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Chapter 1

Real-Valued Functions of a Real Variable

1.1 Basics

1.1.1 Definition

Definition 1.1.1. Let D C R. A function f from D into R is a rule which associates with
each x € D one and only one y € R. We denote

f:D — R,
D s called the domain of the function. If x € D, then the element y € R which is associated

with x is called the value of f at x or the image of x under f, y is denoted by f(z).

1.1.2 Graph of a function

Definition 1.1.2. Fach couple (x, f(z)) corresponds to a point in the xy—plane. The set of

all these points forms a curve called the graph of the function f.

Gr={(z,y)lve D, y= f(x)}
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o

Figure 1.1: Graph of function f(z) = 1/32% — z in interval [—2,2].

1.1.3 Operations on functions
Arithmetic
Let f,g: D — R be tow functions, then:

L (f+g)(x) = f(x) £g(z), VreD,

2. (f9)(x) = f(x).9(x), VreD,

3. 0.9(L) (w) =18, g(z) #£0, VreD,

4. (Nf)(z) =Af(z), VeeD, XeR.

Composition

Let f: D — Randlet g: F — R, if f(D) C E, then g composed with f is the function

go f:D — R defined by go f = g[f(2)].

Restriction

We say that g is a restriction of the function f if:
g9(x) = f(z) and D(g) € D(f).
Example 1.1.3. f(z) = In|z|, and g¢g(z) = Inz, Vo €]0,+oc0[: g(z) = f(x), and D(g) C

D(f).
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1.1.4 Bounded functions

Definition 1.1.4. Let f: D — R be a function, then:

o We say that f is bounded from below on its domain D(f) if
Vee D(f), 3meR: m< f(x).

o We say that f is bounded from above on its domain D(f) if
Vee D(f), 3MeR: f(zx)> M.

e Function is bounded if it is bounded from below and above.
Definition 1.1.5. Let f,g: D — R be two functions, then:

o f>gsiVxeD: f(x)>g(x).

o [>0stVxeD: f(z)>0.

e [>0siVzreD: f(z)>0.

o f is said to be constant over D if 3a € R, Vex e D: f(z)=a.

o f is said to be zero over D if Vx € D: f(x)=0.

1.1.5 Monotone functions

Definition 1.1.6. Consider f : D(f) CR — R. For all z,y € D, we have:

e f is increasing ( or strictly increasing) over D if: v < y = f(z) < f(y), (or

r<y= f(x) < f(y))

e f is decreasing ( or strictly decreasing) over D if: x < y = f(x) > f(y), (or

r<y= f(z) > f(y))
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e f is monotone (or strictly monotone) over D if [ is increasing or decreasing (strictly

increasing or strictly decreasing).

Proposition 1.1.7. A sum of two increasing (decreasing) functions is an increasing (decreas-

ing) function.

Proof 1.1.8. By induction on N > 1, for any reals ay, as, ---, an, by, ba,---, by with

a; < by foralli=1,---,N, we have:

N N
=1 =1

(2
Assume first that the f; are all monotone increasing (and that this means strictly). In any case
we assume that they’re all "the same kind of monotone”.

Given reals x, y with x <y, letting a; = fi(x), and b; = fi(y), we have a; < b; for all i, so:

so g is monotone increasing too. Similarly if the f; are monotone decreasing.

Corollary 1.1.9. If f is strictly monotone on D, then f is injective.

Indeed:
, f(z) < f(y)
’ or = f(z) # f(y).
<y
f(z) > f(y)

Example 1.1.10. Consider the function f = 2x + 1. We have
Vo, yeR s <y=—=2r<2y=20+1<2y+ 1= f(z) < f(y)

so f is strictly increasing then f is injective.
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1.1.6 FEven and odd functions

Definition 1.1.11. o We say that function f: D(f) — R is even if
Ve e D(f): f(—z) = f(z).
o We say that function f: D(f) — R is odd if
Ve e D(f): f(-x) = —[f(z).
Remark 1.1.12. 1. Graph of an even function is symmetric with, respect to the y axis.

2. Graph of an odd function is symmetric with, respect to the origin.

3. Domain of an even or odd function is always symmetric with respect to the origin.

1.1.7 Periodic functions

Definition 1.1.13. A function f: D(f) — R is called periodic if 3 T € R’ such that:
1.zeD(f)=ax+T e D(f),
2.xe€D(f): flxaxT)= f(x).

