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3. Real functions of one real variable 

3.1 Notions of function 

3.1.1 General definitions 

Definition 3.1.1  We call digital function on a set 𝐷𝑓 any process which, at all 

element 𝑥 𝑜𝑓 𝐷𝑓, allows to associate at most one element of the set 𝑅, then called image of 

𝑥 and denoted 𝑓(𝑥). The elements of 𝐷𝑓 which have an image by 𝑓 form the definition set 

of 𝑓, noted 𝐷𝑓. 

Example 3.1.1  The function 𝑓: 𝑥 → √𝑥 −  1 is defined for all x ∈ R such that      

x − 1 ≥ 0.  So 𝐷𝑓 =  [1, +∞[ 

Definition 3.1.2.  We call a graph, or representative curve, of a function 𝑓 defined on 

an interval 𝐷𝑓  ⊂  𝑅, the set Γ𝑓 = {(𝑥, 𝑓 (𝑥)): 𝑥 ∈  𝐷𝑓 } formed from the points 

(𝑥, 𝑓 (𝑥))  ∈  𝑅2 of the plan provided with an orthonormal reference (𝑜, 𝑖, ⃗ 𝑗 ) 

3.1.2 Bounded functions, monotonic function 

Definition 3.1.3  Let 𝑓 ∶  𝐷𝑓 →  𝑅 be a function. We say that: 

a. 𝑓 is bounded from above if there is a number 𝑀 such that for all 𝑥 from 

𝐷𝑓:  f (x) ≤ K. 

we write:   ∃𝑀 ∈  𝑅, ∀𝑥 ∈  𝐷𝑓: 𝑓 (𝑥)  ≤  𝑀. 

b. 𝑓 is bounded from below if there is a number 𝑚 such that for all 𝑥 from 𝐷𝑓:  f (x) .  

we write:   ∃𝑚 ∈  𝑅, ∀𝑥 ∈  𝐷𝑓: 𝑚 ≤ 𝑓 (𝑥) 

c. 𝑓 is bounded if it is bounded both from above and below. 

It is to say:                    ∃𝑀 >  0, ∀𝑥 ∈ 𝐷𝑓: |𝑓 (𝑥)|  ≤  𝑀. 

d. Function that is not bounded is called unbounded function 

Definition 3.1.4.  Let 𝑓 ∶  𝐷𝑓  →  𝑅 be a function. We say that: 

a. 𝑓 is increasing on 𝐷𝑓 if:    ∀𝑥, 𝑦 ∈ 𝐷𝑓, 𝑥 <  𝑦 ⇒  𝑓 (𝑥) ≤  𝑓 (𝑦). 

b. 𝑓 is strictly increasing on 𝐷𝑓  if:   ∀𝑥, 𝑦 ∈  𝐷, 𝑥 <  𝑦 ⇒  𝑓 (𝑥)  <  𝑓 (𝑦). 

c. 𝑓 is decreasing on 𝐷𝑓 if:   ∀𝑥, 𝑦 ∈  𝐷, 𝑥 <  𝑦 ⇒  𝑓 (𝑥)  ≥  𝑓 (𝑦). 

d. 𝑓 is strictly decreasing on 𝐷𝑓  if:  ∀𝑥, 𝑦 ∈  𝐷, 𝑥 <  𝑦 ⇒  𝑓 (𝑥)  >  𝑓 (𝑦). 

e. 𝑓 is monotonic (strictly monotonic, respectively) on 𝐷𝑓 if 𝑓 is increasing or decreasing 

(strictly increasing or strictly decreasing, resp) on 𝐷𝑓. 

Example 3.1.2. 

a. Exponential functions exp: R → R is strictly increasing. 
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b. The absolute value function x → |x| defined on R is not monotonic 

3.1.3 Even, odd, periodic function 

Definition 3.1.5.  Let 𝐼 be an interval of 𝑅 symmetric with respect to 0.  

Let 𝑓 ∶  𝐼 →  𝑅 be a function. We say that: 

a. 𝑓 is even  ()زوجية if ∀𝑥 ∈  𝐼: 𝑓 (−𝑥)  =  𝑓 (𝑥). 

b. 𝑓 is odd (فردية) if ∀𝑥 ∈  𝐼: 𝑓 (−𝑥)  =  −𝑓 (𝑥). 

