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’ Analysis I: Tutorial Exercise Sheet 1 ‘

Exercise 01:

Prove that the set of rational numbers forms a field. . .
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Exercise 02:

Rewrite the sets S below using interval notation:
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1) S={reR:x2<2}

2) S={reR:—z<2}
3) S={reR:2*>3}
4) S={zreR:2*<2}
5 S={zeR:2*>2}
6) S={reR:—z®>3}

Exercise 03:

A) Show the following inequalities:
W ol oy
Lozl + [yl < |z +yl+]z—y|,Vo,y eR
2. oty < Vot .y Yo,y e RY
3. 1VE - Vil < VT3l e,y € R*.
B) Let [z] be the floor function of x;
e find the following: [3.6], [7], [e], [—5.3], [—0.4], [8]
. [3.6], [n], [e], [-5.3], JJ\AJD}“QJJC«&A“ sl Al [2] K

e Demonstrate that for all z,y € R:
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1. [z 4+ m] = [x] + m where m € Z
2. x<y=[z] <[y
3. [+ Y <letyl <[o]+ [yl + 1.



Exercise 04:

A) Show that:
0l O
1. The sum of a rational number and an irrational number is an irrational number.
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B) Let a € [1, 0o simplify 22 where 2 = va+2va — 1+ va —2va — 1.
cz=vVa+2vVa—14+Va—-2Va—1 G 22 b a € [1,00] R

Exercise 05:

Consider A as a subset of R equipped with the usual order. Determine, for each of the following sets: the
set of upper bounds Maj(A), the set of lower bounds Min(A), the superemum sup(A), the infimum inf(A),
the smallest element min(A), and the largest element max(A).
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. max(A)
1. A= [~a,0], [~ 0f,] — a,a (where @ > 0), E = R.
2. A={r eR/2? <2},E=R.
3. A={1-1/neN} E=R.

Exercise 06:
Let A be a non-empty and bounded subset of R. We denote B = {|z — y|; (z,y) € A?}.
1. Justify that B is bounded above.
2. We denote sup(B) as the supremum of the set B, show that sup(B) = sup(A) — inf(A).
B {lr i (,0) € AT} i R G5 pat s B aE Ln Dogez A oS
.&;;\l\ oo (52942) §, 92 B ()5 Jhe 1
. sup(B) = sup(A) — inf(A) Qi g_,..\Ji sup(B) — B isgexel) (4 olal Jb;‘ﬂi) J&F\H a2

Exercise 07:

In notation, Pg(R) represents the set of bounded subsets of R. Show that for all A, B € Pg(R).
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1. (a) sup(A U B) = max(sup(A),sup(B)),
(b)inf(A U B) = min(inf A, inf B),
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2. if AN B # () then:
(a)sup(A N B) < min(sup A, sup B),
(b) inf(A N B) > max(inf A, inf B),
3. (a) sup(A+ B) = sup A + sup B;
(b) inf(A+ B) = inf A + inf B where A+ B={z+y/x € Aandy € B}

4. (a) sup(—A) = —inf A4;
(b) inf(—A) = —sup A
such that —A = {—z/x € A}.

Exercise 08:

Using the characterization of the supremum and infimum, show that:
1l O (el syl sty el adl y (i skl slsd ] asly 31 adl B Jleazd,

1. sup A = %,ian: 1 for A= SZE’TLEN}'

2. supB =2, inf B=0 for B={1+ 1 neN}
3. supC =1,inf C =0 for C = {e ", n € N}.
4. supD = —1,inf D = =2 for D = {1 —2,n € N*}.

Calculate max A, min A, max B, min B, max C, min C, and max D, min D if they exist.

Jgue g ) minD « maxD ¢« minC ¢ maxC ¢« min B ¢ max B « min A ¢ max A w;\
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