Mathematics | Chapter 4 Real functions of one real variable

3. Real functions of one real variable

3.1 Notions of function
3.1.1 General definitions

Definition 3.1.1 We call digital function on a set D¢ any process which, at all
element x of Dy, allows to associate at most one element of the set R, then called image of
x and denoted f(x). The elements of Dy which have an image by f form the definition set
of f, noted Dy.

Example 3.1.1 The function f: x — +x — 1 is defined for all x € R such that
x—1>0. SoDf = [1,400[

Definition 3.1.2. We call a graph, or representative curve, of a function f defined on
an interval Dy c R, the set I'f = {(x,f (x)): X € Df} formed from the points
(x, f (x)) € R? of the plan provided with an orthonormal reference (0,1, J)

3.1.2 Bounded functions, monotonic function

Definition 3.1.3 Letf : D — R be a function. We say that:
a. f is bounded from above if there is a number M such that for all x from
Df: f(x) <K.
we write: dM € R, Vx € Df: f (x) < M.

b. fisbounded from below if there is a number m such that for all x from Dy: f(x) .
we write: im € R,Vx € Dpxm < f (x)

c. f is bounded if it is bounded both from above and below.
It is to say: M > 0,vx € Ds:|f (x)| < M.

d. Function that is not bounded is called unbounded function

Definition 3.1.4. Letf: Df — Rbe a function. We say that:

a. f isincreasing on Dy if: Vx,yEDpx <y = f(x)< f ().
b. f is strictly increasing on Dy if: Vx,y €E D,x <y = f(x) < f).
c. f isdecreasing on Dy if: Vx,y €E D,x <y = f(x)=fW).
d. f is strictly decreasing on Dy if: Vx,y € D,x <y = f(x) > f).

e. f ismonotonic (strictly monotonic, respectively) on Dy if f is increasing or decreasing

(strictly increasing or strictly decreasing, resp) on Dy.

Example 3.1.2.
a. Exponential functions exp: R — R s strictly increasing.
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b. The absolute value function x — |x| defined on R is not monotonic
3.1.3 Even, odd, periodic function

Definition 3.1.5. Let I be an interval of R symmetric with respect to 0.
Letf : I — R be a function. We say that:

a. fiseven (kay))ifvx € I: f (—x) = f (x).
b. fisodd (R 8)ifvx € I: f (—x) = —f (x).

Example 3.1.3.
a. The function defined on R by x = x?" (n € N) is even.
b. The function defined on R by x » x2™"*1 (n € N)is odd.

Definition 3.1.6. Letf: R = R be a function and T a real number, T > 0. The
function f'is called periodic of period T if:
Vx € Rif (x + T) = f (x).

Example 3.1.4. The functions sin and cos are 2 periodic. The tangent function
is 1t periodic.

3.1.4  Algebraic operations on functions
The set of functions from D € R to R, is denoted F (D, R).

Definition 3.1.7 Letfandg € F (D,R) and A € R. We define:

e Sum oftwo functions f + g:x - (f + g)(x) = f (x) + g (x).
e Forl €eR,wedefinedf:x = (Af) (x) = Af (x).
e Product of two functions fg: x = (fg) (x) = f (x) g (x).

The functions f + g, Af and fg are functions belonging to F (D, R).

Definition 3.1.8 Letfandg € F(D,R) and A € R. We say that

e f<gifivx € D,f (x)< g ().
o [ < gif:Vx € D,f(x) < g (x).

Example 3.1.5 Let f and g be two functions defined on ]0, 1] by:
f(x) =x,9(x) = x%2 Wehaveg < f,because Vx €]0,1[,x? < «x.
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3.2 Limit of a function

3.2.1 Finite limit of a function at a point x, 4kl s e d_giia Ay

Let f: Df —> R be a function. Let x, € R be a point of Dy or an extremity of Dy.