Example 3.1.3. 

a. The function defined on R by 𝑥 →  𝑥2𝑛 (𝑛 ∈  𝑁) is even. 

b. The function defined on R by 𝑥 →  𝑥2𝑛+1  (𝑛 ∈  𝑁) is odd. 

Definition 3.1.6. Let 𝑓: 𝑅 →  𝑅 be a function and T a real number, T > 0. The 

function f is called periodic of period T if:  

∀𝑥 ∈  𝑅: 𝑓 (𝑥 +  𝑇)  =  𝑓 (𝑥). 

Example 3.1.4.  The functions sin and 𝑐𝑜𝑠 are 2𝜋  𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐. The tangent function 

is 𝜋 periodic. 

3.1.4 Algebraic operations on functions 

The set of functions from 𝐷 ⊂  𝑅 𝑡𝑜 𝑅, is denoted Ϝ (𝐷, 𝑅). 

Definition 3.1.7 Let 𝑓 and 𝑔 ∈  𝐹 (𝐷, 𝑅) and λ ∈ R. We define: 

• Sum of two functions 𝑓 +  𝑔: 𝑥 →  (𝑓 +  𝑔) (𝑥)  =  𝑓 (𝑥)  +  𝑔 (𝑥). 

• For λ ∈ R, we define 𝜆𝑓: 𝑥 →  (𝜆𝑓) (𝑥)  =  𝜆𝑓 (𝑥). 

• Product of two functions 𝑓𝑔: 𝑥 →  (𝑓𝑔) (𝑥)  =  𝑓 (𝑥) 𝑔 (𝑥). 

The functions 𝑓 +  𝑔, 𝜆𝑓 𝑎𝑛𝑑 𝑓𝑔 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑏𝑒𝑙𝑜𝑛𝑔𝑖𝑛𝑔 𝑡𝑜 𝐹 (𝐷, 𝑅). 

Definition 3.1.8 Let 𝑓 𝑎𝑛𝑑 𝑔 ∈  𝐹 (𝐷, 𝑅) 𝑎𝑛𝑑 𝜆 ∈  𝑅. We say that 

• 𝑓 ≤  𝑔 𝑖𝑓: ∀𝑥 ∈  𝐷, 𝑓 (𝑥) ≤  𝑔 (𝑥). 

• 𝑓 <  𝑔 𝑖𝑓: ∀𝑥 ∈  𝐷, 𝑓 (𝑥)  <  𝑔 (𝑥). 

Example 3.1.5  𝐿𝑒𝑡 𝑓 𝑎𝑛𝑑 𝑔 be two functions defined on ]0, 1[ by: 

𝑓 (𝑥)  =  𝑥, 𝑔 (𝑥)  =  𝑥2. We have 𝑔 <  𝑓, because ∀𝑥 ∈ ]0, 1[, 𝑥2  <  𝑥. 
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3.2 Limit of a function 

3.2.1 Finite limit of a function at a point 𝒙𝟎   ــد نقطــة  نهايــة منتهيــة عنـ

Let 𝑓: 𝐷𝑓 →  𝑅 be a function. Let 𝑥0  ∈  𝑅 be a point of 𝐷𝑓 or an extremity of 𝐷𝑓. 

Definition 3.2.1 Let ℓ ∈ 𝑅. We say that the function 𝑓 has a limit ℓ at 𝑥0 if we have: 

∀𝜀 >  0, ∃𝛿 >  0, ∀𝑥 ∈  𝐷𝑓, |𝑥 − 𝑥0|  <  𝛿 ⇒  |𝑓 (𝑥)  −  ℓ|  <  𝜀 

We write in this case:  lim
𝑥→𝑥0

𝑓(𝑥) = ℓ. 

Explanation of the definition: We say that 𝑓 has a (finite) limit ℓ in 𝑥0 if, when 𝑥 → 𝑥0, 

𝑓(𝑥)  →  ℓ 

Example 3.2.1  Consider the function 𝑓 (𝑥)  =  2𝑥 −  1 which is defined on 𝑅. At 

the point 𝑥 =  1,  

Indeed, for all 𝜀 >  0, we have |𝑓 (𝑥) −  1|  =  2 |𝑥 −  1|  <  𝜀, if we have, a fortiori, |x  

|𝑥 −  1| <
𝜀

2
 

The right choice will then be to take 𝛿 =
𝜀

2
 

➢ Limit to the right \ to the left 𝑥0    ـــن يميــن  وعن شمــال  النهايــة ع

Definition 3.2.2 

a. We say that the function 𝑓 admits ℓ as a limit to the right of 𝑥0, or when x tends 

towards 𝑥0
+,  if ∀𝜀 >  0, ∃𝛿 >  0, such that: 𝑥0 <  𝑥 <  𝑥0 + 𝛿, → |f (x) − ℓ | ≤ ε  

