of complex conjugate
eigenvalues with nonzero real part, a + ib, with a < 0, the phase portraits for the system (1) is linearly
equivalent to one of the phase portraits shown in Figure 3. Note that the trajectories in Figure 3 do not
approach the origin along well-defined tangent lines; i.e., the angle 0(t) that the vector x(f) makes with
the x;-axis does not approach a constant 6y as t — oo, but rather |0(f)] — oo as t — oo and [x(t)] — 0 as

t — oo in this case.

Case IV. B = The phase portrait for the linear system (2) in this case is given in Figure 4.
b 0

Cf. Problem 1(d) in Problem Set 1. The system (2) is said to have a center at the origin in this case.
Whenever A has a pair of pure imaginary complex conjugate eigenvalues, +ib, the phase portrait of the
linear system (1) is linearly equivalent to one of the phase portraits shown in Figure 4. Note that the
trajectories or solution curves in Figure 4 lie on circles |x(f)| = constant. In general, the trajectories of the
system (1) will lie on ellipses and the solution x(t) of (1) will satisfy m < |x(f)] < M for all t € R; cf. the

following Example. The angle 6(t) also satisfies |6(t)| — oo as t — oo in this case.
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>
[ 4]
>
n

f\\ " ANY
J

2

b>0 b<O

NI

Figure 4. A center at the origin.

If one (or both) of the eigenvalues of A is zero, i.e., if detA = 0, the origin is called a degenerate
equilibrium point of (1). The various portraits for the linear system (1) are determined in Problem 4 in

this case.

Example 2.5.1 (A linear system with a center at the origin).
The linear system

x = Ax

0 -4
1 0
has a center at the origin since the matrix A has eigenvalues A = +2i. According to the theorem in Section 1.6, the

2 0
Pz[ ] with P! =

01
0 -2
2 0

The student should verify the calculation. The solution to the linear system x = Ax, as determined by Sections

with

A=

invertible matrix

1/2 0
0 1

reduces A to the matrix

B=PlAP =

1.3 and 1.4, is then given by

x(t)=P

cos2t —sin?2t ] 1 [ cos 2t —2sin 2t ]
P c= C

sin 2t cos 2t 1/2sin2t  cos?2t

where ¢ = x(0), or equivalently by

x1(t) = ¢1 cos 2t — 2¢; sin 2t

xo(t) = 1/2¢q sin 2t + ¢ cos 2t.
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It is then easily shown that the solutions satisfy
xf(t) + 4x§(t) = c% + 4c§

forall t € R; i.e., the trajectories of this system lie on ellipses as shown in Figure 5.

>
M

()
\

Figure 5. A center at the origin.

Definition 1. The linear system (1) is said to have a saddle, a node, a focus or a center at the origin if the
matrix A is similar to one of the matrices B in Cases I, II, Il or IV respectively, i.e., if its phase portrait

is linearly equivalent to one of the phase portraits in Figures 1, 2, 3 or 4 respectively.

Remark If the matrix A is similar to the matrix B, i.e., if there is a nonsingular matrix P such that
P'AP = B, then the system (1) is transformed into the system (2) by the linear transformation of
coordinates x = Py. If B has the form IIL, then the phase portrait for the system (2) consists of either a
counterclockwise motion (if b > 0) or a clockwise motion (if b < 0) on either circles (if 2 = 0) or spirals
(if a # 0). Furthermore, the direction of rotation of trajectories in the phase portraits for the systems (1)
and (2) will be the same if det P > 0 (i.e., if P is orientation preserving) and it will be opposite if det P < 0
(i.e., if P is orientation reversing).

For det A # 0 there is an easy method for determining if the linear system has a saddle, node, focus or
center at the origin. This is given in the next theorem. Note that if det A # 0 then Ax = 0if x = 0; i.e., the
origin is the only equilibrium point of the linear system (1) when det A # 0. If the origin is a focus or a
center, the sign ¢ of X, for x, = 0 (and for small x; > 0 ) can be used to determine whether the motion is
counterclockwise (if ¢ > 0) or clockwise (if 0 < 0).

Theorem. Let 6 = det A and 7 = trace A and consider the linear system
x = Ax. @)

(a) If 6 < 0 then (1) has a saddle at the origin.
(b) If 6 > 0 and 7> — 46 > 0 then (1) has a node at the origin; it is stable if 7 < 0 and unstable if 7 > 0.
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() If 6 > 0,72 — 456 < 0, and 7 # 0 then (1) has a focus at the origin; it is stable if 7 < 0 and unstable if
7> 0.

(d) If 6 > 0 and 7 = 0 then (1) has a center at the origin.

Note that in case (b), 72 > 46| > 0;i.e., T # 0.

Proof The eigenvalues of the matrix A are given by

T+ V12 — 46

A= >

Thus (a) if 6 < 0 there are two real eigenvalues of opposite sign.
(b) If 6 > 0 and 7> — 46 > 0 then there are two real eigenvalues of the same sign as t;
(c)if 6 > 0,72 — 46 < 0 and 7 # 0 then there are two complex conjugate eigenvalues A = 2 +ib and, as will
be shown in Section 1.6, A is similar to the matrix B in Case III above with a = 7/2; and
(d) if 6 > 0 and 7 = 0 then there are two pure imaginary complex conjugate eigenvalues. Thus, cases a,
b, c and d correspond to the Cases I, II, III and IV discussed above and we have a saddle, node, focus or
center respectively.
Definition 2. A stable node or focus of (1) is called a sink of the linear system and an unstable node or
focus of (1) is called a source of the linear system.

The above results can be summarized in a "bifurcation diagram,"” shown in Figure 6, which separates
the (7, 6)-plane into three components in which the solutions of the linear system (1) have the same
"qualitative structure". In describing the topological behavior or qualitative structure of the solution set
of a linear system, we do not distinguish between nodes and foci, but only if they are stable or unstable.
There are eight different topological types of behavior that are possible for a linear system according to
whether 6 # 0 and it has a source, a sink, a center or a saddle or whether 6 = 0 and it has one of the four

types of behavior determined in Problem 4.
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Sink Source

e
[- 1]
=
=
a
o

Degenerate critical point

0
Saddle

Figure 6. A bifurcation diagram for the linear system (1).

2.6 Complex Eigenvalues

If the 21 X 2n real matrix A has complex eigenvalues, then they occur in complex conjugate pairs and if
A has 2n distinct complex eigenvalues, the following theorem from linear algebra proved in Hirsch and
Smale [H/S] allows us to solve the linear system (2.1).

Theorem. If the 2n x 2n real matrix A has 21 distinct complex eigenualues A; = a; + ibj and A; = a; — ib;
and corresponding complex eigenvectors

wj=uj+ivjand @; = u; —ivj, j=1,...,n, then{uy,vy,...,u,, v,} is a basis for R?", the matrix

P= Vi u; Vv upy --- Vp lln]

11]' —bj
b oa |

a real 2n X 2n matrix with 2 x 2 blocks along the diagonal.

is invertible and

P'AP = ding

Remark. Note that if instead of the matrix P we use the invertible matrix

Q=[u1 Vi uw Vv - Uy Vn]
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then

Q'AQ = diag

aj bj
b |

The next corollary then follows from the above theorem and the fundamental theorem in Section 1.4.

Corollary. Under the hypotheses of the above theorem, the solution of the instial value problem

x(0) = xo )

is given by

x(t) = P diage""
sinbjt cos bt

cosbit —sinb;t
/ / ]P_le.

Note that the matrix

sin bt cos bt

[ cosbt —sinbt ]

represents a rotation through bt radians.

Example 2.6.1 Solve the initial value problem (1) for

1 -1 0 O

1 10 O
A=

0 0 3 -2

0 01 1

The matrix A has the complex eigenvalues Ay = 1+iand Ay =2 +i(aswellas Ay =1 —iand Ay =2 —1i).

A corresponding pair of complex eigenvectors is

i 0
. 1 . 0
Wy = Uy + vy = and Wy = Up + 10y =
0 1+1i
0 1
The matrix
1 0 0 O
01 00
P 2[ Vi u; V2 u ]2
0 011
0 0 01
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is invertible,

1 0 0 O
i |01 0 0
0 0 1 -1
0 0 O 1
and
1 -1 0 O
B 1 10 0
PAP =
0 0 2 -1
O 01 2
The solution to the initial value problem (1) is given by
efcost —e'sint 0 0
elsint e'cost 0 0 )
x(f) = P Plxg
0 0 e cost —e*sint
0 0 e*sint  e* cost
et cost —elsint 0 0
elsint efcost 0 0
= Xo
0 0 e*(cost + sin t) —2¢? sint
0 0 e sint é*(cost — sin )

In case A has both real and complex eigenvalues and they are distinct, we have the following result: If A
has distinct real eigenvalues A and corresponding eigenvectors vj,j = 1,...,k and distinct complex eigenvalues
Aj=aj+ibjand Aj = aj — ibj and corresponding eigenvectors wj = uj + ivj and @; = uj — ivj,j =k +1,...,n,
then the matrix

P=|wvi -+ Vi Vigr W -0 Vy un]

is invertible and

P'AP = diag[Ay,..., Ak, Best, - - -, Byl

where the 2 X 2 blocks
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forj=k+1,...,n Weillustrate this result with an example.

Example 2.6.2 The matrix

-3 0 0
A= 0 3 -2
01 1

has eigenvalues Ay = =3, Ay =2 +1i (and Ay = 2 — i ). The corresponding eigenvectors

1 0
vi=| 0 and Wo=1upr+ivo=| 1+1
0 1
Thus
1 00 10 0
P=l0o 11| P'=|l0 1 -1
0 0 1 0 0 1
and
-3 0 O
P'AP=| 0 2 -1
01 2
The solution of the initial value problem (1) is given by
et 0 0
x(t)=P| 0 e*cost —e*sint |P'xg
0 e*sint e*cost
et 0 0
=| 0 ¢*(cost+sint) —2¢* sint Xo
0 e sint e*(cost — sint)

The stable subspace E° is the xi-axis and the unstable subspace E* is the x,,x3 plane. The phase portrait is

given in Figure 1.
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X2

Figure 1

2.7 Multiple Eigenvalues

The fundamental theorem for linear systems in Section 1.4 tells us that the solution of the linear system

together with the initial condition x(0) = xy is given by
x(t) = ettxg

We have seen how to find the n X n matrix e’/ when A has distinct eigenvalues. We now complete
the picture by showing how to find e, i.e., how to solve the linear system (1), when A has multiple
eigenvalues.

Definition 1 Let A be an eigenvalue of the n X n matrix A of multiplicity m < n. Thenfork=1,...,m,

any nonzero solution v of

(A-ADfv =0

is called a generalized eigenvector of A.
Definition 2 An 1 x n matrix N is said to be nilpotent of order k if N*! # 0 and N* = 0.

The following theorem is proved, for example, in Appendix III of Hirsch and Smale [H/S].

Theorem 1. Let A be a real n X n matrix with real eigenvalues A4, ..., A, repeated according to their
multiplicity. Then there exists a basis of generalized eigenvectors for R”. And if {vy, ..., v,} is any basis

of generalized eigenvectors for R”, the matrix P = [v; - - - v, ] is invertible,

A=S+N
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where

PSP = diag [)\j]

the matrix N = A — S is nilpotent of order k <, and S and N commute, i.e., SN = NS.
This theorem together with the propositions in Section 1.3 and the fundamental theorem in Section

1.4 then lead to the following result.
Corollary 1. Under the hypotheses of the above theorem, the linear system (2.1), together with the
initial condition x(0) = xo, has the solution

Nk—l tk_l

x(t) = P diag [¢"] P! [1 +Nt+--+ |

If A is an eigenvalue of multiplicity # of an n X n matrix A, then the above results are particularly easy

to apply since in this case

S = diag[A]

with respect to the usual basis for R” and

N=A-S

The solution to the initial value problem (1) together with x(0) = xg is therefore given by
x(t) = eM [+Nt+- 4+ —— 1%

Let us consider two examples where the 12 X7 matrix A has an eigenvalue of multiplicity n. In these ex-

amples, we do not need to compute a basis of generalized eigenvectors to solve the initial value problem!

Theorem 2. Let A be a real 2n X 21 matrix with complex eigenvalues A; = aj+ibjand Aj = a;—ibj, j =
1,...,n. Then there exists generalized complex eigenvectors w; = u; +iviand w; = u; —iv;,i=1,...,n
such that {uj, vy, ..., u,, v,} is a basis for R?*. For any such basis, the matrix P = [ vi u; -V, Uy ]

is invertible,

A=S+N

a]‘ _bj
bj 4

where

PSP = diag
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the matrix N = A — S is nilpotent of order k < 2n, and S and N commute.

The next corollary follows from the fundamental theorem in Section 1.4 and the results in Section 1.3:

Corollary 2. Under the hypotheses of the above theorem, the solution of the initial value problem
([2-3), together with x(0) = xq, is given by

x(t) = P diag " cosbjt —sinb;t p-1
sinbjt  cosbjt

2.8 Stability Theory

In this section we define the stable, unstable and center subspace, E°, E* and E° respectively, of a linear
system 2.1). Recall that E° and E* were defined in Section 1.2 in the case when A had distinct eigenvalues.
We also establish some important properties of these subspaces in this section. Let w; = u; + iv;; be a
generalized eigenvector of the (real) matrix A corresponding to an eigenvalue A; = a; + ib;. Note that if
bj = 0thenv; = 0. And let

B = {u1, e /uk/ uk+1,Vk+1, e /umr Vm}

be a basis of R" (with n = 2m — k) as established by Theorems 1 and 2 and the Remark in Section 1.7.

Definition 1. Let A; = a; + ib;, w; = u; + iv; and B be as described above. Then

E" = Span {uj,vj laj < 0}

E® = Span {u]-,vj laj = O}

and

E" = Span {uj,vj laj> O};

ie., E°, E° and E* are the subspaces of R" spanned by the real and imaginary parts of the generalized

eigenvectors w; corresponding to eigenvalues A; with negative, zero and positive real parts respectively.

Definition 2. If all eigenvalues of the n X1 matrix A have nonzero real part, then the flow AR — RM

is called a hyperbolic flow and is called a hyperbolic linear system.

Definition 3. A subspace E C R" is said to be invariant with respect to the flow e’ : R" — R" if
eME Cc Eforallt € R.

We next show that the stable, unstable and center subspaces, E°, E* and E° of are invariant under
the flow ¢! of the linear system ; i.e., any solution starting in E¥, E" or E° at time t = 0 remains in
E",E* or E° respectively for all t € R.
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Lemma. Let E be the generalized eigenspace of A corresponding to an eigenvalue A. Then AE C E.

Proof. Let {vy, ..., vi} be a basis of generalized eigenvectors for E. Then givenv € E,

and by linearity

Now since each v satisfies

for some minimal k;, we have

(A - /\I)V] = V]‘

where V; € Ker(A - ADK~1 c E. Thus, it follows by induction that Avj=Av;+V; € Eandsince E is a

subspace of R, it follows that

Zk‘ C]'A‘Uj €E

=1
i.e., Av € E and therefore AE C E.