Definition 3.2.1 Let £ € R. We say that the function f has a limit £ at x, if we have:
Ve > 0,36 > 0,Vx € Dp,|lx — xol <6 = [f(x) — ¢ < ¢

We write in this case: lim f(x) = 4.
X—Xo

Explanation of the definition: We say that f has a (finite) limit £ in x, if, when x = x,,

fx) - £

Example 3.2.1 Consider the function f (x) = 2x — 1 which is defined on R. At
the pointx = 1,

Indeed, foralle > 0,we have |f (x) — 1| = 2 |x — 1| < ¢, if we have, a fortiori, [x

x — 1] <=
x 2

The right choice will then be to take § = Z

> Limit to the right \ to the left x, J—sd &9 Omsar s Ayl
Definition 3.2.2

a. We say that the function f admits € as a limit to the right of x, or when x tends
towards xg, if Ve > 0,38 > 0,suchthat xy < x < xy+6, - |f(x)—£|<¢

We will write, in this case:
lim f(x) =4
x-xg
b. We say that the function f admits € as a limit to the left of x,, or when x tends

towards x,, if foralle > 0, thereexistsad > Osuchthat:xg—6 < x < x,,
results |f (x) — € | < &. We will write, in this case:

lim f(x) =+
x—>x0
Example 3.2.2. The functionx € RT — +/xtendsto O whenx — 0%

Noticed. If the function f admits a limit £ to the left of the point x, and a limit £
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to the right of x, for f to admit a limit at the point x, it is necessary and sufficient that.

=0
lim f(x) =7
X=X

Example 3.2.3. Consider the function defined by
1,six=0
flx) = {—1,Six <0
It admits 1 as the limit to the right of 0 and —1 as the limit to the left of 0. But it admits
no limit at the point 0.

Uniqueness of the limit

Proposal If f admits a limit at the point x,, this limit is unique.

3.2.2 Infinite limit of a function at a point xy A&l 1te dgila & A lgs

Let x, € R. We will put by definition:
a. lim f(x) = +ooif:

X=Xq

VA > 0,38 > O,suchas|x—x,| < 6§ = f(x) > A

b. lim f(x) = —oo if:

X=X

VA > 0,38 > 0,suchas|x—x,|< § = f(x) < —-A.
3.2.3 Finite limit of a function at infinity (x — +00) AoVl A e d_gile A igs

a. lif,n flx)=4,if
X—>+00
Ve > 0,34 > O,telquex > A = |f (x) — | < &.

We say that f has a (finite) limit € at +oo if, when x becomes very large, f(x) becomes
very close to £

b. lim f(x) =4, if
X——00
Ve > 0,34 > O,telquex <—A = |f(x) — ¥| < e

we say that f has a (finite) limit at —oo if, when x becomes very large in negative value,
f (x) becomes very close to £

3.2.4 Infinite limit at infinity AisleYlall o tie 4 giia e 43S

Let x, € R. We will put by definition:
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lim f(x) =+ if:

X—-+00

®

VA > 0,3B > 0,suchasx > B = f (x) > A.
b. xl_i)&noof(x)=—oo if:

VA > 0,3B > 0,suchasx> B = f (x) < —A.
c. xl_i)r_‘r;f(x)z+% if:

VA > 0,3B > 0,suchasx <—B = f (x) > A.
d. xl_i)r_noof(x)=—oo if:

VA > 0,3B > 0,suchasx<—B = f(x) < —A.

Examples:

Prove the following limits using the definition

lim2x —3=-1

x—-1

limvx =2

x—4

1
L A

lim2x%2+3x—1=+4w

x-1
Indeterminate form

Some forms of limits are called indeterminate. An indeterminate form is an expression
whose limit cannot be determined solely from the limits of the individual functions.
Example of indeterminate forms: 0/0, oo/c0, +00 —00, (%0, 000, Q0

