
 

 

 𝑌     𝑋     𝑌      𝑋

ℝ𝟐

 𝑋

𝑋: 𝑥1, 𝑥2, … . . , 𝑥𝑛

𝑌: 𝑦1, 𝑦2, … . . , 𝑦𝑛

𝑌  𝑋𝑓(𝑥, 𝑦)

𝑓(𝑥, 𝑦) ≥ 0

∑𝑓(𝑥, 𝑦) = 1

 

𝑌 , 𝑋𝑆

𝑋(𝑠) = 𝑅𝑋 = {𝑥1, 𝑥2, … . . , 𝑥𝑛}

𝑌(𝑠) = 𝑅𝑌 = {𝑦1, 𝑦2, … . . , 𝑦𝑛}

𝑋(𝑠). 𝑌(𝑠) = {(𝑥1, 𝑦1), (𝑥2, 𝑦2), …… , (𝑥𝑛, 𝑦𝑛)}

𝑓(𝑥, 𝑦)

𝒇(𝒙, 𝒚) = 𝒑(𝑿 = 𝒙   , 𝒀 = 𝒚)

Y   X  



 

……… 𝒚𝒏 ……… 𝒚𝟐 𝒚𝟏 𝑿 𝒀⁄  

∑𝒇(𝒙𝟏, 𝒚𝒋) = 𝒇𝑿(𝒙𝟏)

𝒋

 ……… 𝑓(𝑥1, 𝑦𝑛) ……… 𝑓(𝑥1, 𝑦2) 𝑓(𝑥1, 𝑦1) 𝒙𝟏 

∑𝒇(𝒙𝟐, 𝒚𝒋) = 𝒇𝑿(𝒙𝟐)

𝒋

 ……… 𝑓(𝑥2, 𝑦𝑛) ……… 𝑓(𝑥2, 𝑦2) 𝑓(𝑥2, 𝑦1) 𝒙𝟐 

 ………  ………   
.
.
.
 

∑𝒇(𝒙𝒎, 𝒚𝒋) = 𝒇𝑿(𝒙𝟐𝒎)

𝒋

 ……… 𝑓(𝑥𝑚, 𝑦𝑛) ……… 𝑓(𝑥𝑚, 𝑦2) 𝑓(𝑥𝑚, 𝑦1) 𝒙𝒎 

.

.

.
 

 
.
.
.
 

 
.
.
.
 

.

.

.
 

.

.

.
 

……… 

∑𝒇(𝒙𝒊, 𝒚𝒏)

𝒊

 

= 
𝒇𝒀(𝒚𝒏) 

 

∑𝒇(𝒙𝒊, 𝒚𝟐)

𝒊

 

= 
𝒇𝒀(𝒚𝟐) 

∑𝒇(𝒙𝒊, 𝒚𝟏)

𝒊

 

= 
𝒇𝒀(𝒚𝟏) 

(𝑋, 𝑌)

𝟎 ≤ 𝒇𝑿,𝒀 (𝒙, 𝒚) ≤ 𝟏            ∀  𝒙 𝝐 𝑹𝒙  ,   𝒚 𝝐 𝑹𝒚

𝒇(𝒙, 𝒚) = 𝑷(𝑿 = 𝒙, 𝒀 = 𝒚) = ∑ ∑ 𝒇𝒎
𝒋=𝟏

𝒏
𝒊=𝟏 (𝒙𝒊, 𝒚𝒋)            

𝑭(𝒙, 𝒚) = 𝑷(𝑿 ≤ 𝒙 , 𝒀 ≤ 𝒚) = ∑ ∑ 𝒇𝒀≤𝒚𝒋𝑿≤𝒙𝒊
(𝒙𝒊, 𝒚𝒋)            

𝑿𝒀

𝑋 , 𝑌

𝑺 = {(𝒊, 𝒋):   𝒊 = 𝒋 = 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔}

𝑋 = (𝑖 + 𝑗) = 2, 3, 4, … . . , 12

𝑌 = 𝑀𝑎𝑥(𝑖, 𝑗) = 1, 2, 3, 4, 5, 6

𝑋, 𝑌



 

𝐗 𝐘⁄  1 2 3 4 5 6 ∑= 
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𝟕

𝟑𝟔
 

𝟗

𝟑𝟔
 

𝟏𝟏

𝟑𝟔
 𝟏 

𝒇(𝟐, 𝟏) = 𝑃(𝑋 = 2 , 𝑌 = 1) = 𝑃(1,1) =
𝟏

𝟑𝟔

𝒇(𝟐, 𝟐) = 𝑃(𝑋 = 2 , 𝑌 = 2) = 𝑃(Φ) = 𝟎

𝒇(𝟑, 𝟏) = 𝑃(𝑋 = 3 , 𝑌 = 1) = 𝑃(Φ) = 𝟎

𝒇(𝟒, 𝟑) = 𝑃(𝑋 = 4 , 𝑌 = 2) = 𝑃(Φ) =
𝟐

𝟑𝟔

𝑭(𝟒, 𝟑) = 𝑃(𝑋 ≤ 4, 𝑌 ≤ 3) =
1
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𝑭(𝟔, 𝟑) = 𝑃(𝑋 ≤ 6, 𝑌 ≤ 3) =
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36
+
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36
=
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𝟒



