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   𝑌𝑡 

𝑌𝑡 = 𝛿 + ∅1𝑌𝑡−1 + 𝜀𝑡

 

I. 
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𝑌𝑡

1)        𝑬(𝒀𝒕) = E(𝑌𝑡+𝑗) = 𝛍                   

2)        𝑽(𝒀𝒕) = V(𝑌𝑡+𝑗) = 𝛔𝟐 = 𝜸𝟎                   

3)        𝑪𝒐𝒗(𝒀𝒕, 𝒀𝒕+𝒋) = Cov(𝑌𝑡+𝑠, 𝑌𝑡+𝑗+𝑠) = 𝜸𝒋                   

𝜀𝑡

1)        𝑬(𝜺𝒕) = 0             

2)        𝑽(𝜺𝒕) = σ2             

3)        𝑪𝒐𝒗(𝜺𝒕, 𝜺𝒕+𝒋) = 0                   

𝜀𝑡 ↝ 𝑊𝑁(0, 𝜎2)

Random Walk

𝑌1 = 𝜀1

𝑌2 = 𝜀1 + 𝜀2 ⇒ 𝑌2 = 𝑌1 + 𝜀2

.

.
𝑌𝑡 = 𝜀1 + 𝜀2+. . . +𝜀𝑡

.

.
𝑌𝑡 = 𝑌𝑡−1 + 𝜀𝑡

Lag operator
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𝑌𝑡−1 = 𝐿𝑌𝑡     ,     𝑌𝑡−2 = 𝐿2𝑌𝑡  , 𝑌𝑡−3 = 𝐿3𝑌𝑡    ,     𝑌𝑡−4 = 𝐿4𝑌𝑡  

𝑌𝑡−𝑘 = 𝐿𝑘𝑌𝑡

∆

∆ =  (1 − 𝐿)

 ∆𝒀𝒕 = 𝑌𝑡 − 𝑌𝑡−1 = (1 − 𝐿)𝑌𝑡

 ∆𝟐𝒀𝒕   =  (1 − 𝐿)2𝑌𝑡  =  (1 + 𝐿2 − 2𝐿)𝑌𝑡 

∆𝟐𝒀𝒕

 ∆𝟐𝒀𝒕   =  ∆(∆𝒀𝒕)

Wald

𝒀𝒕𝜺𝒕

𝑌𝑡 = 𝜀𝑡 + 𝜃1𝜀𝑡−1 + 𝜃2𝜀𝑡−2 + ⋯ … … …. 

    = 𝜀𝑡 + 𝜃1𝐿𝜀𝑡 + 𝜃2𝐿2𝜀𝑡 + ⋯ … … ….

    = (1 + 𝜃1𝐿 + 𝜃2𝐿2 + ⋯ … … . . . )𝜀𝑡

   𝒀𝒕  = 𝜽(𝑳)𝜺𝒕        ,   𝜽(𝑳) = 𝟏 + 𝜽𝟏𝑳 + 𝜽𝟐𝑳𝟐 + ⋯ … … . ..

𝜃(𝐿)𝜃(𝐿)   𝑌𝑡

II. ARModels (AR) Autoregressive

 𝐴𝑅(1)

 AR(1):     𝑌𝑡 = ∅1𝑌𝑡−1 + 𝜀𝑡 

𝐴𝑅(2)و 

AR(2):     𝑌𝑡 = ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + 𝜀𝑡

𝐴𝑅(3)و 

AR(3):     𝑌𝑡 = ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + ∅3𝑌𝑡−3 + 𝜀𝑡.
.

.

.
.
..

.
.
.

.

.
AR(p) 𝑌𝑡 = ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + ∅3𝑌𝑡−3 + ⋯ … … + ∅𝑝𝑌𝑡−𝑝 + 𝜀𝑡

∶ p     
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L

AR(p):              𝑌𝑡 = ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + ∅3𝑌𝑡−3 + ⋯ … … + ∅𝑝𝑌𝑡−𝑝 + 𝜀𝑡 

                          𝑌𝑡 − ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + ∅3𝑌𝑡−3 + ⋯ … … + ∅𝑝𝑌𝑡−𝑝 = 𝜀𝑡 

                 𝑌𝑡 − ∅1𝐿𝑌𝑡 + ∅2𝐿2𝑌𝑡 + ∅3𝐿3𝑌𝑡 + ⋯ … … + ∅𝑝𝐿𝑝𝑌𝑡 = 𝜀𝑡 

               = (1 − ∅1𝐿 − ∅2𝐿2 − ∅3𝐿3 − ⋯ … … − ∅𝑝𝐿𝑝)𝑌𝑡 = 𝜀𝑡 

               ∅(𝐿) 𝑌𝑡 = 𝜀𝑡 

(𝐿)∅: معامل التأخير الذاتي للنموذج.  =  (1 − ∅1𝐿 − ∅2𝐿2 − ∅3𝐿3 − ⋯ … … − ∅𝑝𝐿𝑝) 

  ∅(𝐿) 𝑌𝑡 = 𝜀𝑡 … … … (1)

𝑌𝑡  = 𝜃(𝐿) 𝜀𝑡 … … … (2)

𝒀𝒕  =  ∅−𝟏(𝑳) 𝜺𝒕

 ∅−𝟏(𝑳) = 𝜃(𝐿)                                

𝟏

∅(𝑳)
 = 𝜃(𝐿)                       

∅(𝑳) 𝜽(𝑳) = 𝟏

[1 − ∅1𝐿 − ∅2𝐿2 − ∅3𝐿3 − ⋯ … … − ∅𝑝𝐿𝑝][1 + 𝜃1𝐿 + 𝜃2𝐿2 + ⋯ … … . . . +𝜃𝑝𝐿𝑝] = 1

AR(p)∅(𝑳)

 

𝑌𝑡 = ∅1𝑌𝑡−1 + 𝜀𝑡 

(1 − ∅1𝐿)𝑌𝑡 = 𝜀𝑡 

∅(𝐿) = 1 − ∅1𝐿                     ∶  بحيث



TIME SERIES ANALYSIS                                             Sami bendjeddou 

  
 

 

 

∅(L)Yt = εt 

𝑌𝑡  =  ∅−1(𝐿) 𝜀𝑡 

∅−𝟏(𝑳) = 𝜃(𝐿)                                لدينا  سابقا  

𝜃(𝐿) = [1 + ∅1
1𝐿 + ∅1

2𝐿2 + ⋯ … … . . . +∅1
𝑝𝐿𝑝] 

 

{
𝜃3 = ∅1

3    , 𝜃1 = ∅1
1

𝜃4 = ∅1
4    , 𝜃2 = ∅1

2 

∅(𝐿) = 1 − ∅1𝐿 

∅(𝐿) = 0

1 − ∅1𝐿 = 0

𝐿 =
1

∅1

 

|𝑳| > 𝟏 

⇒ |
𝟏

∅𝟏
| > 𝟏 

|∅𝟏| < 𝟏

 

 