Theorem 1. Let A be a real n X n matrix. Then
R'=E°@®E"®E"

where E°, E* and E€ are the stable, unstable and center subspaces of @ respectively; furthermore, E?, E*
and E° are invariant with respect to the flow e*! of (2.1) respectively.
Proof. Since B = {uy, ..., U, Uk+1, Vis1, - - -, Um, Vi) described at the beginning of this section is a basis

for R”, it follows from the definition of E?, E* and E¢ that
RI=E®E'®E

If xo € E° then

where V; = v; or u; and {V]-}r,h1 C B is a basis for the stable subspace E° as described in Definition 1 .

53



Linear Systems

Then by the linearity of e?, it follows that

14
eAtxo = ZC]'EAtV]‘

=1
But

ARt
MV, =I}i_)r£10[I+At+-~+ T]Vj €E
sincefor j = 1,...,n; by the above lemma A"Vj € E* and since E° is complete. Thus, forallt € R, eAtxy € Es
and therefore eAE’ C ES; i.e., E® is invariant under the flow e4!. It can similarly be shown that E“ and E¢
are invariant under the flow e’.

We next generalize the definition of sinks and sources of two-dimensional systems given in Section 1.5.
Definition 4. If all of the eigenvalues of A have negative (positive) real parts, the origin is called a sink
(source) for the linear system (2.1).

Theorem 2. The following statements are equivalent:

(a) For all xg € R", lim;_,o, e4'xg = 0 and for xo # 0, lim;_,_e |eA’x0| = oo.

(b) All eigenvalues of A have negative real part.

(c) There are positive constants 4, c, m and M such that for all xo € R"
|€AtX0‘ < ME_Ct |X0|

fort>0and

|eAtxo| > me™ |xo|

for t < 0.

Proof (a = b): If one of the eigenvalues A = a + ib has positive real part, a > 0, then by the theorem and
corollary in Section 1.8, there exists an xp € R”, xg # 0, such that |eAtxo| > e |xg|. Therefore (eAtxo| — o0 as
t > i.e.,

tlim eAxo # 0.

And if one of the eigenvalues of A has zero real part, say A = ib, then by the corollary in Section 1.8,
there exists xg € R",xg # 0 such that at least one component of the solution is of the form ct cos bt or
ct* sin bt with k > 0. And once again

thm eAtxo #0.

Thus, if not all of the eigenvalues of A have negative real part, there exists xy € R" such that eAlxg -+ 0
ast — oo;ie,a =b. (b = ¢): If all of the eigenvalues of A have negative real part, then it follows
from the Jordan canonical form theorem and its corollary in Section 1.8 that there exist positive constants

a,c,m and M such that for all xg € R" |eAtxo| < Me™%|xg| for t > 0 and |eAtx0| > me™ |xo| for t < 0. (c = a):
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If this last pair of inequalities is satisfied for all xo € R", it follows by taking the limit as t — +oco on each

side of the above inequalities that

lim |eAtx0| =0and that lim |eA’x0) = o0

t—oo t——00

for xp # 0. This completes the proof of Theorem 2.
The next theorem is proved in exactly the same manner as Theorem 2 above using the theorem and its

corollary in Section 1.8.

Theorem 3. The following statements are equivalent:
(a) For all xg € R" - lim;_, _o, e*x¢ = 0 and for xq # 0, lim;_,« |eAtx0) = oo.
(b) All eigenvalues of A have positive real part.

(c) There are positive constants 4, c, m and M such that for all xo € R”
|6Atx0| < Me |xo|

fort <0and

)e“”xo| > me™ |xg|

fort > 0.

Corollary. If xy € E*, then etxy € E* for all t € R and

lim ¢?x, = 0.

t—oo

And if Xy € E¥, then e?'xy € E" for all t € R and

lim eAtxo =0.

t——o0

Thus, we see that all solutions of (1) which start in the stable manifold E° of (1) remain in E* for all ¢
and approach the origin exponentially fast as t — oco; and all solutions of (1) which start in the unstable

manifold E* of (1) remain in E* for all ¢ and approach the origin exponentially fast as t — —oo.

2.9 Nonhomogeneous Linear Systems

In this section we solve the nonhomogeneous linear system
x = Ax + b(t) (2.7)

where A is an n X n matrix and b(f) is a continuous vector valued function.
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Definition. A fundamental matrix solution of (2.1) is any nonsingular n X n matrix function ®(t) that
seatisfies

D'(t) = AD(¢) for all t € R.

Note that according to the lemma in Section 1.4, ®(t) = ¢! is a fundamental matrix solution which
satisfies @(0) = I, the n X n identity matrix. Furthermore, any fundamental matrix solution ®(t) of @
is given by @(t) = e#C for some nonsingular matrix C. Once we have found a fundamental matrix
solution of (2.7), it is easy to solve the nonhomogeneous system (2.1). The result is given in the following
theorem.

Theorem 1. If O(t) is any fundamental matrix solution of (2.7), then the solution of the nonhomogeneous

linear system and the initial condition x(0) = xo is unique and is given by
t
x(t) = DD (0)x + f (P~ (1)b(T)d. (2.8)
0

Proof. For the function x(¢) defined above,

X' (t) =@’ (H D (0)xo + P(HD L (£)b(F)

+ fo t @' (H) D (1)b(1)dT

And since ®(t) is a fundamental matrix solution of (2.1)), it follows that

t
X (f) = A [cp(t)cp—l(O)xO + f D)D" (1)b(r)dt| + b(t)
0
= Ax(t) + b()

for all t € R. And this completes the proof of the theorem.

Remark 1. If the matrix A in (2.7) is time dependent, A = A(t), then exactly the same proof shows that
the solution of the nonhomogenous linear system (2.7) and the initial condition x(0) = xo is given by (2.5)
provided that @(f) is a fundamental matrix solution of with a variable coefficient matrix A = A(t).
For the most part, we do not consider solutions of with A = A(t) in this book. The reader should
consult [C/L], [H] or [W] for a discussion of this topic which requires series methods and the theory of

special functions.

Remark 2. With ®(t) = e, the solution of the nonhomogeneous linear system @), as given in the

above theorem, has the form

t
x(t) = eMxg + e f e~ A"b(7)dr.
0
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CHAPTER 3

NONLINEAR SYSTEMS: LOCAL
THEORY

In Chapter 1 we saw that any linear system (2.1) has a unique solution through each point x; in the phase
space R”; the solution is given by x(t) = e/'x and it is defined for all t € R. In this chapter we begin our

study of nonlinear systems of differential equations
x = f(x) @)

where f : E — R" and E is an open subset of R*. We show that under certain conditions on the function f,
the nonlinear system (2) has a unique solution through each point xo € E defined on a maximal interval
of existence (a, f) C R. In general, it is not possible to solve the nonlinear system (2); however, a great
deal of qualitative information about the local behavior of the solution is determined in this chapter. In
particular, we establish the Hartman-Grobman Theorem and the Stable Manifold Theorem which show
that topologically the local behavior of the nonlinear system (2) near an equilibrium point xg where
f (x0) = 0 is typically determined by the behavior of the linear system near the origin when the
matrix A = Df (xp), the derivative of f at xo. We also discuss some of the ramifications of these theorems
for two-dimensional systems when det Df (xg) # 0 and cite some of the local results of Andronov et al.

[A-I] for planar systems (2) with det Df (xo) = 0.
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3.1 Some Preliminary Concepts and Definitions

Before beginning our discussion of the fundamental theory of nonlinear systems of differential equations,
we present some preliminary concepts and definitions. First of all, in this book we shall only consider

autonomous systems of ordinary differential equations (2) as opposed to nonautonomous systems
x = f(x, 1) (3)

where the function f can depend on the independent variable f; however, any nonautonomous system
(3) with x € R" can be written as an autonomous system (2) with x € R™! simply by letting x,,41 = t
and %,4+1 = 1. The fundamental theory for (2) and (3) does not differ significantly although it is possible
to obtain the existence and uniqueness of solutions of (3) under slightly weaker hypotheses on f as a
function of £; cf. for example Coddington and Levinson [C/L].

Notice that the existence of the solution of the elementary differential equation (2) is given by

t
x(t) = x(0) + fo f(s)ds

if f(t)is integrable. And in general, the differential equations (2) or (3) will have a solution if the function
f is continuous; cf. [C/L], p. 6. However, continuity of the function f in (2) is not sufficient to guarantee

uniqueness of the solution as the next example shows.

Example 1. The initial value problem

x = 3x%/°
x(0)=0

has two different solutions through the point (0, 0), namely
u(t) = £

and

o) =0

for all t € R. Clearly, each of these functions satisfies the differential equation for all ¢t € R as well as
the initial condition x(0) = 0. (The first solution u(t) = #* can be obtained by the method of separation
of variables). Notice that the function f(x) = 3x?/® is continuous at x = 0 but that it is not differentiable
there.

Another feature of nonlinear systems that differs from linear systems is that even when the function
fin (2) is defined and continuous for all x € R", the solution x(f) may become unbounded at some finite

time t = §; i.e., the solution may only exist on some proper subinterval («, ) C R. This is illustrated by
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the next example.

Example 2. Consider the initial value problem

%= x?

x(0) = 1.
The solution, which can be found by the method of separation of variables, is given by
1
X(t) = m
This solution is only defined for ¢ € (—o0,1) and

tlg{} x(t) = oo.

The interval (—oo,1) is called the maximal interval of existence of the solution of this initial value

problem. Notice that the function x(f) = (1— #)~! has another branch defined on the interval (1, co);

however, this branch is not considered as part of the solution of the initial value problem since the initial

time t =0 ¢ (1, 0).

Before stating and proving the fundamental existence-uniqueness theorem for the nonlinear system

(1), it is first necessary to define some terminology and notation concerning the derivative Df of a func-

tion f: R" - R".

Definition 1. The function f : R” — R" is differentiable at xy € R" if there is a linear transformation

Df (xg) € L (R™) that satisfies

i If (xo + h) — f(x0) — Df (xo) h|
m
Ih|-0 [h|

=0

The linear transformation Df (x) is called the derivative of f at xg.

of
Theorem 1. If f : R” — R" is differentiable at xo, then the partial derivatives a—f,i, ji=1,
i

exist at xg and for all x € R”,

= Of
Df (xg)x = =— (x0) x;.
]'=Z1 8x]-

Thus, if f is a differentiable function, the derivative Df is given by the n X n Jacobian matrix

o[
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Definition 2. Suppose that V; and V; are two normed linear spaces with respective norms || - ||; and
Il - ll2; i-e., V1 and V; are linear spaces with norms || - ||; and || - ||, satisfying a-c in Section 1.3 of Chapter 1
. Then
FEVi-V,

is continuous at xg € V7 if for all € > 0 there exists a 6 > 0 such that x € V; and [|x — xo[l; < 6 implies that
IEG) — F (xo)ll, < .

And F is said to be continuous on the set E C V if it is continuous at each point x € E. If F is

continuous on E C V7, we write F € C(E).

Definition 3. Suppose that f : E — R" is differentiable on E. Then f € C!(E) if the derivative
Df: E — L(R") is continuous on E.

The next theorem, gives a simple test for deciding whether or not a function f : E — R” belongs to

CY(E).

Theorem 2. Suppose that E is an open subset of R™ and that f : E — R". Then f € C'(E) iff the partial
derivatives =— 8 L1, ] ., n, exist and are continuous on E.
Remark 1. For E an open subset of R”, the higher order derivatives Df (xo) of a function f : E — R”"

are defined in a similar way and it can be shown that f € C¥(E) if and only if the partial derivatives

>fi
ox;, -+ 0xj,

with 4, f1,...,jk = 1,...,n, exist and are continuous on E. Furthermore, D%t (xo) : EXE — R" and for

(x,y) € E X E we have
2*f
sz (XO) (xl Y) Z (XO) ]1 ]2

P 8x,l8x]2

Similar formulas hold for D*f (x¢) : (E X --- X E) — R”.
A function f : E — R" is said to be analytic in the open set E C R" if each component fi(x),j =1,...,n,
is analyticin E, i.e., if for j = 1,...,nand xq € E, f;(x) has a Taylor series which converges to f;(x) in some

neighborhood of xq in E.
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3.2 The Fundamental Existence-Uniqueness Theorem

In this section, we establish the fundamental existence-uniqueness theorem for a nonlinear autonomous
system of ordinary differential equations (2) under the hypothesis that f € C'(E) where E is an open
subset of R". Picard’s classical method of successive approximations is used to prove this theorem.
The more modern approach based on the contraction mapping principle is relegated to the problems
at the end of this section. The method of successive approximations not only allows us to establish
the existence and uniqueness of the solution of the initial value problem associated with (2), but it also
allows us to establish the continuity and differentiability of the solution with respect to initial conditions
and parameters. This is done in the next section. The method is also used in the proof of the Stable
Manifold and in the proof of the Hartman-Grobman. The method of successive approximations is one

of the basic tools used in the qualitative theory of ordinary differential equations.

Definition 1. Suppose that f € C(E) where E is an open subset of R". Then x(f) is a solution of the

differential equation (2) on an interval I if x(t) is differentiable on I and if for all t € I, x(f) € E and

X' (£) = £(x(t))
And given xg € E, x(t) is a solution of the initial value problem

x = f(x)

x (to) = xo

on an interval [ if ¢y € I, x (ty) = xo and x(¢#) is a solution of the differential equation (2) on the interval I.
In order to apply the method of successive approximations to establish the existence of a solution of

(2), we need to define the concept of a Lipschitz condition and show that C! functions are locally Lipschitz.

Definition 2. Let E be an open subset of R”. A function f : E — R" is said to satisfy a Lipschitz

condition on E if there is a positive constant K such that for all x, y € E

[f(x) — £(y)| < K|x —yl.

The function f is said to be locally Lipschitz on E if for each point xg € E there is an e-neighborhood

of xo, N¢ (xo) € E and a constant Ky > 0 such that for all x,y € N, (x;)

f(x) — f(y)| < Kolx — yl.
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By an e-neighborhood of a point xyp € R", we mean an open ball of positive radius ¢; i.e.,
N; (x9) = {x e R¥|Ix — x¢ |[< €}.

Lemma. Let E be an open subset of R" and let f : E — R". Then, iff € CE), fis locally Lipschitz on E.

Proof. Since E is an open subset of R", given X € E, there is an ¢ > 0 such that N, (xo) C E. Let

K= max_[IDEX)I,

[x—xol<e/2

the maximum of the continuous function Df(x) on the compact set | x— xg |< €/2. Let Ny denote the
¢/2-neighborhood of xo, N¢/2 (xo). Then for x,y € Ny, setu = y —x. It follows that x+su € Ny for0 <s <1

since Ny is a convex set. Define the function F : [0, 1] — R" by

F(s) = f(x + su).

