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Abstract

Teaching objectives Introduce the student to the phenomena of mechanical vibrations

restricted to low amplitude oscillations for 1 or 2 degrees of freedom as well as to the

study of the propagation of mechanical waves. Recommended prior knowledge : 1st

year Mathematics and Physics concepts
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Chapter 1

Vibrations

1.1 GENERALITIES “Introduction to Lagrange’s

equations

1.1.1 General information on vibrations

1.1.1.1 Definition of a periodic movement

A movement is said to be periodic if it repeats identically to itself during equal inter-

vals of time.

Examples: The movement of revolution of the Moon: The moon makes

a complete cycle of revolution around the earth in approximately 29 days.

Figure 1.1: Movement of revolution of the moon
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Heartbeats: the heartbeat is a succession of contractions and relax-

ations of the cardiac muscles that activate valves and cause the circulation

of blood in the body.

Figure 1.2: Electrocardiogram

1.1.1.2 Definition of an oscillation

Oscillation: any movement of a body that moves alternately from one side to the other

from an equilibrium position. Oscillation refers to any repetitive motion around an

equilibrium point. It can occur in mechanical systems (like a pendulum) or in other

systems, such as electrical circuits (AC current) or biological rhythms. - Type of

Motion: Oscillations typically describe smooth, periodic motions where the system

swings back and forth in a regular pattern. - Examples: - A pendulum swinging back

and forth. - The oscillation of an electrical signal in an alternating current (AC). -

Seasonal cycles in nature or heartbeats in biology. - Broader Context : Oscillation

can occur in “physical, chemical, electrical, or biological systems”. It may or may

not involve physical movement; for example, **light waves** oscillate but do not

”vibrate” in the mechanical sense.

1.1.1.3 Subdivided of Oscillations:

Free oscillations an oscillator is free if it oscillates without external interventions

(without friction) during its return to equilibrium -Damped oscillations the oscilla-

tor is subjected to friction forces that dissipate energy the oscillation damps and

eventually stops. -Forced oscillations an oscillator is forced if an external action

communicates energy to it. -Damped forced oscillations the external periodic force

2



(excitation) compensates for the losses of snow removal by friction, the oscillations

thus maintained do not dampen.

1.1.1.4 Definition of vibration:

Definition: Vibration specifically refers to the rapid, mechanical oscillations of a

material or object. It involves the back-and-forth movement of particles or structures,

often in response to an external force. - Type of Motion: Vibration is generally

associated with fast, small-amplitude movements around an equilibrium position,

often creating sound or heat as energy dissipates. - Examples: - The vibration of a

guitar string when plucked. - The shaking of a mobile phone during a notification.

- The vibrating motion of an engine or machinery. - Mechanical Nature: Vibration

typically involves **mechanical systems** and is usually associated with physical

objects. It is a subset of oscillation, specifically relating to mechanical systems.

1.1.1.5 Key differences:

1. Scope:

- Oscillation is a more general term and can apply to any repetitive motion

(mechanical, electrical, biological, etc.).

- Vibration specifically refers to mechanical oscillations of a structure or object.

2. Speed and Amplitude:

- Vibration is often faster and involves smaller movements, whereas oscillation

can be slower and cover a larger range of motion.

3. Systems:

- Oscillation applies to systems as varied as electrical circuits and mechanical

objects.

- Vibration is usually limited to mechanical or physical systems.

- Oscillation is a general concept of periodic motion, applicable to various sys-

tems.
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- Vibration is a specific type of oscillation that refers to the mechanical move-

ment of objects.

1.1.1.6 Definition of a periodic motion

Periodic motion is a type of motion that repeats itself at regular intervals of time.

In other words, an object in periodic motion returns to the same position and state

after a fixed time period, known as the period. - Examples: The swinging of a pen-

dulum, the vibration of a guitar string, the orbit of planets around the sun, and the

oscillations of a mass on a spring.

Mathematical Form:

- Periodic motion is often described mathematically by sine or cosine functions, which

reflect the repetitive nature of the movement. For fast motions we use the frequency

(ƒ ) expressed in hertz (HZ) it is related to the period by:

f =
1

T
(1.1)

The number of revolutions per second is called pulsation ω (noted , measured in

rad/s)

ω = 2πf =
2π

T
(1.2)

1Hz = 1 period per second

1KHz = 103Hz

1MHz = 106Hz

1GHz = 109Hz

Note:

1. An oscillator is said to be harmonic if the system evolves according to a periodic

law of sinusoidal form (Figure 1-3).

x(t) = A cos(t+ φ) (1.3)

4



Figure 1.3: Representation of a harmonic oscillation

A: Amplitude of the oscillation (Maximum value of the displacement)

ω : Pulsation of the oscillation

φ : the initial phase (t = 0)

Speed: v The speed of the oscillating point M is the derivative of its displacement.

