Solution of series IN°2

FExercise 1:

L 14+2434+---4+n=—"7—"----- P(n)
1.(1+1)

Forn=1=—=1== 5

For n > 2 : assume that P(n) is true, and show that P(n + 1) is true, this

is true.

1
means showing that if 14+24-3+---4+n = n(n—+)

(n+1)(n+2)

then 14243+ -+ (n+1) =

2
1 1)+ 2 1
We have: 1+2+3+...+n+n+1:@+(n+1):n(n+ );‘ (n+ ):
(n+1)(n+2)
5 :
1
Then P(n) is true, therfore 1 +24+3+---4+n = @
1)(2 1
2 124243y g2 = 0 )6( ntl)
1.(2
Forn=1=1= 2)3) is true.
1)(2 1
For n > 2 : assume that 12—i-22+32+~~+nz:n(n+ )6( nt ),andshow
1 2)(2 3
that 12422 482+t (nt 12 = O MZ J2n+3)
We have:
1)(2 1
12492 42 (1) = POF )6(n+ ) 4 g1y
~ onn+1)2n+1)+6(n+1)°
B 6
 (n+1)[2n* +n+ 6n + 6]
B 6
_ (n+1)[2n° + Tn + €]
B 6
_ (n+1)(n+2)(2n+3)
= c ‘

1
Then: 12+22+32_|_...+n2:n(n+1)6(2”+ )
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FEzxercise 2:

1.

— 9
U, = 2" "% ¥neN,
n

For all n € N*;

—1 < cosn <1
-3 < cosn—2 < -1
-3 < cosn — 2 < —1
nt = n? = nt
Since lim — = lim — = 0, then lim U, = 0.
n— 00 n4 n—00 n4 n—00
3 5(—1)"
v, = H—()7 Vn € N.
2n+1
For all n € N, we have
3n+5(-1)"  3n 5(-1) 3 5(—1)™
= = i .
2n+1 n+1 2n+1 21 + -) 2n +1
n
. . 1 . 3 3
On the one hand since lim1 4+ — = 1, then lim —1 = 5 On the
n—oo n n—0o0 2
2(1+-)
n
other hand since (—1)" is bounded, and lim 1= 0. We deduce that
n—oo 2N
5(—1)" 3
(=1) =0. So limV,, = —-.
n—oo 2n + 1 n—o0 2
1
W, = (022, vne N
n+1 (—1)"

We have: W, = (—1)"( )= (=1)"+

, since (—1)" is bounded and
n n

1 -1)"
lim — =0, then lim =" = 0. Also (—1)" does not admit a limits, therfore
n—oo M n—oo M

we consider the subsequences of even and odd ranks respectively (Way,)nen+,

and (Wop41)nen+, so for all n € N* we have:

—1)2” 1
Wa, = (=1)* (—:1 — — 1
2 (=1)™+ 2n +2nn—>oo
_1)2n+1 1
Wann = (—prt g CU Y
ant (=17 + on + 1 2n + 1 nsoo
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So the sequence (W,,),en+ admits two subsequences that converge to different

limits, and therefore it is not convergent.

FExercise 3:

Ug € ]07 1]7
U (un)?
Up+1 = 9 + 4

1. We show that: Vn € N, u, > 0. (reasoning by induction)

For n = 0, we have uy € ]0, 1], then u, > 0.

For n > 1, we assume that u, > 0 and we show that u,,; > 0. We have
(n)? un  (Un)?

u, > 0, so: % > 0, and 1 > 0, therfore: u,,, = > + i > (0. Then

vn eN, u, > 0.
. We show that: Vn € N, u, <1:
For n = 0, we have ug € ]0,1], then uw, < 1.
For n > 1, we assume that u,, < 1 and we show that u,,; < 1.

We have 0 < u,, <1, then

un+(un)2<1+1 3<1
Uni1 = - <st+5,=5<
g 4 24 2
Sovn eN, u, <1.
. We calculate:
Up  (un)? Up  (Un)?  up
n — n = — — n = - = — —2 nj)-
Upyr — U 2+ 1 u 2+ 1 4( + uy,)

Since 0 < u, <1, we get —2 4+ u,, < 0, then u,; —u, < 0. It shows that the

sequence is strictly decreasing.