Number T is called a period of f.
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1.2 Limits of Functions

1.2.1 Definition
Definition 1.2.1. A set U C R is a neighborhood of a point x € R if:
lt =6,z +6[C U,
for some 6 > 0. The open interval |x — 0, x + 0[ is called a 6—neighborhood of x.

Example 1.2.2. [f a < x < b then the closed interval [a,b] is a neighborhood of x, since it
contains the interval |z — 0, x + o[ for sufficiently small § > 0. On the other hand, [a,b] is not

a neighborhood of the endpoints a, b since no open interval about a or b is contained in |a, b|.

Definition 1.2.3. Let f be a function defined in the neighborhood of xy except perhaps at xg.

A number | € R is the limit of f at xq if:
Ve>0,30>0, Ve #ap: |[x—xo] <d=|f(x) -] <e.
Notation: lim,_,,, f(x) = 1.

Example 1.2.4. Let
fR — R
r — dxr—3
Show that lim,_,; f(x) = 2.
By definition: Ve >0, 35 >0, Ve #1: |z —1| <d=|f(z) =] <e. So we have:

Ve>0, bz —3—-2|<e=|bx—5|<e=blr—1|<e.

Then: |r —1] <095, s0 36 =09; >0 such that lim,_; f(x) = 2.
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1.2.2 Right and left limits

Definition 1.2.5. Let f be a function defined

in the neighborhood of xg.

o We say that f has a limit | to the right of xq if:

Ve>0,35>0, Vap <z <zo+0=|f(z) -1 <e.

We write lim,,_, .+ f (z) =lm_- o

o We say that f has a limit | to the left of xq if:

Ve>0,30>0, Vap—d <ax<zo=|f(x) =] <e.

We write lim,,_,, f (x) =lim -

o If f admits a limit at the point xy then:

lim, ., f(z) = lim,, .+ flx) = lim, - flx)=1.

Example 1.2.6. Consider the integer part function at the point x = 2.

Figure 1.2: Graph of function f(z) = E(x).

e Since x €]2,3], we have: E(x) =2, and lim, o+ E(x) = 2.

e Since x €]1,2[, we have: E(x) =1, and lim,_,o- F(z) = 1.

9
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Since these two limits are different, we deduce that the function f(x) = E(x) has no limit at

r = 2.

Theorem 1.2.7. If lim, ., f(x) exists, then it is unique. That is, f can have only one limit

at Tg.

Proof 1.2.8. We assume that f has two different limits at point zo; | and l" (1 #1'). We have

h_}mf(x):l < Ve>0, 36 >0, Vx#umx, \x—x0]<51:>]f(x)—l\<%
T—T0
5

lim f(z) =1 < Ve>0, 36 >0, Vx#u, |[L’—Z’0|<52:>|f([£)—l/|<§

T—TQ

We pose 6 = min(dy, 02), and e < |l =1, then

£
—1 —
|f(z) |<2
Ve>0,30>0, Va#z, |[vt—x<d= 4 and
g
_l/ _
|f(z) |<2

we have

=0 = 1 =T+ f(z) = f(=)]

< f(@) = U+ 1f (=) =1
< £ €
>~ 5"‘5—6

Hence the contradiction with ¢ < |l —U'|. Sol=1.

Proposition 1.2.9. Iflim, .., f(z) =1, and lim,_,, g(x) =1, |, ' € R, then:
1. limg ey (AN f)(2) = A limy oy f(z) = A, VA € R.
2. limy o (f + g)(x) =1+, and lim, ., (f x g)(x) =1 x .

3. If L # 0, then lim, ., (0.9755) = 0.9,

4o lim, o, go f=1.

5. limg g, (0.958) = 0,97, 1 # 0.

6. lim, ., | f(2)] = |1].

10
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7. If f < g, thenl <.

8. If f(x) < g(z) < h(z), and lim,_,,, f(x) = lim,_,,, h(x) =1 € R, then lim,_,,, g(x) = L.

1.2.3 Relationship with limits of sequences
Let f: D C R — R, and zg € R so we have:

lim f(x) =l <=V a sequence (z,) of D, x, # xy, and Aim 2, = 20 = T}grglof(xn) =1.