Then by the chain rule,
F'(s) = Df(x + su)u

and therefore
f(y) — f(x) = F(1) — F(0)

1 1
= f F'(s)ds = f Df(x + su)uds.
0 0

It then follows from the lemma that

1
[£(y) — £(x)| < f) |Df(x + su)ulds

1
Sf [|ID£(x + su)|||ulds
0

< Klu| = K]y - x|.

And this proves the lemma. Picard’s method of successive approximations is based on the fact that

x(t) is a solution of the initial value problem

x = £(x)
x(0) = xo 4)
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if and only if x(f) is a continuous function that satisfies the integral equation

x(t) = xo + fot f(x(s))ds.

The successive approximations to the solution of this integral equation are defined by the sequence

of functions

uo(f) = xo
t
wa ) =30+ [ £(u(o)ds ®)
0
fork=0,1,2,.... In order to illustrate the mechanics involved in the method of successive approxi-

mations, we use the method to solve an elementary linear differential equation.

Definition 3. Let V be a normed linear space. Then a sequence {u} C V is called a Cauchy sequence

if for all € > 0 there is an N such that k,m > N implies that
[ — wyll < e.

The space V is called complete if every Cauchy sequence in V converges to an element in V.

The following theorem, establishes the completeness of the normed linear space C(I) with I = [~a,a].

Theorem. For [ = [—-a,a], C(I) is a complete normed linear space.

We can now prove the fundamental existence-uniqueness theorem for nonlinear systems.

Theorem (The Fundamental Existence-Uniqueness Theorem). Let E be an open subset of R" con-
taining xo and assume that f € C'(E). Then there exists an a > 0 such that the initial value problem (4)

has a unique solution x(t) on the interval [-a, a].

Proof. Since f € C!(E), it follows from the lemma that there is an ¢ neighborhood N (xp) C E and a

constant K > 0 such that for all x, y € N, (xp),
f(x) — £(y)| < KIx —yl.
Let b = ¢/2. Then the continuous function f(x) is bounded on the compact set

Ny = {x e R"|x —xq |[< b}.
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Let

M= 1;2?%( [£(x)].

Let the successive approximations u(t) be defined by (5). Then assuming that there exists ana > 0

such that u(f) is defined and continuous on [—a, a] and satisfies
max [uk(t) — xo| < b, (6)
[-a,a]

it follows that f (ux(¢)) is defined and continuous on [—4, 4] and therefore that

f
et (6) = x0 + f £ (uy(5)) ds
0

is defined and continuous on [—4, a] and satisfies

t
et () = xol < f 1 (ua(s))] ds < Ma
0

forall t € [-a,a]. Thus, choosing 0 < a < b/M, it follows by induction that u(f) is defined and continuous
and satisfies (6) for allt € [-a,aland k =1,2,3,....
Next, since for all t € [-a,a] and k = 0,1,2,3,...,uk(t) € Ny, it follows from the Lipschitz condition

satisfied by f that for all f € [—-a,a]

t
wa() — w ()] < fo 1 (u1(5)) — £ (uo(s))] s

¢

<K [ ) - wolds
0

< Kamax [uy(t) — xo|
[-aa]

< Kab.

And then assuming that
r[na>]< |u,-(t) - u]-_l(t)l < (Ka)™'b (7)

for some integer j > 2, it follows that for all ¢ € [-a, 4]

¢
i (8) - wy()] < fo () = £ (1)) ds
¢
< Kj(; lu]-(s)—uj_l(s)|ds
< Ka r[r_1a>|< )u]-(t) - u]-_l(t)|
< (Ka)'b.
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Thus, it follows by induction that (7) holds for j = 2,3, .... Setting @ = and choosing 0 < a < 1/K, we
see that form > k> Nandt € [—a,a

m—1

[un(®) = we(®) < Y Juja(t) - uy(t)|

j=k

gk

‘uj+1(t) - u]-(t))

T
z

IA
i gk

]
R,
1

—_

| =)

=)
S

This last quantity approaches zero as N — oo. Therefore, for all ¢ there exists an N such thatm, k > N
implies that

llam — ull = max luy () — we(®)l < &
—a,a

i.e., {ux} is a Cauchy sequence of continuous functions in C([-a,a]). I lows from the above theorem that
ui(t) converges to a continuous funs u(t) uniformly for all € [-a,a] as k — o0. And then taking the lim

both sides of equation (3) defining the successive approximations, w that the continuous function

u(t) = I}im ui(t) (8)
satisfies the integral equation
t
u(t) = xo + f f(u(s))ds )
0

for all ¢ € [-a,a]. We have used the fact that the integral and the limit can be interchanged since the
limit in (8) is uniform for all ¢ € [~a,a]. Then since u(t) is continuous, f(u(t)) is continuous and by the

fundamental theorem of calculus, the right-hand side of the integral equation (9) is differentiable and

u'(t) = f(u(t))

for all t € [—a,a]. Furthermore, u(0) = xo and from (6) it follows that u(t) € N, (xg) C E for all ¢ € [-a, a].
Thus u(f) is a solution of the initial value problem (4) on [—a,a]. It remains to show that it is the only
solution.

Let u(t) and v(t) be two solutions of the initial value problem (4) on [-a,4]. Then the continuous
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function |u(t) — v(t)| achieves its maximum at some point t; € [—-a,a]. It follows that

lu — v|| = max [u(t) — v(t)|
—a,a]

[-a,
1
=‘ fo f(u(s)) — F(v(s))ds

|£1]
< fo I£(u(s)) — £(v($))lds

[t1]
< Kf lu(s) — v(s)|ds
0
< Kamax |u(t) — v(#)|

< Kallu —v||

But Ka < 1 and this last inequality can only be satisfied if |[u — v|]| = 0. Thus, u(t) = v(t) on [-a,4].
We have shown that the successive approximations (5) converge uniformly to a unique solution of the

initial value problem (4) on the interval [—a, a] where a is any number satisfying 0 < 2 < min (%, Il()

Remark. Exactly the same method of proof shows that the initial value problem

x = £(x)

x(to) = xo

has a unique solution on some interval [ty — a, o + a].

3.3 Dependence on Initial Conditions and Parameters

In this section we investigate the dependence of the solution of the initial value problem

x = f(x)

x(0) =y M

on the initial condition y. If the differential equation depends on a parameter p € R"™, i.e., if the function
f(x)in (1) is replaced by f(x, ), then the solution u(t, y, ) will also depend on the parameter y. Roughly
speaking, the dependence of the solution u(t,y, 4) on the initial condition y and the parameter u is as
continuous as the function f. In order to establish this type of continuous dependence of the solution on

initial conditions and parameters, we first establish a result due to T.H. Gronwall.
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Lemma (Gronwall). Suppose that g(f) is a continuous real valued function that satisfies g(t) > 0 and

¢
gt) <C+ Kf g(s)ds
0

for all t € [0,a] where C and K are positive constants. It then follows that for all ¢ € [0, a],

g(t) < CeX

Proof
LetG(t) = C+ Kfot g(s)ds for t € [0,a]. Then G(t) > g(t) and G(t) > 0 for all t € [0, a]. It follows from the
fundamental theorem of calculus that
G'(t) = Kg(t)

and therefore that

() _ Kol _KGW®) _
G ~ G T 6

for all t € [0,a]. And this is equivalent to saying that
i(l G()) <K
5 log <

or

log G(t) < Kt + log G(0)

or

G(t) < G(0)eX = ceX

for all t € [0,4], which implies that g(t) < CeX for all t € [0, a].
Theorem (Dependence on Initial Conditions).
Let E be an open subset of R" containing x; and assume that f € C'(E). Then there exists an a > 0 and

a6 > 0 such that for all y € N; (xo) the initial value problem

x = £(x)
x(0) =y

has a unique solution u(t, y) with u € CY(G) where G = [~a,a] x Ny (xo) € R™!; furthermore, for each
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y € N5 (xo) , u(f,y) is a twice continuously differentiable function of ¢ for t € [-a, a].
Proof.
Since f € C!(E), it follows from the lemma in Section 2.2 that there is an e-neighborhood N (xo) C E and

a constant K > 0 such that for all x and y € N, (xo),

If(x) — £(y)l < K|x -yl

As in the proof of the fundamental existence theorem, let Ny = {x € R" | |x — xo| < &/2}, let Mj be the
maximum of |f(x)| on Ny and let M; be the maximum of ||Df(x)|| on Ny. Let 6 = €/4, and for y € Ns (xo)

define the successive approximations u(t,y) as

u(t,y)=y
t
Wt y) = y + f £(uyls, y)) ds @)
0

Assume that u(t,y) is defined and continuous for all (t,y) € G = [-a,a]x Ns(x9) and that for all
y € Ns (x0)

[[we(t, y) = xo| < &/2 3)

where || - || denotes the maximum over all ¢ € [—a, a]. This is clearly satisfied for k = 0. And assuming
this is true for k, it follows that ux.1(f, y), defined by the above successive approximations, is continuous
on G. This follows since a continuous function of a continuous function is continuous and since the
above integral of the continuous function f (uk(s, y)) is continuous in ¢t by the fundamental theorem of

calculus and also in y; cf. Rudin [R] or Carslaw [C]. We also have

t
et y) -y < f |f (we(s, )| ds < Moa
0
for t € [-a,a] and y € N5 (x¢) C Ny. Thus, for t € [-a,a] and y € N; (xo) with 0 = £/4, we have

e (8 ) = x| < [funess ) =y + [ly = x|
<Mpa+el/d<e/2

provided Moa < ¢/4, i.e., provided a < ¢/ (4M)). Thus, the above induction hypothesis holds for all
k=1,2,3,...and (t,y) € G provided a < ¢/ (4M).

We next show that the successive approximations ux(f, y) converge uniformly to a continuous function

u(t,y) for all (¢, y) € G as k — oo. As in the proof of the fundamental existence theorem,
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||u2(tr Y) - ul(t/ Y)” <Ka “ul(tl Y) - YH
< Ka ||u1(t, y) — xo” + Ka ||y - XOH
< Ka(e/2 + €/4) < Kae

for (t,y) € G. And then it follows exactly as in the proof of the fundamental existence theorem in

Section 2.2 that

[ueaa(t y) — wt, y)|| < (Ka)'e

for (t,y) € Gand consequently that the successive approximations converge uniformly to a continuous

function u(t, y) for (t,y) € G as k — oo provided a < 1/K. Furthermore, the function u(t, y) satisfies

t
ulty) =y + fo £(us, y))ds

for (t,y) € G and also u(0,y) = y. And it follows from the inequality (3) that u(t,y) € N,/» (xo) for all

(t,y) € G. Thus, by the fundamental theorem of calculus and the chain rule, it follows that

u(t,y) = f(u(t, y))

and that
ii(t,y) = Df(u(t,y))u(t,y)

for all (t,y) € G; i.e.,, u(t,y) is a twice continuously differentiable function of t which satisfies the initial
value problem (1) for all (t, y) € G. The uniqueness of the solution u(t, y) follows from the fundamental
theorem in Section 2.2.

We now show that u(t, y) is a continuously differentiable function of y for all (¢, y) € [—a, a] X N5, (xo).
In order to do this, fix yy € Ns2 (xo) and choose h € R" such that |h| < 6/2. Then yo + h € N5 (xo). Let
u(f,yo) and u(f,yo + h) be the solutions of the initial value problem (1) withy = yp and with y = yo + h
respectively. It then follows that

lu(t,yo+h) —u(tyo)| < |h| + f; | (u(s, yo +h)) — £ (u(s, yo))|ds
<|h|+ Kfot |u(s,yo +h) - u(s,y0)|ds
for all t € [—a,a]. Thus, it follows from Gronwall’s Lemma that
|u (t,yo+h)—u(t, y0)| < [hjeXi 4)
for all t € [-a,a]. We next define @ (¢, o) to be the fundamental matrix solution of the initial value
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problem

(i) = A (i’, y0) q)
@ (0,y0) =1 ©)

with A (t,y0) = Df (u(t,yo)) and I the n X n identity matrix. The existence and continuity of ® (¢, y9) on
some interval [—a, a] follow from the method of successive approximations as in problem 4 of Problem Set
2 and problem 4 in Problem Set 3. It then follows from the initial value problems for u (¢, yo), u (£, yo + h)
and @ (t,yo) and Taylor’s Theorem,

f(u) — f(up) = Df (up) (u — up) + R (u, up)

where |R (u, ug)| / jlu — ug] — 0 as ju — ug| — 0, that

lu(t,yo) —u(t,yo+h)+®(tyo)h f(u(s,y0))

t
<f
0

—f(u(s,yo +h)) + Df(u(s,yo) @ (s,yo)h | ds

< fo ID£ (s, yo))| [ G5, ¥o) — u (s, yo + h) + ® (5, yo) h| ds

¢
+f IR (u(s,yo +h),u(s, yo))|ds (6)

0
Since [R (u, uo)| / [u — ug| — 0 as Ju — ug| — 0 and since u(s, y) is continuous on G, it follows that given

any & > 0, thereexistsa 0y > Osuch thatif |h| < 5 then |R (u(s,yo),u(s, yo + h))‘ <& (u (s,50) —u(s,yo + h)|

for all s € [—a,a]. Thus, if we let
g(t) = |u (t, yo) —u(t, yo+h)+D(t,y0) h|
it then follows from (4) and (6) that for all t € [-a, 4], yo € N5/ (xo) and |[h| < min (89, /2) we have
¢
g(t) < M, f g(s)ds + eohlaeX®.
0
Hence, it follows from Gronwall’s Lemma that for any given ¢y > 0

g(t) < olhlaeX?eMi2
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for all t € [—a,a] provided |h| < min (69, 6/2). Thus,

. |u (t, yo) —u(t, yo+h)+D(ty0) h|
lim =0
Ih|—0 [h

uniformly for all ¢ € [-a,a]. Therefore, according to Definition 1 in Section 2.1,
Ju
— (¢ =Pt
Iy (t,y0) = @ (t, o)

for all t € [-a, a] where D (¢, yp) is the fundamental matrix solution of the initial value problem (5) which
is continuous in t and in y for all ¢ € [-a,a] and yy € N2 (x0). This completes the proof of the theorem.

Corollary. Under the hypothesis of the above theorem,

du
O(t = —(t
(t,y) ay( /y)
for t € [-a,a] and y € Ns (xo) if and only if ®(t, y) is the fundamental matrix solution of

® = Df[u(t, y)|P
®(0,y) =1

for t € [-a,a] and y € N5 (xo).

Remark 1. A similar proof shows that if f € C"(E) then the solution u(t, y) of the initial value problem
(1) is in C"(G) where G is defined as in the above theorem. And if f(x) is a (real) analytic function for

x € E then u(t, y) is analytic in the interior of G; cf. [C/L].

Remark 2. If x is an equilibrium point of (1), i.e., if f (x9) = 0 so that u (¢, x9) = xo for all t € R, then

Ju
O] (t/ XO) = a_ (t/ XO)
X0
satisfies
d) =Df (Xo) )
D (0,xg) = I

And according to the Fundamental Theorem for Linear Systems
D (£, xo) = P00,

Remark 3. It follows from the continuity of the solution u(t, y) of the initial value problem (1) that
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for each t € [—a,a]

lim u(t,y) = u(f,xo) .