. The sequence is strictly decreasing and bounded below by 0, so it converges

to a limit noted ! and verified
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S
+
Il

o

sol =0 or = 2. Therefore [ = 0.

Exercise j:

1
Vn € N*, we have: u, = > el and v, = u, + —, we show that (u,)nen+, and
k=1 n

(Un)nen+ are adjacent:

n+1 1 n
Unil = Un =30 o5 )
k=1

CESIE
therfore (u,)nen+ is increasing.

1 1
Untl — Up = u"+1+n—+1_u"_ﬁ

o 11

9 B (n+1)2+n+1_5
' n+nn+1)—(n+1)>

n(n + 1)2
-1

n(n+ 1)2
therfore (v,,)nen+ 1s decreasing.

<0

. . 1 .o —1
3. limu, —v, = limu, —u, — — = lim — = 0.
n—00 n—00 n n—oo 1

SO (Un)nen+, and (v, )nen+ are adjacent.

Fzxercise 5:

Vn € N* we have: u,, = Elvn)

n

Assume that P = E(y/n), then Vn € N* we have:

, we show that lim u, = 0.
n—oo

P<\yn<P+1= P><n<(P+1)

1 1 1
therfore: —— < — < — -+ ... (%).

<
(P+1)2 n— P?
We multiply (%) by P = E(y/n) > 0 (because n > 1), we get:
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When n — +o0, E(y/n) — 400, then lim ———= =

n—00 n

Fxercise 6:

I ! 1 1 n 1 1 n
m u, = 1m - — = - — =
n—>+oou n—-+00 2 3 3 4

1
2
1 2 n—1
2 Un_ﬁ—i—ﬁ—i— + 2
lim v, = lim —(1+2+---+n-1)
n—-+00 n—+oomn,
_ oy %n(n—l)
n—-+oomn, 2
1
2
5 wn_ln(n—l—l)
Inn )
In {n(l—i——)]
. . n
lim w, = lim
n—+00 n—+00 In n
In n+1In(1+-)
= lim
n——+00 n 1
In(1+—)
= lim 1+ n__1
n—r+00 In n
Exercise 7:
N 1 1 1
Vn € N*: un:1+§+?+...+$'
1 1 1 1

1. We show that — < ——=
CEROWI =1 T h n(n—1)

we have: Vn e N*: n>n—1=n?>n(n—1), so

1

1
+(n—|—1_n—|—2

)
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2. We show that (u,),>1 is bounded above by 2:

1 1 1
we have: — < — —, then
n? "~ n—-1 n

1 1 1 1 1 1 1 1
<, <o < _ =
22 — 27372 3 n> " n—-1 n
therefore:
1—|—1+1+ +1<1+1 1+1 1+ -l—l !
22 32 n? - 2 2 3 n—1 n
1
U, < 2——<2
n
S0 (Up)n>1 is bounded above by 2.
3. We show that (uy,),>1 is increasing:
1+ ! + + ! ! !
un —un = e oo —_— e — — — s e — —
H 2? (n+1)2 2? n?
1
= — >0.
(n+1)2

Then (uy),>1 is increasing.
4. (uy)n>1 is increasing and bounded above by 2, so (u,),>1 is convergent.

FExercise 8:
Uy = 0
e = — 02 + 3
T g

1. We show that Vn € N*, u,, > 0.

[\CR NGV

3
=—->0.

1
oForn:1:>u1:6u%+ 5

e For n > 2 —, we assume that u, > 0 and we prove that u,,; > 0.

1 1 3 3
We have u, > 0, then Eui > 0, therefore: éu% + 5 > 3 > 0, so

Upr1 > 0= Vn € N*, u, > 0.

2. If the sequence u,, admits a limit [ then:
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1 3
[ 2—6l+9=
5 +2 — 6l+9=0
— (1-3)32%=0

— [=3.

3. We show that Vn € N, u,, < 3: (reasoning by induction)

e For n =0, we have uy = 0 < 3.

e For n > 1, we assume that u,, < 3, and we prove that u, 1 < 3. We have
U, <3 = ul<9

1 3
— —ul+-<3

6 2
SoVn eN, u, < 3.
1 9 ) . . .
4. Upiqp — Up = 6 (u, —3)” > 0, the sequence (u,)nen is strictly increasing, and

since it is bounded by 3, it therefore converges to a limit [, such that

1.3
= ipad 3
¢ T3
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