Tr—IQ

1.2.4 Infinite limits

Definition 1.2.10. (Limits as v — +00)

lim, oo f(z) =1l Ve>0, 3A>0, Ve eR: 2> A= |f(z) -1 <e.

lim, , f(zr)=1l<Ve>0, 3A>0,VzeR: z<-A=|f(x)-I|<e.

lim, 400 f(z) = 400 (resp: lim, 100 f(2) = —0) & VA >0, 3B >0, Ve eR: =z >

B = f(x)> A, (resp: VA>0, 3B>0,VxeR: o> B = f(zx) < —-A).

lim, o f(z) = 400 (resp: lim,,_ f(z) = —0) & VA >0, 3IB>0, Ve R: z <

—B= f(z)> A, (resp: VA>0, 3 B>0,VeeR: z<-B= f(zx) < —-A).

1.2.5 Indeterminate forms

When the limits are not finite, the previous results remain true whenever the operations on the
limits make sense.
In the case where we cannot calculate, we say that we are in the presence of an indeterminate

form. If v — x.
1. f(x) — 400 and g(z) — —oo then f + g is in the indeterminate form +oo — oco.
[ : . 0
2. f(z) — 0 and g(z) — then = is in the indeterminate form o

9

11
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00
3. f(z) — oo and g(x) — oo then S is in the indeterminate form —.
9 00

4. f(xr) — oo and g(z) — 0 then f x ¢ is in the indeterminate form oo x 0.

There are other cases of indeterminate forms of type: 1°°, 0%, oo?.

1.3 Continuous Functions

1.3.1 Continuity at a point

Definition 1.3.1. Let f : I — R, where I C R, and suppose that xo € I. Then f is

continuous at xq if:
Ve>0,30>0, Veel: |[zv—x <éd=|f(z)— flzo)] <e.

In another word: lim, ., f(z) = f(xq).

Figure 1.3: For |z — x| < 6, the graph of f(z) should be within the gray region.

A function f: I — R is continuous on a set J C I if it is continuous at every point in J,

and continuous if it is continuous at every point of its domain I.

1.3.2 Left and right continuity

Definition 1.3.2. Let f: I — R, we say that:

f(z) = f(w0).

e [ is continuous on the right of o € I if: hmximo

12
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e [ is continuous on xo € I if: lim -~  f(z)=lm < f(z)= f(zo).

Example 1.3.3. Let
f:RL — Ry
v — f@)=E
We show that f is continuous at every point o € R, i.e.

Ve>0, 36>0, Ve €RY ¢ |z —mo| <0 = |f(z) — flzo)| <e,

then, Ve > 0 we have:

@)= o)l <e = |va—m|<e

= [0os

<e€

= 09 55L <e= o —ao| <e(vVE— V).

Sodd=c¢ (\/_ - \/LU_0> such that: |f(x) — f(zo)| < &, then f is continous at x.

1.3.3 Properties of continuous functions

Theorem 1.3.4. If f, g : I —> R are continuous function at o € I and k € R, then k.f, f+g,

and f.g are continuous at xo. Moreover, if g(xg) # 0 then f/g is continuous at x.

Theorem 1.3.5. Let f: I — R and g : J — R where f(I) C J. If f is continuous at g € I

and g is continuous at f(xg) € J, then go f : I — R is continuous at x.
Proof 1.3.6. Fiz e > 0. Since g is continuous at b = f(xy),
30>0,VyeJ: |[y—0b <d=|g(y) —g(b)| <e.

Fix this 6 > 0. From the continuity of f at xo,

13
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>0, Veel: |z—x| <v=|f(x)— f(xo)] <.
From the above, it follows that
Ve>0,3v>0, Veel: |r—x<v=|g(f(x))—g(f(x0))| <e.
This proves continuity of go f at xg.
Proposition 1.3.7. Let f : I — R and xy € I, then:

f is continuous at xo = for any sequence (u,) that converges to xq, the sequence (f(zo))

converges to f(xg).

1.3.4 Continuous extension to a point

Definition 1.3.8. Let f be a function defined in the neighborhood of xo except at xo (xo ¢ Dy ),

and lim,_,,, f(x) = 1. Then the function which is defined by

~ f(.’ll') :$7éx07

l © T = xp.
s continuous at xqg. f is the continuous extension of f at xg.