Y—Xo

It follows from the inequality (4) that this limit is uniform for all t € [-a,a]. We prove a slightly

stronger version of this result in Theorem 4 of the next section.

Theorem 2 (Dependence on Parameters). Let E be an open subset of R"*" containing the point
(%o, to) where xo € R" and py € R” and assume that f € CY(E). It then follows that there exists an a > 0

and a 6 > 0 such that for all y € N5 (x¢) and p € N5 (o), the initial value problem

X = f(x, )
x(0) =y

has a unique solution u(t, y, g) with u € C'(G) where G = [-4,a]x N (xo) X N5 (1)
This theorem follows immediately from the previous theorem by replacing the vectors xo, x, x and y
by the vectors (xo, o), (x, 1t), (x,0) and (y, p) or it can be proved directly using Gronwall’s Lemma and

the method of successive approximations.

Lemma 1. Let E be an open subset of R" containing xo and suppose f € CYE). Let uy(t) and uy(t) be
solutions of the initial value problem (1) on the intervals I; and I,. Then 0 € [; N I, and if I is any open
interval containing 0 and contained in I; N I, it follows that u;(t) = u,(¢) for all t € I. Proof. Since u;(f)
and u,(t) are solutions of the initial value problem (1) on I; and I, respectively, it follows from Definition
1 in Section 2.2 that 0 € I; N I;. And if I is an open interval containing 0 and contained in I; N I, then
the fundamental existence-uniqueness theorem in Section 2.2 implies that u;(f) = ux(f) on some open
interval (—a,a) C I. Let I be the union of all such open intervals contained in I. Then I" is the largest
open interval contained in I on which u(t) = ux(t). Clearly, I* C I and if I" is a proper subset of I, then
one of the endpoints ¢y of I" is contained in I C I; N I,. It follows from the continuity of u1(t) and u,(t) on
I that

limuy () = lim uy(#).
t—ty t—ty

Call this common limit ug. It then follows from the uniqueness of solutions that u; () = u,(¢) on some
interval Iy = (to —a,tp + a) C I. Thus, ui(t) = ux(t) on the interval I* U Iy C I and I" is a proper subset of
I*Uly. But this contradicts the fact that I" is the largest open interval contained in I on which u; (f) = ux(t).

Therefore, I* = [ and we have u;(f) = uy(t) for all t € I.

Theorem 1. Let E be an open subset of R” and assume that f € C}(E). Then for each point x; € E, there
is a maximal interval | on which the initial value problem (1) has a unique solution, x(t); i.e., if the initial

value problem has a solution y(f) on an interval I then I C | and y(¢) = x(¢) for all ¢ € I. Furthermore, the
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maximal interval | is open; i.e., | = (a, ).

Proof. By the fundamental existence-uniqueness theorem in Section 2.2, the initial value problem (1)
has a unique solution on some open interval (—a,a). Let («, f) be the union of all open intervals I such
that (1) has a solution on I. We define a function x(t) on (a, ) as follows: Givent € («, ), t belongs to
some open interval I such that (1) has a solution u(t) on I; for this given t € («, f), define x(t) = u(t). Then
x(t) is a well-defined function of ¢ since if t € I; N I, where I; and I, are any two open intervals such that
(1) has solutions u; () and u,(t) on I and I, respectively, then by the lemma u;(f) = ux(f) on the open
interval I; N I,. Also, x(t) is a solution of (1) on (a, B) since each point ¢ € («, f) is contained in some open
interval I on which the initial value problem (1) has a unique solution u(t) and since x(t) agrees with
u(t) on I. The fact that ] is open follows from the fact that any solution of (1) on an interval (a, f] can be

uniquely continued to a solution on an interval («, § + a) with a > 0 as in the proof of Theorem 2 below.

Definition. The interval («, §) in Theorem 1 is called the maximal interval of existence of the solution
x(t) of the initial value problem (1) or simply the maximal interval of existence of the initial value problem

(1).

Theorem 2. Let E be an open subset of R” containing xo, let f € C!(E), and let (o, ) be the maximal
interval of existence of the solution x(t) of the initial value problem (1). Assume that f < co. Then given

any compact set K C E, there exists a t € (a, §) such that x(t) ¢ K.

Proof. Since f is continuous on the compact set K, there is a positive number M such that [f(x)| < M
for all x € K. Let x(t) be the solution of the initial value problem (1) on its maximal interval of existence
(a, ) and assume that § < co and that x(t) € K for all t € (a, f). We first show that lim;_- x(t) exists. If

a <t <t <pthen

1)
Ix (t1) = x (t2)] < f [E(x()ds < Mta — ]
h

Thus as t; and f, approach f from the left, |x(t2) —x(t1)] — 0 which, by the Cauchy criterion for
convergence in R" (i.e., the completeness of R" ) implies that lim; g x(t) exists. Let x; = lim; - x(£).

Then x; € K C E since K is compact. Next define the function u(t) on («, ] by

x(t) for te(a,p)
x; for t=8.

u(f) =
Then u(t) is differentiable on («, f]. Indeed,
¢
u(t) = xo + f f(u(s))ds
0
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which implies that
u'(B) = f(u(p));

i.e., u(t) is a solution of the initial value problem (1) on («, ]. The function u(f) is called the continuation
of the solution x(t) to ( @, f]. Since x; € E, it follows from the fundamental existence-uniqueness theorem
in Section 2.2 that the initial value problem x = f(x) together with x(8) = x; has a unique solution x;(f)
on some interval (8 —a, § + a). By the above lemma, x;(t) = u(t) on ( — a,) and x;(f) = u(pf) = x1. So if

we define
u(t) for te(a,pl]

xi(t) for tel[B,p+a),

v(t) =

then v(t) is a solution of the initial value problem (1) on («, § + a). But this contradicts the fact that («, p)
is the maximal interval of existence for the initial value problem (1). Hence, if § < oo, it follows that
there exists a t € (a, ) such that x(t) ¢ K. If (a,B) is the maximal interval of existence for the initial
value problem (1) then 0 € (a, §) and the intervals [0, ) and ( @, 0] are called the right and left maximal

intervals of existence respectively. Essentially the same proof yields the following result.

Theorem 3. Let E be an open subset of R" containing xo, let f € C}(E), and let [0, f) be the right
maximal interval of existence of the solution x(f) of the initial value problem (1). Assume that § < oo.
Then given any compact set K C E, there exists a t € (0, f) such that x(f) ¢ K.

Corollary 1. Under the hypothesis of the above theorem, if § < co and if lim;_g- x(t) exists then
lim;_,p- x(t) € E.

Proof. If x; = lim;_,g- x(t), then the function

x(t) for te]0,B)
x; for t=§

u(t) =

is continuous on [0, §]. Let K be the image of the compact set [0, f] under the continuous map u(t); i.e.,
K={xeR"|x=u(t) for some t € [0,8]}.

Then K is compact. Assume that x; € E. Then K C E and it follows from Theorem 3 that there exists a
t € (0, B) such that x(t) ¢ K. This is a contradiction and therefore x; ¢ E. But since x(¢) € E for all t € [0, ),
it follows that x; = lim;_g- x() € E. Therefore x; € E ~ E;ie., x; € E.

Corollary 2. Let E be an open subset of R" containing x, let f € CY(E), and let [0, B) be the right
maximal interval of existence of the solution x(¢) of the initial value problem (1). Assume that there exists

a compact set K C E such that

{y e R" | y = x(t) for some t € [0, f)} c K.
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It then follows that § = o0; i.e. the initial value problem (1) has a solution x(t) on [0, o).

Proof. This corollary is just the contrapositive of the statement in Theorem 3.
We next prove the following theorem which strengthens the result on uniform convergence with

respect to initial conditions in Remark 3 of Section 2.3.

Theorem 4. Let E be an open subset of R” containing xo and let f € C'(E). Suppose that the initial
value problem (1) has a solution x (t, xo) defined on a closed interval [a, b]. Then there exists a 6 > 0 and

a positive constant K such that for all y € N (xo) the initial value problem

x = £(x)

x(0) =y 2)
has a unique solution x(¢, y) defined on [4, b] which satisfies

|x(t, y) —x (¢, x0)| < |y — Xo( Kt

and

lim X(tr Y) =X (t/ XO)

Y—Xo

uniformly for all f € [a, ].

Remark 1. If in Theorem 4 we have a function f(x, ) depending on a parameter y € R™ which
satisfies f € C'(E) where E is an open subset of R"*" containing ( x, tlo ), it can be shown that if for y = po
the initial value problem (1) has a solution x (£, xo, (o) defined on a closed interval a < t < b, then there is

a 6> 0and a K > 0 such that for all y € N (xo) and p € Ns (1) the initial value problem

x = f(x, p)
x(0) =y

has a unique solution x(t, y, p) defined for a <t < b which satisfies
Ix(t,y, 1) = x(t,x0, )| < [y — o] + |1 - #0” el

and

lim X(t/ Yy, F) =X (t/ Xo, [UO)
(Y#)-’(Xo,}io)

uniformly for all ¢ € [a, b]. In order to prove this theorem, we first establish the following lemma.
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Lemma 2. Let E be an open subset of R" and let A be a compact subset of E. Thenif f: E — R" is

locally Lipschitz on E, it follows that f satisfies a Lipschitz condition on A.

Proof. Let M be the maximal value of the continuous function f on the compact set A. Suppose that

f does not satisfy a Lipschitz condition on A. Then for every K > 0, we can find x,y € A such that
|f(y) — £()I > Ky — x].

In particular, there exist sequences x,, and y, in A such that

|f(yn) - f(xn)| >n |y,, - x,,| *

forn = 1,2,3,.... Since A is compact, there are convergent subsequences, call them x, and y, for
simplicity in notation, such that x, — x* and y, — y* with x* and y* in A. It follows that x* = y* since for

allm=1,2,3,...
|y* —x*| = lim (yn —xn| < %|f(yn) —f(xn)‘ < %

n—oo

Now, by hypotheses, there exists a neighborhood Nj of x* and a constant Ky such that f satisfies a
Lipschitz condition with Lipschitz constant Kj for all x and y € Ny. But since x,, and y, approach x* as

n — oo, it follows that x,, and y, are in Ny for # sufficiently large; i.e., for n sufficiently large

| (¥) — £ ()| < K |y — xa]-

But for n > K, this contradicts the above inequality (*) and this establishes the lemma.
Proof (of Theorem 4). Since [4, b] is compact and x (¢, x) is a continuous function of , {x € R™ | x = x (£, xo)
and a <t < b} is a compact subset of E. And since E is open, there exists an ¢ > 0 such that the compact
set

A={xeR"x—x(txp) |<eanda <t < b}

is a subset of E. Since f € C!(E), it follows from the lemma in Section 2.2 that f is locally Lipschitz in E;

and then by the above lemma, f satisfies a Lipschitz condition
[f(y) — (9] < Kly — x|

for all x,y € A. Choose 6 > 0 so small that < ¢ and 6 < ee X0, Let y € N; (xo) and let x(t, y) be the
solution of the initial value problem (2) on its maximal interval of existence («, ). We shall show that

[a,b] C (a,B). Suppose that § < b. It then follows that x(t,y) € A for all € («, B) because if this were not
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true then there would exist a t* € (@, 8) such that x (t,xg) € A for t € (@, +'] and x (', y) € A. But then

¢
[x(t, y) = x(t,%0)| < |y — xo| + f | £(x(s, y)) = f (x(5,%0) | ds
0
t
< }y - x0| + Kf |x(s, y) —x(s, xo)} ds
0
forallt € (a,t']. And then by Gronwall’s Lemma in Section 2.3, it follows that

[x (£, y) = x (£, %0)| < |y —xo| "1 < 56X < ¢

since t* < B < b. Thus x(t,y) is an interior point of A, a contradiction. Thus, x(t,y) € A for all t € (a, p).
But then by Theorem 2, (a, ) is not the maximal interval of existence of x(t,y), a contradiction. Thus
b < B. It is similarly proved that a < a. Hence, for all y € N (xo), the initial value problem (2) has a
unique solution defined on [a, b]. Furthermore, if we assume that there is a t* € [4, b) such that x(t,y) € A
forallt € [a,t*) and x(*,y) € A a repeat of the above argument based on Gronwall’s Lemma leads to a

contradiction and shows that x(t,y) € A for all f € [4, ] and hence that

|x(t/ y) — X (t, x0)| < |y — Xo( Kt
for all t € [a, b]. It then follows that

lim x(t,y) = x(t,xo)

Y—Xo

uniformly for all f € [a, D].

3.4 The Flow Defined by a Differential Equation

In Section 1.9 of Chapter 1, we defined the flow, et . R" - R, of the linear system
x = Ax.

The mapping ¢ = et
() Po(x) = x
(i) s (pr(x)) = Pri(x) foralls, t € R

(i) @1 (Pr(x)) = 1 (¢-1(x)) = x forall t € R.

satisfies the following basic properties for all x € R" :

Property (i) follows from the definition of eAt, property (ii) follows from Proposition 2 in Section 1.3

of Chapter 1, and property (iii) follows from Corollary 2 in Section 1.3 of Chapter 1. In this section, we
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define the flow, ¢;, of the nonlinear system
x = f(x) 1

and show that it satisfies these same basic properties. In the following definition, we denote the

maximal interval of existence («, f) of the solution ¢ (¢, xo) of the initial value problem

x = f(x)
x(0) = xo ()

by I(xo) since the endpoints o and f of the maximal interval generally depend on Xo; cf. problems 1(a)

and (d) in Section 2.4.

Definition 1. Let E be an open subset of R” and let f € CYE). For xq € E, let ¢ (t, x0) be the solution of
the initial value problem (2) defined on its maximal interval of existence I (xo). Then for t € I (xo), the set
of mappings ¢; defined by

Pt (xo0) = ¢ (t,%0)

is called the flow of the differential equation (1) or the flow defined by the differential equation (1); ¢ is
also referred to as the flow of the vector field f(x).

If we think of the initial point xj as being fixed and let I = I (xp), then the mapping ¢ (-,x9) : [ — E
defines a solution curve or trajectory of the system (1) through the point xy € E. As usual, the mapping
¢ (-, xp) is identified with its graph in I X E and a trajectory is visualized as a motion along a curve I
through the point xj in the subset E of the phase space R”; cf. Figure 1. On the other hand, if we think of
the point xj as varying throughout K C E, then the flow of the differential equation (1), ¢; : K — E can

be viewed as the motion of all the points in the set K; cf. Figure 2.
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Figure 1. A trajectory I of the Figure 2. The flow ¢, of the
system (1). system (1).