We will write, in this case: 

lim
𝑥→𝑥0

+
𝑓(𝑥) = ℓ 

b. We say that the function 𝑓 admits ℓ as a limit to the left of 𝑥0, or when x tends 

towards 𝑥0
−,  if for all 𝜀 >  0, there exists a 𝛿 >  0 such that: 𝑥0 − 𝛿 <  𝑥 <  𝑥0, 

results |f (x) − ℓ | ≤ ε. We will write, in this case: 

lim
𝑥→𝑥0

−
𝑓(𝑥) = ℓ 

Example 3.2.2.  The function 𝑥 ∈  𝑅+  → √𝑥 tends to 0 when 𝑥 →  0+ 

Noticed. If the function 𝑓 admits a limit ℓ to the left of the point 𝑥0 and a limit ℓ` 
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to the right of 𝑥0, for 𝑓 to admit a limit at the point 𝑥0 it is necessary and sufficient that. 

𝓵 = 𝓵` 

lim
𝑥→𝑥0

𝑓(𝑥) = ℓ 

Example 3.2.3. Consider the function defined by 

𝑓(𝑥) = {
1, 𝑠𝑖 𝑥 ≥ 0

−1, 𝑠𝑖 𝑥 < 0
 

It admits 1 as the limit to the right of 0 and −1 as the limit to the left of 0. But it admits 

no limit at the point 0. 

Uniqueness of the limit 

Proposal  If 𝑓 admits a limit at the point 𝑥0, this limit is unique. 

3.2.2 Infinite limit of a function at a point 𝒙𝟎  ــد نقطــة  نهايــة غير منتهيــة عنـ

Let 𝑥0 ∈  𝑅. We will put by definition: 

a. lim
𝑥→𝑥0

𝑓(𝑥) = +∞ if: 

∀𝐴 >  0, ∃𝛿 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 |𝑥 − 𝑥0 | <  𝛿 ⇒  𝑓 (𝑥)  > 𝐴. 

b. lim
𝑥→𝑥0

𝑓(𝑥) = −∞ if: 

∀𝐴 >  0, ∃𝛿 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 |𝑥 − 𝑥0 | <  𝛿 ⇒  𝑓 (𝑥) < −𝐴. 

3.2.3 Finite limit of a function at infinity (𝒙 → ــد (∞± يــة االمــالانه  نهايــة منتهيــة عنـ  

a. lim
𝑥→+∞

𝑓(𝑥) = ℓ, 𝑖𝑓 

∀𝜀 >  0, ∃𝐴 >  0, 𝑡𝑒𝑙 𝑞𝑢𝑒 𝑥 >  𝐴 ⇒  |𝑓 (𝑥)  −  ℓ|  <  𝜀. 

We say that 𝑓 has a (finite) limit ℓ at +∞ if, when 𝑥 becomes very large, 𝑓(𝑥) becomes 

very close to ℓ 

b. lim
𝑥→−∞

𝑓(𝑥) = ℓ, 𝑖𝑓 

∀𝜀 >  0, ∃𝐴 >  0, 𝑡𝑒𝑙 𝑞𝑢𝑒 𝑥 < − 𝐴 ⇒  |𝑓 (𝑥)  −  ℓ|  <  𝜀. 

we say that 𝑓 has a (finite) limit at −∞ if, when 𝑥 becomes very large in negative value, 

𝑓(𝑥) becomes very close to ℓ 

3.2.4 Infinite limit at infinity المــالانهايــة منتهيــة عنـــد غيــر نهايــة   

Let 𝑥0 ∈  𝑅. We will put by definition: 
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a. lim
𝑥→+∞

𝑓(𝑥) = +∞ if: 

∀𝐴 >  0,∃ 𝐵 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑥 >  𝐵 ⇒  𝑓 (𝑥)  > 𝐴. 

b. lim
𝑥→+∞

𝑓(𝑥) = −∞ if: 

∀𝐴 >  0, ∃ 𝐵 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑥 >  𝐵 ⇒  𝑓 (𝑥) < −𝐴. 

c. lim
𝑥→−∞

𝑓(𝑥) = +∞ if: 

∀𝐴 >  0,∃ 𝐵 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑥 < − 𝐵 ⇒  𝑓 (𝑥)  > 𝐴. 

d. lim
𝑥→−∞

𝑓(𝑥) = −∞ if: 

∀𝐴 >  0, ∃ 𝐵 >  0, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑥 < − 𝐵 ⇒  𝑓 (𝑥) < −𝐴. 