3.2.5 Properties of function limits
Let f, g: [a, b] — R and x, €] a, b[, we have:

a. If lim f(x) =t = llm——O

xX—x —xg [ (%)

b. If f < gand llrnf(x) £ limgx)=¢ = £t
X—X X-Xg
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c. Iff <gand lim f(x) =400 so: lim g(x) = +oo
X—Xq X—Xg

d Iff <gand lim g(x) = —oc0so: lim f(x) = —
X=X X—-Xg

Theorem Let f, g, h: [a,b] - Rand x, €]a, b][, if we have:
i. f(x) <g(x) < h(x),pourtoutx € la,b[,
i. lim f(x) = lim h(x) =¢ € R.
X=X X—Xg
= So limg(x)=+*
X—X
3.2.6 Operations on the limits
lim f(x) =
X—Xg
Theorem Letf,g:[a,b] = R and x, € ]a,b[, such that: and , SO:
lim g(x) =¢
X—Xq

a. lim (f(x)+ g(x) =€+
b. )}erclo(lf(x)) =

c. )}Lr)rclof(x)g(x) =44

& lim IfGOl = 12

e. J;imolf(x) —f|=0

£ lim e _ Life £0

x—xy 9(X) T

Letf :[a,b] = [c,d],g: [c,d] = Rand x, €]a,b[,y, € [c,d], such that:
lim f(x) =y,,and lim g(y) =7, so:
X—=Xo Y=Yo

Alors lim(g = fH(x) =7
X=X
Proposition Letf,g:[a b] —» R and x, €]a,b|, we have:

a. ifxlirjrclf(x)—+oo so lim— =0
—Xo

X=X fx)
b. if gr)rclof(x) = —00,50 111}10% =0

c. iff<g limf(x)=+*¢,and lim g(x) =+¢",s0:4<¥
X—Xo X—Xg

d. if f<g lim f(x) = +o,s0 lim g(x) = +oo,
X—-Xo X—Xq

3.3 Continuity of a function

3.3.1 General definitions
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Definition 3.3.1. Consider a function f: Df > R, Dy being an interval of R. We say
that f is continuous at the point x, € Dy if:

lim £() = £ (xo)
—Xo
Ve > 0,36 > 0,Vx € I, |x — xo| <6 = |f(x) — f(xo)] < ¢

To remember:

1. f(xg) exists: f is defined at x

2. lim f(x) =fand lim f(x) =¢":€and £ exist
x-xd xX-xg

f continuous X Al Jladi ce g e G Aaled i Al
3. £=1¢

Ol sbudia g ddaiil) Jla (e 5 nan (e (Ll

Examples
2_
1. Is the function f(x) = ’;—_24 continuous
f 1is discontinuous at 2 because f(2) is undefined.

—x?2—4 ifx<3

, 1s continuous
4x -8 ifx>3

2. Determine whether the function f(x) = {
at x=3

v" We calculate f(3) : f(3) = —3%2 —4 = —5, Thus, f£(3) is defined.

v' We calculate : lim f(x) and lim f(x)
x—>>3 x—-<3
. _ _ 22 _ - _
xll)rggf(x) = —3“—4 5
xllglgf(x) = xlir£134(3) —-8=4
v —5 # 4 & not continuous at 3

Definition 3.3.2. A function defined on an interval I is continuous on I if it is
continuous at every point of 1. The set of continuous functions on I is denoted by C (I).

Continuity on the left \ on the right

Definition 3.3.3 Consider a function f: Df —> R, I being an interval of R.
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1. The function is continuous to the right at x if
Jim £00) = fxo)
Ve > 0,36 > O,suchthat:xg < x < x9+6,— |f (x)-f(x0))]| < &
2. The function fis said to be left continuous at x if
Jim £ = f(xo) =
Ve > 0,36 > 0,suchthat:xg—6< x < x9,= |[f (x)-f(x0)) | < e
3.3.2 Operations on continuous functions

Theorem 3.3.1. Let D¢ be an interval, and f and g be functions defined on Dy and
continuous at x, € Dy Then

1. Af is continuous at x,, (4 € R).
2. f + gis continuous at x,.

3. f.g is continuous at x,,.

4. 5 (if g (x0) 6 = 0) is continuous at x,.