 

𝑃(6 ≤ 𝑋 ≤ 8,   4 ≤ 𝑌 ≤ 6) =
2
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+
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 

𝑋, 𝑌

  𝑓(𝑥, 𝑦) = 𝑓(𝑥)𝑓(𝑦)       

 𝐹(𝑥, 𝑦) = 𝐹(𝑋)𝐹(𝑌)

𝒇(𝒙, 𝒚) =
𝜕𝐹(𝑥, 𝑦)

𝜕𝑥𝜕𝑦
=
𝜕

𝜕𝑥
𝐹(𝑋)

𝜕

𝜕𝑦
𝐹(𝑌) = 𝒇(𝒙). 𝒇(𝒚)

𝑋, 𝑌

𝑓(𝑥, 𝑦) =
𝜆𝑥+𝑦𝑒−2𝜆

𝑥! 𝑦!
                   ,

𝑥 = 0,1,2…
𝑦 = 0,1,2…

𝑋, 𝑌

𝑋𝑌

𝒇(𝒙) =∑
𝜆𝑥+𝑦𝑒−2𝜆

𝑥! 𝑦!
𝑦

=
𝜆𝑥𝑒−2𝜆

𝑥!
∑

𝜆𝑦

𝑦!
𝑦

= 
𝜆𝑥𝑒−2𝜆

𝑥!
. 𝑒𝜆 =

𝝀𝒙𝒆−𝝀

𝒙!

𝒇(𝒚) =∑
𝜆𝑥+𝑦𝑒−2𝜆

𝑥! 𝑦!
𝑥

=
𝜆𝑦𝑒−2𝜆

𝑦!
∑

𝜆𝑥

𝑥!
𝑥

= 
𝜆𝑦𝑒−2𝜆

𝑦!
. 𝑒𝜆 =

𝝀𝒚𝒆−𝝀

𝒚!

𝒇(𝒙). 𝒇(𝒚) = 𝒇(𝒙, 𝒚) =

{
 
 

 
 𝑓(𝑥) =

𝝀𝒙𝒆−𝝀

𝒙!

𝑓(𝑦) =
𝝀𝒚𝒆−𝝀

𝒚!

𝑋, 𝑌



 

 

(𝑋, 𝑌)𝑌𝑋 = 𝑥𝑖

𝑓(𝑌 ∖ 𝑋 = 𝑥𝑖) =
𝑓(𝑥𝑖 , 𝑦)

𝑓(𝑥𝑖)

𝑓(𝑥)𝑋𝑓(𝑥𝑖) > 0

𝑋𝑌 = 𝑦𝑖

𝑓(𝑋 ∖ 𝑌 = 𝑦𝑖) =
𝑓(𝑥𝑖 , 𝑦)

𝑓(𝑦𝑖)

𝑓(𝑦)𝑌𝑓(𝑦𝑖) > 0

𝑓(𝑋 ∖ 𝑌 = 𝑦𝑖) =
𝑓(𝑥𝑖 , 𝑦)

𝑓(𝑦𝑖)
≥ 0

𝑋, 𝑌

𝑌 𝑋⁄
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 P(𝑋 = 2  𝑌⁄ = 2), 𝑃(𝑋 = 1  𝑌 < 4⁄ ), 𝑃 (𝑋 = 2    𝑌 = 4)

 𝑋

𝒙

1

4

1

2

1

4

𝒇(𝒙)



 

 𝑌

𝑦

1

3

1

3

1

3
𝑓(𝑦)

𝑃(𝑋 = 2  𝑌 = 2⁄ ) =
𝑃(𝑥 = 2, 𝑦 = 2)

𝑃(𝑦 = 2)
=

1
2
.
1
3
1
3

=
1

2

𝑃(𝑋 = 1  𝑌 < 4⁄ ) =
𝑃(𝑥 = 1, 𝑦 < 4)

𝑃(𝑦 < 4)
=
𝑃(𝑥 = 1, 𝑦 = 2)𝑃(𝑥 = 1, 𝑦 = 3)

𝑃(𝑦 = 2) + 𝑃(𝑦 = 3)
=
3

8

𝑃 (𝑋 = 2    𝑌 = 4) = 𝑃(𝑋 = 2) + 𝑃(𝑌 = 4) − 𝑃(𝑋 = 2, 𝑌 = 4) =
1

2