Examples:  

Prove the following limits using the definition 

lim
𝑥→1

2𝑥 − 3 = −1 

lim
𝑥→4

√𝑥 = 2 

lim
𝑥→1

1

(1 − 𝑥)2
= +∞ 

lim
𝑥→1

2𝑥2 + 3𝑥 − 1 = +∞ 

Indeterminate form 

Some forms of limits are called indeterminate. An indeterminate form is an expression 

whose limit cannot be determined solely from the limits of the individual functions. 

 Example of indeterminate forms: 0/0, ∞/∞, +∞ −∞, 0×∞, ∞0, 00 

3.2.5 Properties of function limits 

Let f, g: [a, b] → R and 𝑥0 ∈] a, b[, we have:  

a. If lim
𝑥→𝑥0

𝑓(𝑥) = ±∞ ⟹ lim
𝑥→𝑥0

1

𝑓(𝑥)
= 0  

b. If 𝑓 ≤ 𝑔 𝑎𝑛𝑑 lim
𝑥→𝑥0

𝑓(𝑥) = ℓ lim
𝑥→𝑥0

𝑔(𝑥) = ℓ′  ⟹  ℓ ≤ ℓ′ 
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c. If 𝑓 ≤ 𝑔 𝑎𝑛𝑑 lim
𝑥→𝑥0

𝑓(𝑥) = +∞  𝑠𝑜:  lim
𝑥→𝑥0

𝑔(𝑥) = +∞ 

d. If 𝑓 ≤ 𝑔 𝑎𝑛𝑑 lim
𝑥→𝑥0

𝑔(𝑥) = −∞ 𝑠𝑜:  lim
𝑥→𝑥0

𝑓(𝑥) = −∞    

Theorem   Let f, g, h: [a, b] → R and 𝑥0  ∈]𝑎, 𝑏[, if we have: 

i. 𝑓 (𝑥)  ≤  𝑔 (𝑥)  ≤  ℎ (𝑥), 𝑝𝑜𝑢𝑟 𝑡𝑜𝑢𝑡 𝑥 ∈ ]𝑎, 𝑏[ ,  

ii.  lim
𝑥→𝑥0

𝑓(𝑥) = lim
𝑥→𝑥0

ℎ(𝑥) = ℓ ∈  𝑅. 

⟹ So  lim
𝑥→𝑥0

𝑔(𝑥) = ℓ 

3.2.6 Operations on the limits 

Theorem Let 𝑓, 𝑔: [𝑎, 𝑏]  →  𝑅 and 𝑥0  ∈ ]𝑎, 𝑏[, such that:  {

lim
𝑥→𝑥0

𝑓(𝑥) = ℓ

𝑎𝑛𝑑
lim
𝑥→𝑥0

𝑔(𝑥) = ℓ′
, so:  

a. lim
𝑥→𝑥0

(𝑓(𝑥)+ 𝑔(𝑥)) = ℓ +ℓ′  

b. lim
𝑥→𝑥0

(𝜆𝑓(𝑥)) = 𝜆ℓ 

c. lim
𝑥→𝑥0

𝑓(𝑥)𝑔(𝑥) = ℓ. ℓ′  

d. lim
𝑥→𝑥0

|𝑓(𝑥)| = |ℓ| 

e. lim
𝑥→𝑥0

|𝑓(𝑥) − ℓ| = 0 

f. lim
𝑥→𝑥0

𝑓(𝑥)

𝑔(𝑥)
=

ℓ

ℓ′ 𝑖𝑓 ℓ
′ ≠ 0 

Let 𝑓 : [𝑎, 𝑏]  →  [𝑐, 𝑑] , 𝑔 ∶  [𝑐, 𝑑]  →  𝑅 𝑎𝑛𝑑 𝑥0  ∈ ]𝑎, 𝑏[ , 𝑦0  ∈  [𝑐, 𝑑], such that: 

lim
𝑥→𝑥0

𝑓(𝑥) = 𝑦0 , 𝑎𝑛𝑑 lim
𝑦→𝑦0

𝑔(𝑦) = ℓ , 𝑠𝑜: 

