Chapter 4: Forced linear systems with one degree of freedom.

4.1 Excitation force

We define a forced oscillation as any system in motion under the action of an
external force, and call this force the excitation force.

4.2 Lagrange equation of forced systems

If, in addition to friction f=-aq, there is an external excitation force (t) ,
aL\ L D

Lagrange's equation is written :% (a_q) “oaToq " F(t) (4.1)
So:

d (dL\ 9L , aD :

= (5) — -+ - = F(t) (translational movement) (4.2)
d 0L\ oL  aD : :

= (%) ——¢ 55 = M(¢) (rotation motion) (4.3)

Where: M (t) is the moment of force F(t)

4.3. Equation of motion of forced systems
We define the equation of forced motion in the presence of the friction force

as follows:

G +28q+wsq = F(t) (4.4)
Where : F(t) is called the external excitation function. This equation is non-
homogeneous second order linear with constant coefficients.

We can distinguish two types of excitation, sinusoidal excitation called
harmonic excitation and periodic excitation

4.4. Solving the differential equation of motion

The differential equation obtained is therefore a second order linear equation
with constant coefficients with second member having the solution q(t).

The solution q(t) of the differential equation which presents the response of the
system to the external force is the sum of two terms:

q(t)=qq(t)+ap(t) (4.5)

Where: qg(t) and gp(t) represent respectively the general solution of the
homogeneous equation and the particular solution.

* qg( t) is the (transient) solution of the homogeneous equation (without F). It is
called transient because it goes out over time.



* (t) is the (permanent) solution of the non-homogeneous equation (with ). It is
called permanent because it lasts throughout the movement.
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For sinusoidal excitation of type
F(t):foCOS(x)t:foej wt

The particular solution to the following form
go(t)=Acos(wt+¢)

Where A is the amplitude, ¢ the phase shift of the total solution.

or q(t) is written in the following complex form
p(t)= Ae/ (@)

We replace in the differential equation of motion

G+ 258G + wiq = F(t) (4.6)
We have: ¢ = Ajoe/@t*%)

And § = —Aw?e/©+e)



S0 : —Aw?©) + 28 Ajoe/ @) 4+ w3 A/ @) = f o0t
Al(w? — wd) + 26 Ajole? = f,

By comparing the two sides of the equation we obtain
A= fo (47)

J(wz—w§)2+452w2

. 26w
And: ¢ = Arctgm (4.8)
Example
Consider an excitation force of the form F(t)= focoswt applied to the spring mass
system.

The equation of motion following the Lagrange formula is given by

d (6L> 6L+6D_F .
at\ox) “axtox ~FW
Where :L=T-U
The Kinetic energy is T = %m;’cz
The potentiel energy is Uz% kx?
d (oL .
So E(a) =mx
And 2 = kx
ox

Equation of motion is

mx + kx = fycoswt
So

. k 0 . 2 0
X +—Xx =—cosot & X + wigx = —cosnt
m m m

Where the homogeneous equation x + w3x = 0
Has the solution x, (t) = Ajcoswgt + Aycoswgt

On the other hand o=w,

Then the particular solution of the non-homogeneous equation has the following
form:
x,(t) = Cicosw t + Crsinw ¢t

X, (t) = —cywsinwt + C,wcoswt



%,(t) = —c;w?coswt — C,w?sinwt

We replace in the differential equation we obtain:
fo

C, =—m
VT wE - w?

C2=O

1=

So:x,(t) = cosot

2_ 2
wh—w

We define the static deflection of the mass under an excitation force by the
following factor:

8 =5 (4.9)

So we can write the solution to the differential equation of motion in the
following form:

Y
Xp(t) = mCOSmt

o

4.5. Amplification factor:

The amplification factor is given by the ratio 5i (4.10)
st
Where: 4 = —25
1-G5)°
So:4 -

= 2
8t 1—((%0)

We distinguish three cases depending on the value of 2

st

e 250 :wﬂ < 1= x(t)et f(t) are in phase
0

st

e <0 wﬂ > 1= x(t)et f(t) in phase opposition

st

A w .
e — 5= — = 1= Inresonance
6st Wy

4.6. Resonance pulse:



The excitation pulse w for which the amplitude A reaches its maximum is called

the resonance pulse or. A IS maximum when
dA
ﬁ-o

JdA 0 fo
0w 0w \[(w2 — wd)? + 462w?