3.4 Differentiability of a function

Definition and properties

Definition 3.4.1. Let Df be an interval of R, x a point of Df, and f a function

(f:Df = R)

We say that f is differentiable (derivable) at the point x, if the limit lim =7 (x0)

x-xg X~ Xp

exists finitely

5asa o “mw Al oS 1Y) g Akl b GBS AL £ A o) Sk i pa
XX X
dgiiag

This limit is called the derivative of f at x, and is noted f'(x,)
F(x0) = L) —asis xp Adaiill die £ Il (3 Sda Ayl il o2 a (—aws

If we put x — x, = h we obtain:
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lim M — hmf(xO + h})l — f(%o) — F(xy)

X—Xg X — Xp h—0

Graphically (\—=—)

The derivative of f at x, is the slope of the tangent line at this point ( x,, f (x()), which
is the limit as h — 0 of the slopes of the lines through

Example Let f be the real function defined on R by f (x) = x?2. The derivative of
fatapointx® € Ris:

limf(h + x0) — f(x0) — lim (h + x0)? — x¢? _ limxoz + h? + 2xy.h — x,2
h—-0 h h>0 h hoo h

For Xg = 1,f’(x0) =2

The function y = f (x) is said to be differentiable in an open interval [if it is
differentiable at every point of I

Proposition 3.4.1. Every differentiable function is continuous, but the converse is not
true. (differentiable = continuous)

WHM\M\MMS‘M&QM&&MNM\EUD&

3.41 Derivation operations

Theorem 3.4.1 Let f and g be two functions defined on the interval I < R with
and x0 € L. If the functions f and g are differentiable at x,, then

1. Va € R, afis differentiable at x0 and we have:

(af)'(xo) = af’(xo)
2. f+ gisdifferentiable at x0 and we have
(f +9) (x0) = f'(x0) + 9'(x0)
3. fg is differentiable at x0 and we have
(f-9) (x0) = f'(x0)-g (x0) + f (x0)- g' (x0)
4. If g'(xq) # 0 the functiong is differentiable

(i)’( ) = ' Gx)gleo) = o) (o)
g Yo = g?(xo)

—g'(x0)
9%(xo)

(1\g)" (xo) =
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Theorem Let] be aninterval of R, f:1 — Jand g:J] — R.If f is differentiable in
X, € I and g differentiable at f (x,) € J, the composite functiong o f : I = Ris
differentiable at x, and

(g o)) =f"(x)g9'(f(x)

3.4.2 Derivatives of standard functions

Fonction f || Dérivée f || Fonction f || Dérivée f
x™ na™ ! u™ nu v, n e N*
1 1 1 _u
T x2 u u?

T

1
VT 5/ Vi 3/e
7

Inz % Inu "
e’ e’ e u et
sin (x) cos () sin (u) u' cos (u)
cos () — sin () cos (u) —’ sin (u)

Proposition Letf: I — R be a differentiable function on an Intervale I we have:
() vx € I,f"(x) = 0ifandonly if f is constant on [
) Ifvx € I,f'(x) = 0(resp f' (x) > 0), then f is increasing (resp strictly
increasing).
B)if Vx € I,f'(x) < 0(resp f'(x) < 0), thenf is decreasing (resp strictly
decreasing)

3.43 Lhopital's rule

Theorem 3.4.7 Let f and g be two functions differentiable on I and both tending

towards O ( or both tend to ) for x — a (or ). We assume that g(x) # 0 does not
vanish in a neighborhood of a and that: lim —— e _ (lim —= [1x) exists)
x—xo 9/ (%) x—xq 9'(X)

f L )
lim = lim

X=Xo g(x) xX=Xo g (x)
In other words, if the limit: lim Z E )) is of indeterminate type or — 2 for : x = a or oo then

169 _

f(x) _
we have: lim —== s llmg,(x)
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. . x? . 3x%+x+4
Example Find lim ——and lim ———
x—0 Sinx x—0 5x%2+8x

Solution As observed above, this limit is of indeterminate type %, so 'Hépital's rule

applies. We have
. z? 0N rm .. 2z 0
lim =] = lim ==-=0,

—0ginz \0 z—=0cosz 1
where we have first used I'Hépital’s rule and then the substitution rule. O
322 x4+ 4 (00) UL 6 +1 (00) vH 6 6 3
m ——F — = 1m ——- — = 1Im — =—===.
z—oo B2 + 8z o0 z—o0 10z +8 \oo z—o0 10 10 5
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