𝐴𝑙𝑜𝑟𝑠 lim
𝑥→𝑥0

(𝑔 ◦  𝑓)(𝑥) = ℓ 

Proposition  Let 𝑓, 𝑔: [𝑎, 𝑏]  →  𝑅 𝑎𝑛𝑑 𝑥0  ∈ ]𝑎,𝑏[, we have: 

a. 𝑖𝑓 lim
𝑥→𝑥0

𝑓(𝑥) = +∞ , 𝑠𝑜 lim
𝑥→𝑥0

1

𝑓(𝑥)
= 0  

b. 𝑖𝑓 lim
𝑥→𝑥0

𝑓(𝑥) = −∞ ,𝑠𝑜 lim
𝑥→𝑥0

1

𝑓(𝑥)
= 0  

c. 𝑖𝑓 𝑓 ≤ 𝑔 lim
𝑥→𝑥0

𝑓(𝑥) = ℓ , 𝑎𝑛𝑑 lim
𝑥→𝑥0

𝑔(𝑥) = ℓ′ , 𝑠𝑜: ℓ ≤ ℓ′ 

d. 𝑖𝑓 𝑓 ≤ 𝑔 lim
𝑥→𝑥0

𝑓(𝑥) = +∞ , 𝑠𝑜 lim
𝑥→𝑥0

𝑔(𝑥) = +∞, 

3.3 Continuity of a function 

3.3.1 General definitions 
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Definition 3.3.1.  Consider a function 𝑓: 𝐷𝑓 →  𝑅, 𝐷𝑓 being an interval of 𝑅. We say 

that 𝑓 is continuous at the point 𝑥0 ∈  𝐷𝑓 if:  

lim
𝑥→𝑥0

𝑓(𝑥) = 𝑓(𝑥0) 

∀𝜀 >  0, ∃𝛿 >  0, ∀𝑥 ∈  𝐼, |𝑥 − 𝑥0|  <  𝛿 ⇒  |𝑓 (𝑥) −  𝑓(𝑥0)|  <  𝜀 

 

To remember: 

𝑓 continuous    ↔ 

1. 𝑓(𝑥0) exists: 𝑓 is defined at 𝑥0 

 𝑥0معرفة عند النقطة   الدالة

2. lim
𝑥→𝑥0

+
𝑓(𝑥) = ℓ and lim

𝑥→𝑥0
−
𝑓(𝑥) = ℓ′: 𝓵 and 𝓵′  exist 

  𝑥0الدالة تقبل نهاية عن يمين وعن شمال النقطة  

3. 𝓵 = 𝓵′  

 متساويتان   𝑥0يمين وعن شمال النقطة  النهايتان عن 

 

Examples  

1. Is the function 𝑓(𝑥) =  
𝑥2−4

𝑥−2
 continuous  

𝑓 is discontinuous at 2 because 𝑓(2) is undefined. 

2. Determine whether the function 𝑓(𝑥) =  {
−𝑥2 − 4     𝑖𝑓 𝑥 ≤ 3

4𝑥 − 8       𝑖𝑓 𝑥 > 3
  is continuous 

at x=3 

✓ We calculate 𝑓(3) ∶  𝑓(3) =  −32 − 4 = −5 , Thus, 𝑓(3) is defined.  

✓ We calculate : lim
𝑥→>3

𝑓(𝑥)  𝑎𝑛𝑑 lim
𝑥→<3

𝑓(𝑥)   

lim
𝑥→<3

𝑓(𝑥)  =  −32 − 4 = −5 

lim
𝑥→>3

𝑓(𝑥) = lim
𝑥→>3

4(3) − 8 = 4 

✓ −5 ≠ 4 ⟺ 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 3  

Definition 3.3.2.  A function defined on an interval I is continuous on I if it is 
continuous at every point of I. The set of continuous functions on I is denoted by C (I). 