_folhw(w?-w})+862w)

ZJ(wZ—w§)2+4-é‘2w2
0A_ 2 2 2
E—Oz foldw(w* — w§) +86°w) =0

w=w,=0
- {ou y (4.11)

W = w, =+ w§ — 262

So the maximal amplitude is :

f
Amax = Jrgror=ast (4.12)

For there to be resonance, it is necessary that:

2 2 1
(1)0—26 >0=>1—2—Q2>0

1
=>Q>—=

V2

That means that the quality factor is Q > \%: Low damping

The variation of the amplitude A and the phase shift ¢ are presented in the
following figures
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4.7.Bandwidth:
In the case of a sinusoidal excitation of variable pulsation ® and in the case

where 6<w—;, we define the pulsation bandwidth of the oscillator by the
interval:Aw = w, — w; (avec w,>w,)

Where the pulsations w; and w,correspond to the amplitudes A(w;) and A(w-)
such that

A
A (w1)=A (w3)=

(wr)
2

= (4.13)

®g =1 rad.s™!
A =0,1rad.s!

1 Or M2

Fig.21. Bandwidth

Then the bandwidth is given by:



B=Aw=w, —w; =26 (4.14)

4.8. The quality factor
The quality factor is defined by the ratio of the specific pulsation to the
bandwidth

— %o _ %
Q=—= o5 (4.15)
Exemple :

The system opposite is

forced to oscillate around the
vertical, which is the position

of equilibrium, by a sinusoidal force j{
F which remains horizontal during movement.

It is given by F=F cosmt

and the positive direction is chosen towards

the right. The coefficient of friction is a.

It is assumed that the system oscillates at small angles.
1. Express and simplify the expression for the potential energy U.

2. Give the expression for the kinetic energy T of the system.

3. Give the expression for the Lagrangian of the system and deduce the equation
of motion.

4. Give the permanent solution. Specify its amplitude and phase.

Answer :

The potential energy of the system is given by:
1

U= EK(x:g + x0)? + mgx, — mgx,

Ou

x, A 6

1
xzzzlez



X3~ — o
So:
1 1
U= EK(xO — 16)? +§mgl¢92 — mgld’

=

1 1
U= (KL= mg)l&* — Klx, 6+ EKxoz

o 0=(Kl —mg)l6 — Klx, =0

At equilibrium 50 =

For = 0=x, =0

So U == (Kl - mg)l&F

The kinetic enrgy is :

T =~16%=(ml? + m(2)2)§? = ZmI26>
The lagrangien is :

L=T-U="mI262 -~ (Kl - mg)L¢’

In case of existance of friction force , the dissipation energy is given by

1.
D =—-ab?
Za

On other hand existance of external force , we add the following terme to teh
equation of motion :

F = Fycoswt
So the equation of motion is :

6 + 260 + w26 = bcoswt

a Kl-m —2F,
Where :§ = — w3 = 9 et p="20
10m 51 5ml

The particular solution of this equation has the following form:

x,(t) = acos(wt + @)



Or we use the complex notation

x,(t) = acos(wt + @) & X = ae'®*

bcoswt < be'®t

By replacement in the differential equation we obtain
(w§ — w? + 25w)A=b:>A=(w 0

2-—w2+26w)

We can whrite

1,
(Wi — w? + 26w = (w5 — w?)? + (26w)?)2e'?

26w
where :p = arc tg =
2_

~donc la solution X s’écrit :
w

b

X = el(wt—9)
(0§ — w?)? + (26w)?)
-2Fg 2Fg
— sml i(wt—¢) — sml i(wt+mT—¢)
(w§-w?)?+(28w)?) (w§-w?)?+(26w)?)

The particular solution is given by the real part of

r 25,
a = Sml .
x, () = acos(wt + @) 3 ((wg — w?)? + (26w)?)2
_ . 20w
| v=n-arctg—

— 2
0 w