2- The oscillator is said to be non-harmonic if the system evolves according to a

periodic law of any non-sinusoidal form figure 1.4.

Figure 1.4: Representation of an anharmonic oscillation
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1.1.2 Concept of energy

Key Concepts of Energy in Vibration and Oscillation: ] The concept of energy

in vibration and oscillation involves the continuous exchange between two primary

forms of mechanical energy: kinetic energy (KE) and potential energy (PE). In sys-

tems undergoing vibration or oscillation, energy moves back and forth between these

two forms as the object or system moves through its cycle.

Key Concepts of Energy in Vibration and Oscillation:

1.1.2.1 Total Mechanical Energy:

The total mechanical energy in a vibrating or oscillating system remains constant

(assuming no energy loss due to friction or damping). This energy is the sum of

kinetic and potential energy at any given point in the motion.

ETot = KE + PE = Const (1.4)

1.1.2.2 Kinetic Energy (KE):

Kinetic energy is the energy of motion. It is at its maximum when the object moves

the fastest, which typically occurs when the object passes through its equilibrium

position (the center of its motion).

Formula for kinetic energy:

KE =
1

2
mv2 (1.5)

v =
∂x

∂t
= ẋ (1.6)

⇒ KE =
1

2
mẋ2 (1.7)

Where m is the mass of the object and v is its velocity.

- In an oscillating system, kinetic energy is highest when the velocity is greatest and

zero at the turning points of motion.
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1.1.2.3 Potential Energy (PE):

- Potential energy is the energy stored due to the position or configuration of the

object. In oscillating systems, this can be elastic potential energy (in springs) or

gravitational potential energy (in pendulums). - In an oscillating system, potential

energy is maximum when the object is at the extreme points of its motion (the

turning points) and zero at the equilibrium position. - Formula for potential energy

in a mass-spring system:

PE =
1

2
kx2 (1.8)

Where k is the spring constant and x is the displacement from the equilibrium posi-

tion.

1.1.2.4 Energy Exchange:

- During the motion, there is a continuous exchange between kinetic and potential

energy.

- At the equilibrium position, the velocity is at its maximum, so kinetic energy is

maximum and potential energy is zero.

- At the extreme points of the motion (maximum displacement), the velocity is zero,

so kinetic energy is zero and potential energy is maximum.

- This energy transfer is what drives the oscillation or vibration.

- Damping and Energy Loss:

- In real systems, damping (due to friction or air resistance) can cause energy loss in

the form of heat, leading to a gradual decrease in the amplitude of the oscillation.

- In a damped system, total mechanical energy decreases over time, eventually bring-

ing the motion to a stop.

Examples:

- Simple Harmonic Oscillator: In a mass-spring system, the mass moves back and

forth, converting potential energy stored in the spring into kinetic energy and vice

versa.
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Figure 1.5: Double pendulum

- Pendulum: In a pendulum, gravitational potential energy and kinetic energy ex-

change as the pendulum swings from side to side.

- Vibration of a string: When a guitar string vibrates, the tension in the string stores

potential energy, while the motion of the string translates that into kinetic energy.

Practical example Consider a mechanical system figure 1.5, below made

up of two point masses (m and m’) fixed to the free ends of a rod of mass

M and length 2L. This system is a rotational movement relative to or fixed

point A. Calculate the kinetic energy and the potential energy of the sys-

tem: Solution : The system is made up of 3 masses, so there are 3 kinetic

energies and 3 potential energies:

1- The kinetic energy KE

KETot = KEM +KEm +KEm′

KEM =
1

2
JM/Aθ̇

2

JM/A =
1

12
M(2L2) +M(AG)2

AG =
L

2

JM/A =
1

12
M(2L2) +M(

L

2
)2 =

7

12
ML2

8



⇒ KEM =
1

2

7

12
ML2θ̇2

Tm =
1

2
Jm/Aθ̇

2

Jm/A = [0 +md2]

d = L+
L

2
=

3L

2

Jm/A = m

(
3L

2

)2

⇒ Tm =
1

2

[
4

9
m

]
L2θ̇2

Tm′ =
1

2
Jm′/Aθ̇

2

Jm′/A = [0 +m′d2]

d =
L

2

Jm′/A = m′
(
L

2

)2

⇒ Tm′ =
1

2

[
1

4
m′

]
L2θ̇2

TTot =
1
2

7
12
ML2θ̇2 + 1

2

[
4
9
m
]
L2θ̇2 + 1

2

[
4
9
m′]L2θ̇2

⇒ TTot =
1

2

[
7

12
M +

9

4
m+

1

4
m′

]
L2θ̇2
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2- The Potential energy PE