Example 1.3.9. Show that:

fla) =09242=6 5 £ 9,

224

has a continuous extension to x = 2, and find that extension.

Solution:
lim, 5 f(x) = 0.9lim,_,o m?{fzﬁ = lim,_,o % = %, exists. So f has a continuous exten-
siton at x = 2 defined by
0.99”2;5f26 D xF£ 2,
=
0.9% =2

14
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1.3.5 Discontinuous functions

When f is not continuous at xg, we say f is discontinuous at xg, or that it has a discontinuity
at xg.

We say that the function f is not continuous in the following cases:
1. If f is not defined at xy, then f is discontinuous at zy.

2. If f defined in the neighborhood of x(, then f is discontinuous at xzq if
Je>0,V0>0, Jxel: |zv—x9 <0, and |f(z)— f(xo)| > e.

3. Iflim - f (x) # lim < f (x), then f is discontinuous at xo, and zy is a discontinuous

point of the first kind.

4. If one of the two limits lim -~ f(z), lim <  f(z) or both limits does not exist or are
r—>x0 T—>T0
not finite, then f is discontinuous at x(, and xg is a discontinuous point of the second

kind.

5. If lim o f(z)=lim - f(x)# f(xo), then f is discontinuous at x.

T—>X0

1.3.6 Uniform continuity
Definition 1.3.10. Let f : I — R. Then f is uniformly continuous on I if:
Ve>0,30>0, Vo', 2" €l: |2 —2"| <d=|f(2)) — f(2")] <e.

Remark 1.3.11. 1. Uniform continuity is a property of the interval form, whereas continu-

ity can be defined at a point.
2. The number 6 does not depend on € whereas for continuity & depends on € and x.
3. Let f: I — R be a function. If f is uniformly continuous, then f is continuous.
Example 1.3.12. f(z) = x and g(x) = sinz are uniformly continuous on R (we find 6 = ¢).

15
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1.3.7 The intermediate value theorem

Theorem 1.3.13. Suppose that f : [a,b] — R is a continuous function on a closed bounded

interval. Then for every d strictly between f(a) and f(b) there is a point a < ¢ < b such that

fle) =d.

o W
d r ’ ....... — —rilip ._U.. '
/ :
f(a) f---of
a g b

Corollary 1.3.14. Suppose that f : [a,b] — R is a continuous function on a closed bounded

interval. If f(a).f(b) <0, then there is a point a < ¢ < b such that f(c) = 0.

Corollary 1.3.15. Let f : D — R s a continuous function and I C D 1is an interval, then

f(I) is an interval.

Theorem 1.3.16. Let [ = [a,b] be a closed interval, and f : [a,b] — R be a continuous

function. Then f is uniformly continuous.

Theorem 1.3.17. Any continuous function on a closed interval [a,b] is bounded on [a,b], i.e:

sup |f(x)| < +o0.
[a,b]

Remark 1.3.18. 1. The image by a continuous function of a closed interval of R is a closed

interval.

2. If I is not closed then the interval f(I) is not necessarily of the nature of I. For example:

f(x) =22, then f(] —1,1]) = [0, 1[.

16
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1.3.8 Fized point theorem
Definition 1.3.19. Let f : [ — [ and let x € I, we say that x € I is a fized point of f if:
f@) = .

Theorem 1.3.20. Let f : [a,b] — [a,b] be a continuous function, then f admits at least one

fized point in [a,b] i.e: I € [a,b] such that f(i) = .

Exercise 1.3.21. Let f be a continuous function on [a,b] and z1, x4, -+ ,x, € [a,b]. Prove

that there exists ¢ € [a, b] with

Fln) + f(ws) + 4 fn)

£lo) = ;

Solution:

Let « = min{f(z) : x € [a, b}, and 8 = max{f(z): z € [a, b]}. Then

fle) + fa) 4ot @) _nB_

n n

Similarly,

flxy) + fa2) + -+ f(2n)

n

>«

Then the conclusion follows from the Intermediate Value Theorem.

Exercise 1.3.22. Consider k distinct points xy, x2,--- ,xr, € R, k > 1. Find a function

defined on R that is continuous at each x;, 1 =1,--- ,k and discontinuous at all other points.

Solution: Consider

17
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