If we think of the differential equation (1) as describing the motion of a fluid, then a trajectory of (1)
describes the motion of an individual particle in the fluid while the flow of the differential equation (1)
describes the motion of the entire fluid. We now show that the basic properties (i)-(iii) of linear flows are
also satisfied by nonlinear flows. But first we extend Theorem 1 of Section 2.3, establishing that ¢ (£, x)
is a locally smooth function, to a global result. Using the same notation as in Definition 1, let us define
theset Q CR X E as

Q={(tx) e RXE|tel(xg)}.

Theorem 1. Let E be an open subset of R” and let f € C!(E). Then Q is an open subset of R X E and
¢ € CHQ).

Proof. If (to, xo) € Qand ¢y > 0, then according to the definition of the set €2, the solution x(t) = ¢ (¢, xo)
of the initial value problem (2) is defined on [0, {y]. Thus, as in the proof of Theorem 2 in Section 2.4, the
solution x(t) can be extended to an interval [0, {y + ¢] for some ¢ > 0; i.e., ¢ (¢, o) is defined on the closed
interval [ty — &, to + €]. It then follows from Theorem 4 in Section 2.4 that there exists a neighborhood of

X0, Ns (Xg), such that
¢(t,y) is defined on [t — ¢, to + €] X N5 (xo); i.e., (to — &, to + €) X N5 (x9) C Q. Therefore, () is open in
R X E. It follows from Theorem 4 in Section 2.4 that ¢ € C}(G) where G = (t) — ¢, to + €) X N5 (xp). A

similar proof holds for t; < 0, and since ( o, Xg ) is an arbitrary point in O, it follows that ¢ € Ccl(Q).

Remark. Theorem 1 can be generalized to show that if f € C"(E) with » > 1, then ¢ € C"(Q) and that
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if f is analytic in E, then ¢ is analytic in Q.

Theorem 2. Let E be an open set of R" and let f € C}(E). Then for all xg € E, if t € I(xo) and
s € I(¢ (x0)), it follows that s + £ € I (xp) and

¢s+t (XO) = (Ps ((Pt (XO)) .

Proof. Suppose thats > 0,t € I(xg) and s € I (q)f (xo)). Let the maximal interval I (xp) = (@, ) and

define the function x : (@, s + t] = E by

¢ (r,%0) ifa<r<t
x(r) =
G(r—t,¢r(x0) ift<r<s+t

Then x(r) is a solution of the initial value problem (2) on («, s+t). Hence s+t € I (xp) and by uniqueness

of solutions

vt (x0) = X(5 +£) = P (5,0 (x0)) = bs (1 (x0))..

If s = 0 the statement of the theorem follows immediately. And if s < 0, then we define the function
x:[s+t,p) — Eby
¢ (1, %) ift<r<p

x(t) =
¢<r—t,¢t(xo)) ifs+t<r<t

Then x(r) is a solution of the initial value problem (2) on [s + ¢, §) and the last statement of the theorem

follows from the uniqueness of solutions as above.

Theorem 3. Under the hypotheses of Theorem 1, if (t, xo) € ) then there exists a neighborhood U of
xo such that {t} x U c Q. It then follows that the set V = ¢;(U) is open in E and that

bt ((j)t(x)) =xforallxe U

and

on ((P_t(y)) =yforally e V.

Proof. If (t,x) € Q then if follows as in the proof of Theorem 1 that there exists a neighborhood of
xo, U = N5 (xp), such that (t — ¢, + &) X U € ; thus, {t} x U € Q. For x € U, lety = ¢(x) for all ¢ € I(x).
Then —t € I(y) since the function h(s) = ¢(s + t,y) is a solution of (1) on [—¢,0] that satisfies h(—t) = y;
ie., ¢ is defined on the set V = ¢;(U). It then follows from Theorem 2 that ¢_; (({)t(x)) = ¢o(x) = x for
all x € U and that ¢, (qb_t(y)) = ¢o(y) =y for all y € V. It remains to prove that V is open. Let V* O V

be the maximal subset of E on which ¢_; is defined. V* is open because Q is open and ¢_; : V* — E is
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continuous because by Theorem 1, ¢ is continuous. Therefore, the inverse image of the open set U under
the continuous map ¢4, i.e., ¢:(U), is open in E. Thus, V is open in E.

In Chapter 3 we show that the time along each trajectory of (1) can be rescaled, without affecting
the phase portrait of (1), so that for all xo € E, the solution ¢ (t,xg) of the initial value problem (2)
is defined for all t € R; i.e., for all xg € E,I(xp) = (—00,00). This rescaling avoids some of the com-
plications found in stating the above theorems. Once this rescaling has been made, it follows that
Q=RXE,¢ € C{RXE), ¢ € CI(E) for all € R, and properties (i)-(iii) for the flow of the nonlinear
system (1) hold for all t € R and x € E just as for the linear flow e, In the remainder of this chapter, and
in particular in Sections 2.7 and 2.8 of this chapter, it will be assumed that this rescaling has been made
so that for all xg € E, ¢ (¢,Xo) is defined for all t € R; i.e., we shall assume throughout the remainder of

this chapter that the flow of the nonlinear system (1) ¢; € C}(E) for all t € R.

Definition 2. Let E be an open subset of R”, let f € C}(E), and let ¢; : E — E be the flow of the
differential equation (1) defined for all t € R. Then a set S C E is called invariant with respect to the flow
¢ if ¢4(S) C Sforallt € R and S is called positively (or negatively) invariant with respect to the flow ¢
if p4(S) c Sforallt >0 (ort <0). In Section 1.9 of Chapter 1 we showed that the stable, unstable and
center subspaces of the linear system x = Ax are invariant under the linear flow ¢; = ¢'. A similar result

is established in Section 2.7 for the nonlinear flow ¢, of (1).

3.5 Linearization
A good place to start analyzing the nonlinear system
x = f(x) (1)

is to determine the equilibrium points of (1) and to describe the behavior of (1) near its equilibrium
points. In the next two sections it is shown that the local behavior of the nonlinear system (1) near a

hyperbolic equilibrium point x is qualitatively determined by the behavior of the linear system
x = Ax, 2)

with the matrix A = Df (x¢), near the origin. The linear function Ax = D f(x¢) x is called the linear part

of f at xq.

Definition 1. A point xy € R" is called an equilibrium point or critical point of (1) if f(xg) = 0. An
equilibrium point xg is called a hyperbolic equilibrium point of (1) if none of the eigenvalues of the matrix

Df (xo) have zero real part. The linear system (2) with the matrix A = Df (o) is called the linearization of
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(1) at xo.

If xp = 0 is an equilibrium point of (1), then £(0) = 0 and, by Taylor’s Theorem,
L
f(x) = Df(0)x + ED £(0)(x, x) + -+ .

It follows that the linear function Df(0)x is a good first approximation to the nonlinear function f(x)
near x = 0 and it is reasonable to expect that the behavior of the nonlinear system (1) near the point x = 0
will be approximated by the behavior of its linearization at x = 0. In Section 2.7 it is shown that this is
indeed the case if the matrix Df(0) has no zero or pure imaginary eigenvalues.

Note that if xq is an equilibrium point of (1) and ¢; : E — R" is the flow of the differential equation
(1), then ¢ (x9) = xo for all t € R. Thus, xp is called a fixed point of the flow ¢;; it is also called a zero, a
critical point, or a singular point of the vector field f : E — R". We next give a rough classification of the
equilibrium points of (1) according to the signs of the real parts of the eigenvalues of the matrix Df (o).

A finer classification is given in Section 2.10 for planar vector fields.

Definition 2. An equilibrium point Xg of (1) is called a sink if all of the eigenvalues of the matrix
Df (xo) have negative real part; it is called a source if all of the eigenvalues of Df (xo) have positive real
part; and it is called a saddle if it is a hyperbolic equilibrium point and Df (xo) has at least one eigenvalue

with a positive real part and at least one with a negative real part.

3.6 The Stable Manifold Theorem

The stable manifold theorem is one of the most important results in the local qualitative theory of
ordinary differential equations. The theorem shows that near a hyperbolic equilibrium point x, the
nonlinear system (1) has stable and unstable manifolds S and U tangent at x( to the stable and unstable
subspaces E° and E* of the linearized system (2) where A = Df (x¢). Furthermore, S and U are of the same
dimensions as E and E*, and if ¢ is the flow of the nonlinear system (1), then S and U are positively

and negatively invariant under ¢, respectively and satisfy
tlim ¢i(c) =xp forallce S

and

tli{n ¢i(c) = xp forall c € UL

We first illustrate these ideas with an example and then make them more precise by proving the
stable manifold theorem. It is assumed that the equilibrium point xg is located at the origin throughout
the remainder of this section. If this is not the case, then the equilibrium point xy can be translated to the

origin by the affine transformation of coordinates x — x — xo.
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Example 1. Consider the nonlinear system

5Cl = —-X1
o 2
X2 = —X2 + X7

X3 = X3 +x%.

The only equilibrium point of this system is at the origin. The matrix

-1 00
A=Df0)=| 0 -1 0
0 0 1

Thus, the stable and unstable subspaces E° and E* of (2) are the x1, x, plane and the x3-axis respectively.
After solving the first differential equation, X; = —x;, the nonlinear system reduces to two uncoupled

first-order linear differential equations which are easily solved. The solution is given by

x1(f) = cre™

0(t) = e + 7 (e_t - e‘Zt)
&
RSN RS Y SV 1
x3(t) = cze’ + 3 (e e )

where ¢ = x(0). Clearly, tlgg ¢i(c) = 0iff c3 + c% /3 = 0. Thus,
S={ceR?|cy=-c}/3}.
Similarly, tl—l}—rlo ¢¢(c) = 0iff ¢y = ¢, = 0 and therefore
U={c€R3|cl =cz:0}

The stable and unstable manifolds for this system are shown in Figure 1. Note that the surface S is

tangent to E°, i.e., to the x;, x; plane at the origin and that U = E*.
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- =

Figure 1

Before proving the stable manifold theorem, we first define the concept of a smooth surface or
differentiable manifold.

Definition 1. Let X be a metric space and let A and B be subsets of X. A homeomorphism of A onto
B is a continuous one-to-one map of A onto B, : A — B, such that h~!': B — Ais continuous. The sets A
and B are called homeomorphic or topologically equivalent if there is a homeomorphism of A onto B. If
we wish to emphasize that # maps A onto B.

Definition 2. An n-dimensional differentiable manifold, M (or a manifold of class ck ), is a connected
metric space with an open covering {U,}, i.e., M = U,U,, such that

(1) for all &, U, is homeomorphic to the open unit ball in R”, B = {x € R"||x |< 1}, i.e., for all « there
exists a homeomorphism of U, onto B, h, : U, — B, and

(@ if Uy, nUg # 0 and h, : U, — B,hg : Ug — B are homeomorphisms, then h, (Ua ol Uﬁ) and
hg (Ua n Uﬁ) are subsets of R” and the map

h =h, ohg' g (U N Up) — hy (U N U)

is differentiable (or of class C* ) and for all x € hg (Ua N Uﬁ), the Jacobian determinant det Dh(x) # 0. The
manifold M is said to be analytic if the maps h = h, o hgl are analytic.

The cylindrical surface S in the above example is a two-dimensional differentiable manifold. The
projection of the x1,x, plane onto S maps the unit disks centered at the points (m, n) in the x1x, plane
onto homeomorphic images of the unit disk B = {x eER?|x]+x < 1}. These sets U, C S then form a
countable open cover of S in this case.

The pair ( U,, h, ) is called a chart for the manifold M and the set of all charts is called an atlas for M.
The differentiable manifold M is called orientable if there is an atlas with det Dh,, o hlgl(x) >0foralla,p
and x € hg (Ua N Uﬁ).
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Theorem (The Stable Manifold Theorem). Let E be an open subset of R"” containing the origin, let
f € C'(E), and let ¢ be the flow of the nonlinear system (1). Suppose that f(0) = 0 and that Df(0) has
k eigenvalues with negative real part and n — k eigenvalues with positive real part. Then there exists a
k-dimensional differentiable manifold S tangent to the stable subspace E° of the linear system (2) at 0

such that for all t > 0, ¢:(S) S and for all Xy € S.
tlim ¢t (x0) =0

and there exists an n — k dimensional differentiable manifold U tangent to the unstable subspace E* of

(2) at 0 such that for all t <0, ¢,(U) c U and for all xg € U,
tlir_n ¢t (x0) = 0.

Before proving this theorem, we remark that if f € C!(E) and f(0) = 0, then the system (1) can be

written as
x = Ax + F(x) 3)

where A = Df(0), F(x) = f(x) — Ax, F € C(E), F(0) = 0 and DF(0) = 0. This in turn implies that for all ¢ > 0
there is a 0 > 0 such that [x| < 6 and |y| < 6 imply that

IFG) — E(y)| < elx — yl. @
Furthermore, as in Section 1.8 of Chapter 1, there is an n X n invertible matrix C such that

P o
0 Q

B=C'AC=

where the eigenvalues Ay,...,A; of the k X k matrix P have negative real part and the eigenvalues
Akst, -, Ay of the (n — k) X (n — k) matrix Q have postive real part. We can choose a > 0 sufficiently small

thatforj=1,...,k
Re(A;) < —a < 0. (5)
Letting y = C'x, the system (3) then has the form
y = By + G(y) (6)
where G(y) = C~'F(Cy) € C}(E) where E = C'(E) and G satisfies the Lipschitz-type condition (4) above.
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It will be shown in the proof that there are n — k differentiable functions 1); (11, - - -, yx) such that the

equations

vi=¢iW,...,m),j=k+1,...,n

define a k-dimensional differentiable manifold S in y-space. The differentiable manifold S in x-space is

then obtained from S under the linear transformation of coordinates x = Cy.

0
e |

Proof. Consider the system (6). Let

Pt
u(t) =

; }
and V() =
0

Then U = BU, V = BV and
B =U(t) + V()

It is not difficult to see that with a > 0 chosen as in (5), we can choose K > 0 sufficiently large and

o > 0 sufficiently small that

lU(t)]| < Ke™@+ forall t > 0

and

IV(HIl < Ke“! for all t < 0.