Continuity on the left \ on the right 

Definition 3.3.3  Consider a function 𝑓: 𝐷𝑓 →  𝑅, I being an interval of R.  
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1. The function is continuous to the right at 𝑥0 if 

lim
𝑥→>𝑥0

𝑓(𝑥) = 𝑓(𝑥0) ⟺     

∀𝜀 >  0, ∃𝛿 >  0, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 𝒙𝟎 <  𝒙 <  𝒙𝟎 + 𝜹,→ |𝑓 (𝑥) – 𝑓(𝑥0) ) |  ≤  𝜀. 

2. The function f is said to be left continuous at 𝑥0 if 

lim
𝑥→< 𝑥0

𝑓(𝑥) = 𝑓(𝑥0) ⟺     

∀𝜀 >  0,∃𝛿 >  0, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 𝒙𝟎 − 𝜹 <  𝑥 <  𝑥0,→  |𝑓 (𝑥) – 𝑓(𝑥0) ) |  ≤  𝜀. 

3.3.2 Operations on continuous functions 

Theorem 3.3.1.  Let 𝐷𝑓 be an interval, and 𝑓 𝑎𝑛𝑑 𝑔 be functions defined on 𝐷𝑓  and 

continuous at 𝑥0  ∈  𝐷𝑓 Then 

1.  𝜆𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑥0, (𝜆 ∈  𝑅). 

2. 𝑓 +  𝑔 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑥0. 

3. 𝑓. 𝑔 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑥0.  

4. 
𝑓

𝑔
 (𝑖𝑓 𝑔 (𝑥0) 6 =  0) 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑥0. 

3.4 Differentiability of a function 

Definition and properties 

Definition 3.4.1.  Let 𝐷𝑓 be an interval of R, 𝑥0 a point of 𝐷𝑓, 𝑎𝑛𝑑 𝑓 a function 

(𝑓: 𝐷𝑓 →  𝑅) 

We say that f is differentiable (derivable) at the point 𝑥0 if the limit   lim
𝑥→𝑥0

𝑓(𝑥)−𝑓(𝑥0)

𝑥−𝑥0
 

exists finitely 

limادا كانـــت النهــــاية    𝑥0في النقطة  قابلة للاشتقـــاق 𝑓 نقــول ان الدالــة   تعــريف 
𝑥→𝑥0

𝑓(𝑥)−𝑓(𝑥0)

𝑥−𝑥0
مــوجودة    

 ومنتهيــة  

This limit is called the derivative of 𝑓 𝑎𝑡 𝑥0 and is noted 𝑓′(𝑥0) 

 𝑓′(𝑥0)ونرمــــز لهــــا بــ   𝑥0 عند النقطـــة  𝑓تسمـــى هــذه النهـــاية مشتـــق الدالـــة  

If we put 𝑥 − 𝑥0 = ℎ we obtain:  
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lim
𝑥→𝑥0

𝑓(𝑥) − 𝑓(𝑥0)

𝑥 − 𝑥0
= lim

ℎ→0

𝑓(𝑥0 + ℎ) − 𝑓(𝑥0)

ℎ
=  𝑓′(𝑥0) 

Graphically  )بيـــانيـــا( 

The derivative of 𝑓 𝑎𝑡 𝑥0 is the slope of the tangent line at this point ( 𝑥0, 𝑓(𝑥0)), which 

is the limit as h → 0 of the slopes of the lines through 

Example  Let 𝑓 be the real function defined on 𝑅 by 𝑓 (𝑥)  =  𝑥2. The derivative of 

𝑓 at a point 𝑥0 ∈  𝑅 is: 

lim
ℎ→0

𝑓(ℎ + 𝑥0) − 𝑓(𝑥0)

ℎ
= lim

ℎ→0

(ℎ + 𝑥0)
2 − 𝑥0

2

ℎ
= lim

ℎ→0

𝑥0
2 + ℎ2 + 2𝑥0. ℎ − 𝑥0

2 

ℎ
= lim

ℎ→0
ℎ + 2𝑥0 = 2𝑥0  

For  𝑥0 = 1, 𝑓′(𝑥0) = 2 

The function 𝑦 =  𝑓 (𝑥) is said to be differentiable in an open interval 𝐼 if it is 

differentiable at every point of I 

 

Proposition 3.4.1. Every differentiable function is continuous, but the converse is not 

true. (differentiable ⟹ continuous) 

 العكـــس غيــر صحيــح  .ةــك النقطــعند تل فهي مستمرةا ـــعند نقطة ماق ـــللاشتقة ــقابلة ــدالكـل 