PETot = PEM + PEm + PEm′

PEM =Mgx

x =
1

2
L sin θ

PEM = 1
2
MgL sin θ

PEm = mgh

h= dsin θ = 3
2
L sin θ

PEm = 3
2
mgL sin θ

PEm′ = −m′gh′

h′ =
d

3
sin θ =

1

2
L sin θ

PEm′ = −1
2
m′gL sin θ

PETot =
1
2
MgL sin θ + 3

2
mgL sin θ − 1

2
m′gL sin θ

PETot =
1
2
gL sin θ(M + 3m−m′)
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1.1.2.5 Equilibrium Conditions

The equilibrium condition set if the equilibrium

F = 0

if

x = x0 ⇒ F
∣∣∣
x=x0

For a force derived from a potential,

F = −∂U
∂x

The equilibrium condition is written as:

∂U

∂x

∣∣∣
x=x0

= 0 (1.11)

There are two types of equilibrium:

1. Stable Equilibrium :

Once the system is displaced from its equilibrium position, it returns to it. In

this case, the restoring force is:

f = −Cx

with

C ≻ 0

C = −∂f
∂x

= − ∂

∂x

(
−∂U
∂x

)
=
∂2U

∂x2
(1.13)

∂U

∂x

∣∣∣
x=x0

> 0 (1.14)

This condition of stable equilibrium is the condition for oscillation.
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2- Unstable Equilibrium :

The system does not return to its equilibrium when displaced. In this case, the

unstable equilibrium condition is written as:

∂U

∂x

∣∣∣
x=x0

< 0 (1.15)

In the case of rotation, we replace:

x→ θ

x0 → θ0

Figure 1.6: the variation of energies as a function of displacement

It is possible to graphically represent the evolution of three energies : potential energy

kinetic energy and total (mechanical) energy, The figure1-6 . 1

1When kinetic energy decreases, potential energy increases, and the opposite is also true. This
phenomenon is known as the conservation of total energy in a system.
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1.1.3 Lagrange Formalism

1.1.3.1 Generalized Coordinates

Generalized coordinates are the set of independent or related real viable coordinates

allowing to describe and configure all the elements of a system at any time t.

1.1.3.2 Exemple

The position of a point M in space can be determined by 3 coordinates Along the

axes (x, y, z)

The position of a solid body in space can be defined by six coordinates:

1. 03 coordinates relative to the center of gravity

2. 03 coordinates related to the Euler angles (θ, ϕ, ψ)

We designate by q1(t), q2(t), q3(t)....qN(t): The generalized coordinates.

q̇1, q̇2, q̇3.....q̇N : The generalized speeds.

1.1.3.3 Degree of freedom

This is the number of independent coordinates needed to determine the position of

each element of a system during its motion at any time: We write:

d = N − r (1.16)

with:

d : Degree of freedom

N :Generalized number of coordinates

r :Number of relations, between the generalized coordinates (number of links)

Exemple: let a mechanical system consist of two points M1 and M1 connected by a

rod of length L. Find the number of degrees of freedom.
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Figure 1.7: Exemple

{
M1(x1, y1, z1)

M2(x2, y2, z2)
⇒ N = 6

l =
√
(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 = Cst⇒ r = 1

so :

d = N − r = 6− 1 = 5 → d = 5

1.1.3.4 Lagrange formalism

This formalism is based on the Lagrange function

L = KE − PE

The set of equations of motion is written as:

n∑
i=1

{
d

dt

(
∂L

∂q̇i

)
−
(
∂L

∂qi

)}
= 0 (1.17)

Where:

L: Lagrange Function or Lagrangian;

KE The Kinetic Energy of the System;

PE The Potential Energy of the System;

qi The generalized coordinate and is the generalized velocity of the system.

For a system with one degree of freedom (N=1 or dof=1)
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d

dt

(
∂L

∂q̇

)
−
(
∂L

∂q

)
= 0

For a one-dimensional system, Lagrange’s equation is written as :

d

dt

(
∂L

∂ẋ

)
−
(
∂L

∂x

)
= 0

For a rotational movement θ :

d

dt

(
∂L

∂θ̇

)
−
(
∂L

∂θ

)
= 0
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