Next consider the integral equation

t 00
u(t,a) = U(H)a + f U(t — s)G(u(s, a))ds — f V(t - s)G(u(s, a))ds. 7)
0 t

If u(t,a) is a continuous solution of this integral equation, then it is a solution of the differential

equation (6). We now solve this integral equation by the method of successive approximations. Let
u¥(t,a)=0

and

t
W, a) =U(t)a + f U(t - )G (u'(s, a))ds
0

_ foo V(t-9)G (u(j)(s, a)) ds. 8)
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Assume that the induction hypothesis

K|a|e—at

|u(j)(t, a) —ul Ve, a)| < =

©)

holds for j=1,2,...,mand t > 0. It clearly holds for j = 1 provided ¢ > 0. Then using the Lipschitz-type
condition (4) satisfied by the function G and the above estimates on |[U(t)]| and ||V (¢)|], it follows from
the induction hypothesis that for t > 0

t
[u™ D (t, a) — u™(t, a)| < f Ut - s)lle [u™(s, a) — u™ (s, a)| ds
0
+ f IV (t = s)lle [u™(s,a) — u™ (s, a)| ds
t

t —
<e f ke KRS
0 2m-1

+¢ " Keolt=9) Klale™ ds
0 2m—1

<£K2|a|e“” eKPlale™

O-2m—1 g2m-1
1 1\ Klaje™ Klale™
i+3) 2 =% 10

provided ¢K/o < 1/4; i.e., provided we choose ¢ < %(. In order that the condition (4) hold for the

function G, it suffices to choose K|a| < §/2; i.e., we choose |a| < % It then follows by induction that (9)

holds forall j=1,2,3,...and t > 0. Thus, forn >m > Nand t >0,

(1, a) — u(t, )| < Z w0, a) - ui(t, )

This last quantity approaches zero as N — oo and therefore {u(f)(t, a)} is a Cauchy sequence of
continuous functions. According to the theorem in Section 2.2,

lim u”(t, a) = u(t,a)

]—>OO

uniformly for all + > 0 and |a|] < 6/2K. Taking the limit of both sides of (8), it follows from the
uniform convergence that the continuous function u(t, a) satisfies the integral equation (7) and hence the
differential equation (6). It follows by induction and the fact that G € C'(E) that u'(t, ) is a differentiable

function of a for t > 0 and |a| < 6/2K. Thus, it follows from the uniform convergence that u(t, a) is a
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differentiable function of a for ¢ > 0 and |a| < 6/2K. The estimate (10) implies that
lu(t,a)| < 2Klale ™ (11)

for t > 0 and |a| < 6/2K.

It is clear from the integral equation (7) that the last n — k components of the vector a do not enter the
computation and hence they may be taken as zero. Thus, the components u(t,a) of the solution u(t, a)
satisfy the initial conditions

uj(0,a)=ajforj=1,...,k

and

uj(O,a)z—(j; V(-s)G (u(s,ay,...,a,0))ds ' forj=k+1,...,n
j

For j =k +1,...,n we define the functions

lp]-(al,...,ak)=uj(O,al,...,ak,O,...,O). (12)

Then the initial values y; = u; (0,a1,...,a4,0,...,0) satisfy

yi=vj(,...,w) forj=k+1,...,n

according to the definition (12). These equations then define a differentiable manifold S for \/y? + --- + y; <
6/2K. Furthermore, if y(t) is a solution of the differential equation (6) with y(0) € S, i.e., with y(0) = u(0, a),
then

y(t) = u(t, a).

It follows from the estimate (11) that if y(t) is a solution of (6) with y(0) € S, then y(t) — 0 as t — oo.
It can also be shown that if y(t) is a solution of (6) with y(0) S then y(t) -» 0 as t — oo; cf. Coddington
and Levinson. It therefore follows from Theorem 2 in Section 2.5 that if y(0) € S, then y(t) € S for all
t > 0. And it can be shown as in [C/L], p. 333 that

dp;

fori=1,...,kand j = k+1,...,n; ie, the differentiable manifold Sis tangent to the stable subspace
Es={yeR"|y; =y = 0} of the linear system y = By at0 .
The existence of the unstable manifold U of (6) is established in exactly the same way by considering
the system (6) with t — —t, i.e,,
y = —By - G(y).
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The stable manifold for this system will then be the unstable manifold U for (6). Note that it is also
necessary to replace the vector y by the vector (Yi+1,--., Yn, Y1, .-, Yk) in order to determine the n — k

dimensional manifold U by the above process. This completes the proof of the Stable Manifold Theorem.

Remark 1. The first rigorous results concerning invariant manifolds were due to Hadamard in 1901,
Liapunov in 1907 and Perron in 1928. They proved the existence of stable and unstable manifolds of
systems of differential equations and of maps. The proof presented in this section is due to Liapunov
and Perron. Several recent results generalizing the results of the Stable Manifold Theorem have been
given by Hale, Hirsch, Pugh, Shub and Smale to mention a few. We note that if the function f € C'(E)
and r > 1, then the stable and unstable differentiable manifolds S and U of (1) are of class C". And if fis

analytic in E then S and U are analytic manifolds.

Definition 3. Let ¢ be the flow of the nonlinear system (1). The global stable and unstable manifolds
of (1) at 0 are defined by

w0 = ¢:(S)

t<0

and

W) = )

0
respectively; W*(0) and W*(0) are also referred to as the global stable and unstable manifolds of the
origin respectively. It can be shown that the global stable and unstable manifolds W*(0) and W*(0) are

unique and
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Figure 3

that they are invariant with respect to the flow ¢;; furthermore, for all x € W*(0), tlg?o ¢:(x) = 0 and for all
x € W*(0), t1—1>r—Ilo dr(x) = 0.

As in the proof of the Stable Manifold Theorem, it can be shown that in a small neighborhood, N,
of a hyperbolic critical point at the origin, the local stable and unstable manifolds, S and U, of (1) at the
origin are given by

S={xeN|¢x) - 0ast— coand ¢(x) € N for t > 0}

and

U={xeN|¢x) > 0ast— —ooand ¢y(x) € N for t <0}

Figure 3 shows some numerically computed solution curves for the system in Example 2. The global
stable and unstable manifolds for this example are shown in Figure 4. Note that W*(0) and W*(0) intersect
in a "homoclinic loop" at the origin. W*(0) and W*(0) are more properly called "branched manifolds" in

this example.

90



Nonlinear Systems

LY X

\
(/ o

wiio) wio)

Figure 4

It follows from equation (11) in the proof of the stable manifold theorem that if x(t) is a solution of the
differential equation (6) with x(0) € S, i.e., if x(f) = Cy(t) with y(0) = u(0,a) € S, then for any ¢ > 0 there
exists a 6 > 0 such that if [x(0)| < 6 then

Ix(t)] < ee™™

for all t > 0. Just as in the proof of the stable manifold theorem, « is any positive number that satisfies
Re ()\ ]-) <-aforj=1,..., kwhereAj, j=1,..., kare the eigenvalues of Df(0) with negative real part. This
result shows that solutions starting in S, sufficiently near the origin, approach the origin exponentially

fastas t — oo.

Corollary. Under the hypotheses of the Stable Manifold Theorem, if S and U are the stable and
unstable manifolds of (1) at the origin and if Re (/\j) <-a<0<pB<RelAy) forj=1,...,kand
m=k+1,...,n, then given € > 0 there exists a 0 > 0 such that if xp € N5(0) N S then

60 )] < ce

for allt > 0 and if xg € Ng(0) N U then
|t (xo)| < e

for all t < 0. We add one final result to this section which establishes the existence of an invariant center
manifold W¢(0) tangent to E° at 0. The next theorem follows from the local center manifold theorem,

Theorem 2 in Section 2.12, and the stable manifold theorem in this section.

Theorem (The Center Manifold Theorem). Let f € C"(E) where E is an open subset of R” containing
the origin and r > 1. Suppose that £(0) = 0 and that Df(0) has k eigenvalues with negative real part, j
eigenvalues with positive real part, and m = n — k — j eigenvalues with zero real part. Then there exists
an m-dimensional center manifold W¢(0) of class C" tangent to the center subspace E° of (2) at 0 , there

exists a k-dimensional stable manifold W*(0) of class C" tangent to the stable subspace E° of (2) at 0 and
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there exists a j-dimensional unstable manifold W*(0) of class C" tangent to the unstable subspace E* of

(2) at 0 ; furthermore, W¢(0), W*(0) and W*(0) are invariant under the flow ¢; of (1).

3.7 The Hartman-Grobman Theorem

The Hartman-Grobman Theorem is another very important result in the local qualitative theory of ordi-
nary differential equations. The theorem shows that near a hyperbolic equilibrium point xo, the nonlinear
system (1) has the same qualitative structure as the linear system (2), with A = Df (xo). Throughout this

section we shall assume that the equilibrium point xy has been translated to the origin.

Definition 1. Two autonomous systems of differential equations such as (1) and (2) are said to be
topologically equivalent in a neighborhood of the origin or to have the same qualitative structure near
the origin if there is a homeomorphism H mapping an open set U containing the origin onto an open
set V containing the origin which maps trajectories of (1) in U onto trajectories of (2) in V and preserves
their orientation by time in the sense that if a trajectory is directed from x; to x, in U, then its image is
directed from H (x;) to H (x2) in V. If the homeomorphism H preserves the parameterization by time,
then the systems (1) and (2) are said to be topologically conjugate in a neighborhood of the origin.

Before stating the Hartman-Grobman Theorem, we consider a simple example of two topologically

conjugate linear systems.

Theorem (The Hartman-Grobman Theorem). Let E be an open subset of R" containing the origin,
let f € C!(E), and let ¢ be the flow of the nonlinear system (1). Suppose that f(0) = 0 and that the matrix
A = Df(0) has no eigenvalue with zero real part. Then there exists a homeomorphism H of an open set
U containing the origin onto an open set V containing the origin such that for each xo € U, there is an

open interval Iy C R containing zero such that for all xo € U and ¢ € I
Ho ¢y (x0) = ¢"'H (x0) ;

i.e., H maps trajectories of (1) near the origin onto trajectories of (2) near the origin and preserves the

parameterization by time.

Outline of the Proof. Consider the nonlinear system (1) with f € C}(E), f(0) = 0 and A = Df(0).

1. Suppose that the matrix A is written in the form

P 0
0 Q
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where the eigenvalues of P have negative real part and the eigenvalues of Q have positive real part.

2. Let ¢ be the flow of the nonlinear system (1) and write the solution

y (t, 0, 20)
x(t,x0) = Pt (x0) =
z(t,yo,20)
where
Xg = o € Rn,
Zy

yo € E°, the stable subspace of A and z; € E¥, the unstable subspace of A.

3. Define the functions

Y (yo,z0) = y (1, y0,20) — €"yo

and
Z(yo,20) = z(1,y0,20) — e,
Then Y(0) = Z(0) = DY(0) = DZ(0) = 0. And since f € C(E), Y (yo, zo) and Z (yj, z) are continuously
differentiable. Thus,
“DY (yo,zo)” <a

and
“DZ (yo,Zo)” <a

2

2 . .
on the compact set |yo| + |z < sg- The constant a can be taken as small as we like by choosing sy

sufficiently small. We let Y (yo, zo) and Z (yo, zo) be smooth functions which are equal to Y (yo, zo) and

Z (yo, 2o) for ( y0|2 A (so/ 2)2 and zero for )y0|2 + |zl = s(z). Then by the mean value theorem

Y (y0,20)| < 2+ |}’0|2 +zof* <a (|YO| + |Zo|)

and
|Z (yo,20)| < a (yO|2 + |z < a (|YO| + |Zo|)

for all (yo,z0) € R". We next let B = ¢ and C = ¢2. Then assuming that we have carried out the

normalization in Problem 7 in Section 1.8 of Chapter 1, cf. Hartman [H], p. 233, we have
b=|Bll<landc=|C| <1

4. For
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define the transformations
By
Cz

L(yr Z) =

and

T(YI Z) =

By +Y(y, z)
Cz+Z(y,z)
i.e., L(x) = e’x and locally T(x) = ¢1(x).

Lemma. There exists a homeomorphism H of an open set U containing the origin onto an open set
V containing the origin such that

HoT=LoH.

We establish this lemma using the method of successive approximations. For x € R", let

O(y, z)
W(y, z)

H(x) =

Then H o T = L o H is equivalent to the pair of equations

BO(y, z) = ®(By + Y(y, z), Cz + Z(y, z))
CY¥(y,z) = Y(By + Y(y, 2z), Cz + Z(y, 2)). 3)

First of all, define the successive approximations for the second equation by

Wo(y,z) =z
Wia(y, z) = C_l‘I’k(By +Y(y, z),Cz + Z(y, z)) 4)

It then follows by an easy induction argument that for k = 0,1,2,..., the Wi(y, z) are continuous and

satisfy Wi (y, z) = z for |y| + |z| > 259. We next prove by induction that for j =1,2,...
¥y, 2) - Wia(y, 2)| < Myl + [z))°

where 7 = c[2max(a, b, ¢)]® with 6 € (0,1) chosen sufficiently small so that r < 1 (which is possible since

c<l)and M =ac (250)1_6 /r. First of all for j =1

|W1(y, z) - Wo(y, z)| = C'Wo(By + Y(y,2), Cz + Z(y,2)) - z|
= |C(Cz + Z(y, 2)) - 2
= |c'z(y, 2)| < ||c 7| 1Z(y, 2)]

< ca(ly| + |z|) < Mr(ly| + |z|)°
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since Z(y, z) = 0 for |y| + |z| > 25p. And then assuming that the induction hypothesis holds for j =1, ...,k

we have
Wi (y, 2) — Wily, 2)| = | C'Wi(By + Y(y, ), Cz + Z(y, )

= C'Wia(By + X(y,2), Cz + Z(y, 2)) |

<[l 1) = Wia () |

<cMr* [|By + Y(y, 2)| + |Cz + Z(y, 2)]’

< cMPblyl + 2a(ly] + |2]) + clz ]

<cMr* [2max(a, b, 0)°(ly| + |z])°

=M (ly) + I2))°

Thus, just as in the proof of the fundamental theorem in Section 2.2 and the stable manifold theorem

in Section 2.7, Wi(y, z) is a Cauchy sequence of continuous functions which converges uniformly as
k — oo to a continuous function W(y,z). Also, W(y,z) = z for |y| + |z| > 2sp. Taking limits in (4) shows

that W(y, z) is a solution of the second equation in (3).

The first equation in (3) can be written as
Bld(y,z) = @ (B‘ly +Y1(y,2),C 'z + Z1(y, z))

where the functions Y; and Z; are defined by the inverse of T (which exists if the constant a is sufficiently

small, i.e., if 5y is sufficiently small) as follows:

T y,2) =

B~y + Yi(y,2)
Clz+ Zi(y,2) .

Then equation (6) can be solved for ®(y, z) by the method of successive approximations exactly as

above with @y(y, z) = y since b = ||B]| < 1. We therefore obtain the continuous map

O(y, z)

SR

And it follows as on pp. 248-249 in Hartman [H] that H is a homeomorphism of R" onto R".

5. We now let Hy be the homeomorphism defined above and let L’ and T* be the one-parameter

families of transformations defined by

L' (x) = exo and T (xp) = ¢ (x0).
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Define "
Hzf L™ HyT*ds.
0

It then follows using the above lemma that there exists a neighborhood of the origin for which

1
LtHzf L' HoT*'dsT'
0

1-t
= f L H,T*dsT!

t

0 1-t
= [f L™ HyT°ds + f LSHOTSdS] T
—t 0

1
=f L °HT°dsT" = HT'
0

since by the above lemma Hy = L~1H,T which implies that

0
f L™°HyT°ds = f L5 'H, T ds
—t —t
1
= f L°H,yT*ds
1-t

Thus, H o T' = L'H or equivalently
H o ¢t (x0) = e'H (xo)

and it can be shown as on pp. 250-251 of Hartman [H] that H is a homeomorphism on R”. This completes

the outline of the proof of the HartmanGrobman Theorem.