3.4.1 Derivation operations 

Theorem 3.4.1  Let 𝑓 and 𝑔 be two functions defined on the interval 𝐼 ⊂  𝑅 with 

and x0 ∈ I. If the functions 𝑓 𝑎𝑛𝑑 𝑔 are differentiable at 𝑥0, then 

1. ∀α ∈ R, αf is differentiable at x0 and we have: 

(𝛼𝑓)′(𝑥0) =  𝛼𝑓′(𝑥0) 

2. f + g is differentiable at x0 and we have 

(𝑓 + 𝑔)′(𝑥0) = 𝑓 ′(𝑥0) + 𝑔′(𝑥0) 

3. 𝑓𝑔 is differentiable at x0 and we have 

(𝑓. 𝑔)′(𝑥0) = 𝑓′(𝑥0).𝑔(𝑥0)+ 𝑓(𝑥0). 𝑔′(𝑥0) 

4. If 𝑔′(𝑥0) ≠ 0 the function 
𝑓

𝑔
 is differentiable 

(
𝑓

𝑔
)

′

(𝑥0) =  
𝑓′(𝑥0)𝑔(𝑥0)− 𝑓(𝑥0)𝑔

′(𝑥0)

𝑔2(𝑥0)
 

(1\𝑔)′(𝑥0) =  
−𝑔′(𝑥0)

𝑔2(𝑥0)
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Theorem Let 𝐽 be an interval of 𝑅, 𝑓: 𝐼 →  𝐽 and 𝑔: 𝐽 →  𝑅. If 𝑓 is differentiable in 

𝑥0  ∈  𝐼 and 𝑔 differentiable at 𝑓 (𝑥0)  ∈  𝐽, the composite function 𝑔 ◦ 𝑓 ∶  𝐼 →  𝑅 is 

differentiable at 𝑥0 and 

(𝑔◦𝑓)′(𝑥) = 𝑓′(𝑥).𝑔′(𝑓(𝑥)) 

3.4.2 Derivatives of standard functions 

 

Proposition Let 𝑓 ∶  𝐼 →  𝑅 be a differentiable function on an Intervale 𝐼 we have: 

(1) ∀𝑥 ∈  𝐼 , 𝑓′ (𝑥)  =  0 if and only if 𝑓 is constant on 𝐼 

(2) 𝐼𝑓 ∀𝑥 ∈  𝐼 , 𝑓′(𝑥)  ≥  0 (𝑟𝑒𝑠𝑝 𝑓′ (𝑥)  >  0), then 𝑓 is increasing (resp strictly 

increasing). 

(3) if ∀𝑥 ∈  𝐼, 𝑓′(𝑥)  ≤  0 (𝑟𝑒𝑠𝑝 𝑓′(𝑥)  <  0), then 𝑓 is decreasing (resp strictly 

decreasing) 

3.4.3 L’hopital’s rule 

Theorem 3.4.7  Let f and g be two functions differentiable on 𝐼 and both tending 

towards 0 ( or both tend to ∞) 𝑓𝑜𝑟 𝑥 →  𝑎 (𝑜𝑟 ∞). We assume that 𝑔(𝑥) ≠ 0 does not 

vanish in a neighborhood of 𝑎 and that: lim
𝑥→𝑥0

𝑓′(𝑥)

𝑔′(𝑥)
= 𝑙 ( lim

𝑥→𝑥0

𝑓′(𝑥)

𝑔′(𝑥)
 exists) 

lim
𝑥→𝑥0

𝑓(𝑥)

𝑔(𝑥)
= lim

𝑥→𝑥0

𝑓′(𝑥)

𝑔′(𝑥)
= 𝑙 

 

In other words, if the limit: 𝑙𝑖𝑚
𝑓(𝑥)

𝑔(𝑥)
 is of indeterminate type 

0

0
𝑜𝑟

∞

∞
 for : 𝑥 → 𝑎 𝑜𝑟 ∞ then 

we have: 𝑙𝑖𝑚
𝑓(𝑥)

𝑔(𝑥)
= 𝑙𝑖𝑚

𝑓′(𝑥)

𝑔′(𝑥)
= 𝑙 
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Example Find lim
𝑥→0

𝑥2

𝑠𝑖𝑛𝑥
 and lim

𝑥→0

3𝑥2+𝑥+4

5𝑥2+8𝑥
 

 

 

 

 