Theorem (Hartman). Let E be an open subset of R™ containing the point x, let f € C?(E), and let ¢
be the flow of the nonlinear system (1). Suppose that f(xp) = 0 and that all of the eigenvalues A4,..., A,
of the matrix A = Df (xo) have negative (or positive) real part. Then there exists a C'-diffeomorphism H
of a neighborhood U of xy onto an open set V containing the origin such that for each x € U there is an

open interval I(x) C R containing zero such that for all x € U and ¢ € I(x)

H o ¢(x) = eMH(x).

3.8 Stability and Liapunov Functions

In this section we discuss the stability of the equilibrium points of the nonlinear system (1). The stability
of any hyperbolic equilibrium point x; of (1) is determined by the signs of the real parts of the eigenvalues

A; of the matrix Df (xo). A hyperbolic equilibrium point xq is asymptotically stable iff Re (A]-) < 0 for
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j=1,...,m;ie, iff xy is a sink. And a hyperbolic equilibrium point x is unstable iff it is either a source
or a saddle. The stability of nonhyperbolic equilibrium points is typically more difficult to determine.
A method, due to Liapunov, that is very useful for deciding the stability of nonhyperbolic equilibrium

points is presented in this section.

Definition 1. Let ¢; denote the flow of the differential equation (1) defined for all t € R. An
equilibrium point x of (1) is stable if for all € > 0 there exists a 6 > 0 such that for all x € Ng (xg) and ¢t > 0
we have

Pr(x) € Ne (o) -

The equilibrium point x¢ is unstable if it is not stable. And x¢ is asymptotically stable if it is stable

and if there exists a 0 > 0 such that for all x € Ng (xg) we have
tlim P:(x) = xo.

Note that the above limit being satisfied for all x in some neighborhood of xy does not imply that x, is
stable.

It can be seen from the phase portraits in Section 1.5 of Chapter 1 that a stable node or focus of a
linear system in R? is an asymptotically stable equilibrium point; an unstable node or focus or a saddle
of a linear system in R? is an unstable equilibrium point; and a center of a linear system in R? is a stable
equilibrium point which is not asymptotically stable.

It follows from the Stable Manifold Theorem and the Hartman-Grobman Theorem that any sink of (1)
is asymptotically stable and any source or saddle of (1) is unstable. Hence, any hyperbolic equilibrium
point of (1) is either asymptotically stable or unstable. The corollary in Section 2.7 provides even more

information concerning the local behavior of solutions near a sink:

Theorem 1. If x is a sink of the nonlinear system (1) and Re (/\ j) < —a < 0 for all of the eigenvalues
A; of the matrix Df (xo), then given ¢ > 0 there exists a > 0 such that for all x € N; (xo), the flow ¢;(x) of
(1) satisfies

|p+(x) — xo| < ee™

forallt > 0.

Since hyperbolic equilibrium points are either asymptotically stable or unstable, the only time that
an equilibrium point xg of (1) can be stable but not asymptotically stable is when Df (x9) has a zero
eigenvalue or a pair of complex-conjugate, pure-imaginary eigenvalues A = +ib. It follows from the next

theorem, proved in [H/S], that all other eigenvalues A, of Df (x¢) must satisfy Re (/\ j) < 0if xq is stable.

Theorem 2. If xq is a stable equilibrium point of (1), no eigenvalue of Df (xo) has positive real part.
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We see that stable equilibrium points which are not asymptotically stable can only occur at nonhy-
perbolic equilibrium points. But the question as to whether a nonhyperbolic equilibrium point is stable,
asymptotically stable or unstable is a delicate question.

The following method, due to Liapunov (in his 1892 doctoral thesis), is very useful in answering this

question.

Definition 2. If f € C1(E), V € C}(E) and ¢ is the flow of the differential equation (1), then for x € E

the derivative of the function V(x) along the solution ¢;(x)

= DV (x)f(x).
t=0

V0= SV (p)

The last equality follows from the chain rule. If V(x) is negative in E then V(x) decreases along the
solution ¢ (xo) through x¢ € E at f = 0. Furthermore, in R?, if V(x) < 0 with equality only at x = 0, then
for small positive C, the family of curves V(x) = C constitutes a family of closed curves enclosing the
origin and the trajectories of (1) cross these curves from their exterior to their interior with increasing
t; i.e., the origin of (1) is asymptotically stable. A function V : R® — R satisfying the hypotheses of the

next theorem is called a Liapunov function.

Theorem 3. Let E be an open subset of R” containing xo. Suppose that f € C!(E) and that f(x¢) = 0.
Suppose further that there exists a real valued function V € C!(E) satisfying V (xg) = 0 and V(x) > 0 if
X # Xp.

Then (a) if V(x) < 0 for all x € E, xg is stable;
(b)if V(x) < 0 forall x € E ~ {xo},Xg is asymptotically stable;

(c)if V(x) > 0 for all x € E ~ {xp}, X0 is unstable.
Proof. Without loss of generality, we shall assume that the equilibrium point xo = 0.

(a) Choose ¢ > 0 sufficiently small that N.(0) € E and let m, be the minimum of the continuous
function V(x) on the compact set

S. ={xeR" |x]|=¢}.

Then since V(x) > 0 for x # 0, it follows that m, > 0. Since V(x) is continuous and V(0) = 0, it follows
that there exists a & > 0 such that [x| < 6 implies that V(x) < m,. Since V(x) < 0 for x € E, it follows that
V(x) is decreasing along trajectories of (1). Thus, if ¢ is the flow of the differential equation (1), it follows

that for all xg € Ns5(0) and ¢t > 0 we have

V(9r (x0)) < V (x0) < e,
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Now suppose that for |xo| < 0 there is a t; > 0 such that lgbtl (xo)( = ¢; i.e., such that ¢, (xo) € S,. Then

since m, is the minimum of V(x) on S, this would imply that

V(¢n (x0)) = me

which contradicts the above inequality. Thus for [xg| < 6 and t > 0 it follows that |qb¢ (x0)| <e¢gie,0isa

stable equilibrium point.

(b) Suppose that V(x) < 0 for all x € E. Then V/(x) is strictly decreasing along trajectories of (1). Let
¢; be the flow of (1) and let xg € Ns(0), the neighborhood defined in part (a). Then, by part (a), if |xo| < 0,
¢ (x0) € Ne(0) for all t > 0. Let {t;} be any sequence with ¢, — co. Then since m is compact, there is
a subsequence of {qbtk (xo)} that converges to a point in N,(0). But for any subsequence {t,} of {t} such
that {gbtn (xo)} converges, we show below that the limit is zero. It then follows that ¢y, (xg) — 0 for any
sequence fr — oo and therefore that ¢; (xg) — 0 as t — oo; i.e,, that 0 is asymptotically stable. It remains
to show that if ¢, (x0) — yo, then yy = 0. Since V(x) is strictly decreasing along trajectories of (1) and

since V <¢t” (xo)) — V (yo) by the continuity of V, it follows that

V(¢ (x0)) > V (y0)

for all t > 0. But if yo # 0, then for s > 0 we have V(cps (yo)) < V(yo) and, by continuity, it follows
that for all y sufficiently close to iy we have V (qbs(y)) < V(yo) for s > 0. But then for y = ¢, (x¢) and n

sufficiently large, we have

14 (¢s+t,, (XO)) <V (yo)
which contradicts the above inequality. Therefore yo = 0 and it follows that 0 is asymptotically stable.

(c) Let M be the maximum of the continuous function V(x) on the compact set N.(0). Since V(x) >
0, V(x) is strictly increasing along trajectories of (1). Thus, if ¢ is the flow of (1), then for any 6 > 0 and
Xo € Ns(0) ~ {0} we have
V(1 (x0)) > V (x0) > 0

for all t > 0. And since V(x) is positive definite, this last statement implies that
ii?gv(qb, (x0)) =m >0

Thus,
V(41 (x0)) = V (x0) = mt
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for all £ > 0. Therefore,

V(qbt (xo)) >mt>M

for t sufficiently large; i.e., ¢; (xo) lies outside the closed set N(0). Hence, 0 is unstable.

Remark. If V(x) = 0 for all x € E then the trajectories of (1) lie on the surfaces in R” (or curves in R?)
defined by
V(x)=c.

3.9 Saddles, Nodes, Foci and Centers

In Section 1.5 of Chapter 1, a linear system (1), where x € R? was said to have a saddle, node, focus or
center at the origin if its phase portrait was linearly equivalent to one of the phase portraits in Figures
1-4 in Section 1.5 of Chapter 1 respectively; i.e., if there exists a nonsingular linear transformation
which reduces the matrix A to one of the canonical matrices B in Cases I-IV of Section 1.5 in Chapter 1
respectively. For example, the linear system (1) of the example in Section 2.8 of this chapter has a saddle
at the origin.

In Section 2.6, a nonlinear system (2) was said to have a saddle, a sink or a source at a hyperbolic
equilibrium point xy if the linear part of f at xp had eigenvalues with both positive and negative real
parts, only had eigenvalues with negative real parts, or only had eigenvalues with positive real parts,
respectively.

In this section, we define the concept of a topological saddle for the nonlinear system (2) with x € R?
and show that if xj is a hyperbolic equilibrium point of (2) then it is a topological saddle if and only if it
is a saddle of (2); i.e., a hyperbolic equilibrium point xy is a topological saddle for (2) if and only if the
origin is a saddle for (1) with A = Df (xo). We discuss topological saddles for nonhyperbolic equilibrium
points of (2) with x € R? in the next section. We also refine the classification of sinks of the nonlinear
system (2) into stable nodes and foci and show that, under slightly stronger hypotheses on the function
f, i.e., stronger than f € CY(E), a hyperbolic critical point xg is a stable node or focus for the nonlinear
system (2) if and only if it is respectively a stable node or focus for the linear system (1) with A = Df (xg
). Similarly, a source of (2) is either an unstable node or focus of (2) as defined below. Finally, we define
centers and center-foci for the nonlinear system (2) and show that, under the addition of nonlinear terms,
a center of the linear system (1) may become either a center, a center-focus, or a stable or unstable focus
of (2).

Before defining these various types of equilibrium points for planar systems (2), it is convenient to
introduce polar coordinates ( 7, 0 ) and to rewrite the system (2) in polar coordinates. In this section we

let x = (x,y)T, f1(x) = P(x,y) and fo(x) = Q(x, y). The nonlinear system (2) can then be written as
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X = P(x/ ]/)
¥ =Q(x,y). ®3)

If we let 7> = x? + y? and O = tan"!(y/x), then we have
7= XX+ Yy

and

0 = Xy — yx.

It follows that for r > 0, the nonlinear system (3) can be written in terms of polar coordinates as

7= P(rcos 6, rsin 0) cos 6 + Q(rcos 6, rsin B) sin 6

70 = Q(r cos 0, rsin 0) cos O — P(r cos 0, r sin 0) sin O (4)

or as

dr r[P(rcos 6, rsin B) cos 6 + Q(r cos O, rsin 6) sin 6]

— =F(r,0) = '
dao 9 Q(rcos 6, 7sin 0) cos O — P(rcos 6,7 sin 6) sin 6

©)

Writing the system of differential equations (3) in polar coordinates will often reveal the nature of the
equilibrium point or critical point at the origin.
Definition 1. The origin is called a center for the nonlinear system (2) if there exists a 6 > 0 such that

every solution curve of (2) in the deleted neighborhood N;(0) ~ {0} is a closed curve with 0 in its interior.

Definition 2. The origin is called a center-focus for (2) if there exists a sequence of closed solution
curves I', with I, in the interior of I', such thatI', — 0as#n — oo and such that every trajectory between

I'y and I';,41 spirals toward I', or I';yyq @as t — +oo.

Definition 3. The origin is called a stable focus for (2) if there exists a 6 > 0 such that for 0 < 7y <6
and 6y € R, 7 (t,79,0p) = 0and |0 (¢, 7y, Op)| — oo as t — oo. It is called an unstable focus if r (¢, 7y, 6y) — 0
and |0 (t, 1y, Op)| = o0 ast — —oo. Any trajectory of (2) which satisfies r(t) — 0 and |0(t)] = oo ast — +oo

is said to spiral toward the origin as t — +co.

Definition 4. The origin is called a stable node for (2) if there exists a 0 > 0 such that for 0 < ry < 6 and

Op € R,7r(t,79,09) » 0as t — oo and tlim 0 (t, o, Op) exists; i.e., each trajectory in a deleted neighborhood
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of the origin approaches the origin along a well-defined tangent line as ¢ — co. The origin is called an
unstable node if 7 (t, 7y, 6g) — 0 as t - —oo and tli{n 0 (t, 7, Op) exists for all vy € (0,0) and 6y € R. The
origin is called a proper node for (2) if it is a node and if every ray through the origin is tangent to some

trajectory of (2).

Definition 5. The origin is a (topological) saddle for (2) if there exist two trajectories I'; and I', which
approach 0 as t — oo and two trajectories I's and I'y which approach 0 as t — —co and if there exists a
0 > 0 such that all other trajectories which start in the deleted neighborhood of the origin Ng(0) ~ {0}
leave N¢(0) as t — +oo. The special trajectories I'y, ..., I'y are called separatrices.

For a (topological) saddle, the stable manifold at the origin S = I';U I'; U {0} and the unstable manifold
at the origin U = I's U T4 U {0}. If the trajectory I'; approaches the origin along a ray making an angle
0; with the x-axis where 0; € (-m,nt] fori =1,...,4, then 0, = 0; £ 7 and 0, = 03 £ ©. This follows by
considering the possible directions in which a trajectory of (2), written in polar form (4), can approach
the origin; cf. equation (6) below. The following theorems, proved in [A-I], are useful in this regard. The

first theorem is due to Bendixson [B].

Theorem 1 (Bendixson). Let E be an open subset of R? containing the origin and let f € C'(E). If the
origin is an isolated critical point of (2), then either every neighborhood of the origin contains a closed

solution curve with 0 in its interior or there exists a trajectory approaching 0 as t — +oo.

Theorem 2. Suppose that P(x, y) and Q(x, y) in (3) are analytic functions of x and y in some open
subset E of R? containing the origin and suppose that the Taylor expansions of P and Q about (0, 0) begin
with mth-degree terms P,,(x, y) and Q,,(x, y) with m > 1. Then any trajectory of (3) which approaches
the origin as t — oo either spirals toward the origin as t — oo or it tends toward the origin in a definite
direction 6 = 0y as t — oo. If xQ,,(x, y) — yPn(x, y) is not identically zero, then all directions of approach,

0o, satisfy the equation
c0s OpQy,, (cos Oy, sin By) — sin By P,, (cos Oy, sin Oy) = 0.

Furthermore, if one trajectory of (3) spirals toward the origin as t — oo then all trajectories of (3) in a
deleted neighborhood of the origin spiral toward 0 as t — oo.

It follows from this theorem that if P and Q begin with first-degree terms, i.e., if
Pi(x,y) = ax + by

and

Qilx,y) =cx+dy

102



Nonlinear Systems

with a,b,c and d not all zero, then the only possible directions in which trajectories can approach the

origin are given by directions 6 which satisfy
bsin? 6 + (a — d) sin 6 cos 6 — cos 6 = 0. (6)
For cos 0 # 0 in this equation, i.e., if b # 0, this equation is equivalent to
btan? 6 + (2 —d)tan6 —c = 0. 6)

This quadratic has at most two solutions 6 € (-w/2,7/2] and if 0 = 0; is a solution then 6 = 0; = &t

are also solutions. Finding the solutions of (6’) is equivalent to finding the directions determined by the

a b
cd.

The next theorem follows immediately from the Stable Manifold Theorem and the Hartman-Grobman

eigenvectors of the matrix

A=

Theorem. It establishes that if the origin is a hyperbolic equilibrium point of the nonlinear system (2),
then it is a (topological) saddle for (2) if and only if it is a saddle for its linearization at the origin.

Furthermore, the directions 0; along which the separatrices I'; approach the origin are solutions of (6).

Theorem 3. Suppose that E is an open subset of R? containing the origin and that f € C'(E). If the
origin is a hyperbolic equilibrium point of the nonlinear system (2), then the origin is a (topological)

saddle for (2) if and only if the origin is a saddle for the linear system (1) with A = Df(0).

Theorem 4. Let E be an open subset of R? containing the origin and let f € C*(E). Suppose that the
origin is a hyperbolic critical point of (2). Then the origin is a stable (or unstable) node for the nonlinear
system (2) if and only if it is a stable (or unstble) node for the linear system (1) with A = Df(0 ). And the
origin is a stable (or unstable) focus for the nonlinear system (2) if and only if it is a stable (or unstable)

focus for the linear system (1) with A = Df(0).

Remark. Under the hypotheses of Theorem 4, it follows that the origin is a proper node for the
nonlinear system (2) if and only if it is a proper node for the linear system (1) with A = Df(0). And under
the weaker hypothesis that f € C(E), it still follows that if the origin is a focus for the linear system (1)
with A = Df(0), then it is a focus for the nonlinear system (2).

Theorem 5. Let E be an open subset of R? containing the origin and let f € C}(E) with f(0) = 0.
Suppose that the origin is a center for the linear system (1) with A = Df(0). Then the origin is either a

center, a center-focus or a focus for the nonlinear system (2).
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Proof. We may assume that the matrix A = Df(0) has been transformed to its canonical form

0 -b
A=
[b 0

with b # 0. Assume that b > 0; otherwise we can apply the linear transformation t — —t. The

nonlinear system (3) then has the form

X ==by+plx,y)
y=bx+q(x,y)
Since f € C!(E), it follows that |p(x, y)/r] = 0 and |g(x, y)/r] = 0 as r — 0; i.e., p = o(r) and g = o(r) as
r — 0. Thus, in polar coordinates we have 7 = o(r) and 0 = b + o(1) as r — 0. Therefore, there exists a
6> 0suchthat® >b/2>0for0<r<6. Thusfor0 < ry<dand 6y € R,0 (¢t 1y, 00) > bt/2 + Oy — = as
t — oo;and O (¢, 79, Op) is a monotone increasing function of t. Let t = h(0) be the inverse of this monotone
function. Define #6) = r (h(6), 1, 60p) for 0 < ryp < 6 and 6y € R. Then #6) satisfies the differential

equation (5) which has the form

ar
a6

cos Op(7 cos 0, 7sin 0) + sin Og(7 cos O, 7 sin O)

=Fr0) = b + (cos 0/7)q(7 cos 0, 7sin ) — (sin B/7)p(¥ cos O, 7sin O)

Suppose that the origin is not a center or a center-focus for the nonlinear system (3). Then for 6 > 0
sufficiently small, there are no closed trajectories of (3) in the deleted neighborhood N;s(0) ~ {0}. Thus for
0 <ry < odand Oy € R, either 7#(0y + 2m) < 7(Oy) or #(Oy + 2m) > 7(Oy). Assume that the first case holds.
The second case is treated in a similar manner. If 7(6y + 271) < 7(6p) then 7(0y + 2kmt) < 7(6g + 2(k — 1)7)
for k = 1,2,3... Otherwise we would have two trajectories of (3) through the same point which is
impossible. The sequence 7(6y + 2km) is monotone decreasing and bounded below by zero; therefore,

the following limit exists and is nonnegative:

71 = I}lm 7(60 + Zkﬂ)

If 71 = 0 then #(0) — 0 as 6 — oo; i.e, r(t,19,00) = 0and O (¢, 1y, 0p) = o0 as t — oo and the origin
is a stable focus of (3). If # > 0 then since |F(r,0)] < M for 0 < r < 6 and 0 < 6 < 27, the sequence
7(6o + 0 + 2km) is equicontinuous on [0, 2rt]. Therefore, by Ascoli’s Lemma, cf. Theorem 7.25 in Rudin
[R], there exists a uniformly convergent subsequence of 7(6y + 6+ 2km) converging to a solution 71(0)
which satisfies 71(0) = 71(0 + 2kn); i.e., 71(0) is a non-zero periodic solution of (5). This contradicts the
fact that
there are no closed trajectories of (3) in N5(0) ~ {0} when the origin is not a center or a center focus of
(3). Thus if the origin is not a center or a center focus of (3), 71 = 0 and the origin is a focus of (3). This

completes the proof of the theorem.
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A center-focus cannot occur in an analytic system. Thisis a consequence of Dulac’s Theorem discussed
in Section 3.3 of Chapter 3. We therefore have the following corollary of Theorem 5 for analytic systems.
Corollary. Let E be an open subset of R? containing the origin and let f be analytic in E with £(0) = 0.
Suppose that the origin is a center for the linear system (1) with A = Df(0). Then the origin is either a

center or a focus for the nonlinear system (2).

As we noted in the previous section, Liapunov’s method is one tool that can be used to distinguish a
center from a focus for a nonlinear system. Another approach is to write the system in polar coordinates
as in Examples 1-3 above. Yet another approach is to look for symmetries in the differential equations.

The easiest symmetries to see are symmetries with respect to the x and y axes.

Definition 6. The system (3) is said to be symmetric with respect to the x-axis if it is invariant under
the transformation (f, y) — (—t, —y); it is said to be symmetric with respect to the y-axis if it is invariant
under the transformation (¢, x) — (—t, —x).

Note that the system in Example 1 is symmetric with respect to the x-axis, but not with respect to the

y-axis.

Theorem 6. Let E be an open subset of R? containing the origin and let f € C'(E) with £(0) = 0. If the
nonlinear system (2) is symmetric with respect to the x-axis or the y-axis, and if the origin is a center for
the linear system (1) with A = Df(0), then the origin is a center for the nonlinear system (2).

The idea of the proof of this theorem is that by Theorem 5, any trajectory of (3) in N5(0) which crosses
the positive x-axis will also cross the negative x-axis. If the system (3) is symmetric with respect to the
x-axis, then the trajectories of (3) in N;s(0) will be symmetric with respect to the x-axis and hence all

trajectories of (3) in Ns(0) will be closed; i.e., the origin will be a center for (3).

3.10 Nonhyperbolic Critical Points in R?

In this section we present some results on nonhyperbolic critical points of planar analytic systems. This
work originated with Poincaré [P] and was extended by Bendixson [B] and more recently by Andronov

et al. [A —I]. We assume that the origin is an isolated critical point of the planar system

X = P(x/ ]/)
y=Qxy) 1

where P and Q are analytic in some neighborhood of the origin. In Sections 2.9 and 2.10 we have

already presented some results for the case when the matrix of the linear part A = Df(0) has pure
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imaginary eigenvalues, i.e., when the origin is a center for the linearized system. In this section we give
some results established in [A — I] for the case when the matrix A has one or two zero eigenvalues, but
A # 0. And these results are extended to higher dimensions in Section 2.12.

First of all, note that if P and Q begin with m th-degree terms P,, and Q,,, then it follows from Theorem
2 in Section 2.10 that if the function

g(0) = cos 0Qy,(cos 0, sin ) — sin OP,,(cos 6, sin 0)

is not identically zero, then there are at most 2(m + 1) directions 6 = 6, along which a trajectory of
(1) may approach the origin. These directions are given by solutions of the equation g(0) = 0. Suppose
that g(0) is not identically zero, then the solution curves of (1) which approach the origin along these
tangent lines divide a neighborhood of the origin into a finite number of open regions called sectors.
These sectors will be of one of three types as described in the following definitions; cf. [A-I] or [L]. The
trajectories which lie on the boundary of a hyperbolic sector are called separatrices. Cf. Definition 1 in

Section 3.11.

Definition 1. A sector which is topologically equivalent to the sector shown in Figure 1(a) is called a
hyperbolic sector. A sector which is topologically equivalent to the sector shown in Figure 1(b) is called
a parabolic sector. And a sector which is topologically equivalent to the sector shown in Figure 1(c) is

called an elliptic sector.

L

Figure 1. (a) A hyperbolic sector. (b) A parabolic sector. (¢) An elliptic
sector.

In Definition 1, the homeomorphism establishing the topological equivalence of a sector to one of the
sectors in Figure 1 need not preserve the direction of the flow; i.e., each of the sectors in Figure 1 with the
arrows reversed are sectors of the same type. For example, a saddle has a deleted neighborhood con-
sisting of four hyperbolic sectors and four separatrices. And a proper node has a deleted neighborhood

consisting of one parabolic sector. According to Theorem 2 below, the system

xX=y

y= -3+ 4xy
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has an elliptic sector at the origin; cf. Problem 1 below. The phase portrait for this system is shown
in Figure 2. Every trajectory which approaches the origin does so tangent to the x-axis.

A deleted neighborhood of the origin consists of one elliptic sector, one hyperbolic sector, two
parabolic sectors, and four separatrices. Cf. Definition 1 and Problem 5 in Section 3.11. This type of

critical point is called 4 critical point with an elliptic domain; cf. [A-I].

Figure 2. A critical point with an elliptic domain at the origin.

Another type of nonhyperbolic critical point for a planar system is a saddle-node. A saddle-node
consists of two hyperbolic sectors and one parabolic sector (as well as three separatrices and the critical

point itself). According to Theorem 1 below, the system

¥ =22

y=y
has a saddle-node at the origin. Even without Theorem 1, this system is easy to discuss since it can

be solved explicitly for x(t) = (1/xp — )" and y(t) = yoe'. The phase portrait for this system is shown in
Figure 3.
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Figure 3. A saddle-node at the origin.

One other type of behavior that can occur at a nonhyperbolic critical point is illustrated by the

following example:

The phase portrait for this system is shown in Figure 4. We see that a deleted neighborhood of the
origin consists of two hyperbolic sectors and two separatrices. This type of critical point is called a cusp.

As we shall see, besides the familiar types of critical points for planar analytic systems discussed in
Section 2.10, i.e., nodes, foci, (topological) saddles and centers, the only other types of critical points that
can occur for (1) when A # 0 are saddle-nodes, critical points with elliptic domains and cusps.

We first consider the case when the matrix A has one zero eigenvalue, i.e., when detA = 0, but
tr A # 0. In this case, as in Chapter 1 and as is shown in [A —I] on p. 338, the system (1) can be put into

the form
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x= PZ(xr ]/) (2)
y=y+q(y)

where p, and g, are analytic in a neighborhood of the origin and have expansions that begin with

second-degree terms in x and y. The following theorem is proved on p. 340 in [A-I]. Cf. Section 2.12.

Figure 4. A cusp at the origin.

Theorem 1. Let the origin be an isolated critical point for the analytic system (2). Let y = ¢(x) be
the solution of the equation y + g2(x, y) = 0 in a neighborhood of the origin and let the expansion of the
function Y(x) = pa(x, P(x)) in a neighborhood of x = 0 have the form 1(x) = a,,x™ + --- where m > 2 and
ay, # 0. Then (1) for m odd and a,, > 0, the origin is an unstable node, (2) for m odd and a,, < 0, the origin
is a (topological) saddle and (3) for m even, the origin is a saddle-node.

Next consider the case when A has two zero eigenvalues, i.e., detA = 0, trA = 0, but A # 0. In this

case it is shown in [A-]], p. 356, that the system (1) can be put in the "normal" form
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i=y
¥ = a1+ h()] + bax"y[1 + g()] + 1 R(x, ) ®)

where h(x), g(x) and R(x, y) are analytic in a neighborhood of the origin, #(0) = g(0) = 0,k > 2,4, # 0
and n > 1. Cf. Section 2.13. The next two theorems are proved on pp. 357-362 in [A-I].

Theorem 2. Let k = 2m + 1 with m > 1in (3) and let A = b2 + 4(m + 1)a;. Then if a; > 0, the origin is a
(topological) saddle. If a; < O, the origin is (1) a focus or a center if b, = 0 and also if b, # 0 and n > m
orifn =mand A <0, (2) anode if b, # 0,7n is an even number and n < m and also if b,, # 0,7 is an even
number, n = m and A > 0 and (3) a critical point with an elliptic domain if b, # 0,7 is an odd number

and n < m and also if b,, # 0,7 is an odd number, n = m and A > 0.

Theorem 3. Let k = 2m with m > 1 in (3). Then the origin is (1) a cusp if b, = 0 and also if b, # 0 and
n > m and (2) a saddle-node if b, # 0 and n < m.

We see that if Df (x) has one zero eigenvalue, then the critical point xo is either a node, a (topological)
saddle, or a saddle-node; and if Df (xo) has two zero eigenvalues, then the critical point xy is either a
focus, a center, a node, a (topological) saddle, a saddle-node, a cusp, or a critical point with an elliptic
domain.

Finally, what if the matrix A = 0 ? In this case, the behavior near the origin can be very complex. If
P and Q begin with m th-degree terms, then the separatrices may divide a neighborhood of the origin
into 2(m + 1) sectors of various types. The number of elliptic sectors minus the number of hyperbolic
sectors is always an even number and this number is related to the index of the critical point discussed

in Section 3.12 of Chapter 3. For example, the homogenous quadratic system

X =x%+ xy
1,
y=3y+xy
has the phase portrait shown in Figure 5. There are two elliptic sectors and two parabolic sectors at
the origin. All possible types of phase portraits for homogenous, quadratic systems have been classified

by the Russian mathematician L.S. Lyagina [19]. For more information on the topic, cf. the book by

Nemytskii and Stepanov [N/S].
Remark. A critical point, xo, of (1) for which Df (x9) has a zero eigenvalue is often referred to as a
multiple critical point. The reason for this is made clear in Section 4.2 of Chapter 4 where it is shown

that a multiple critical point of (1) can be made to split into a number of hyperbolic critical points under
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a suitable perturbation of (1).

l

Figure 5. A nonhyperbolic critical point with two elliptic sectors and two
parabolic sectors.
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