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Exercise 1:

Let A;B � R be two non-empty bounded sets. We de�ne: �A = f�x = x 2 Ag.
1) Show that: sup(�A) = � inf(A) and inf(�A) = � sup(A)
2) Show that if for all a 2 A and b 2 B we have a � b, then supA � inf B:
3) Prove that A [B is a bounded subset of R and

a) sup(A [B) = max(supA; supB):
b) inf(A [B) = min(inf A; inf B): (*)

4) Prove that if A+B = fz = x+ y; x 2 A; y 2 Bg and A�B = fz = x� y;x 2 A; y 2 Bg
then: a) sup(A+B) = supA+ supB:

b) inf(A+B) = inf A+ inf B:

c) sup (A�B) = supA� inf B:
d) inf(A�B) = inf A� supB: (*)

Exercise 2:

1) Show that if r 2 Q and x =2 Q then r + x =2 Q; and if r 6= 0 then r:x =2 Q:
2) Prove that

p
2 =2 Q:

3) Assume that
p
2 and

p
3 are irrational. Show that

p
2 +

p
3 =2 Q:

4) Show that
ln 3

ln 2
is irrational..

Exercice 3:

1) Prove that:

a) jx+ yj � jxj+ jyj ; 8x; y 2 R:
b) jx� yj � jjxj � jyjj ; 8x; y 2 R: (*)

Exercise 4:

Let A and B be two subsets of R such that B � A. Show that:
1) A is bounded =) B is bounded.

2) inf(A) � inf(B) and sup(A) � sup(B):
Exercise 5:

Let A =

8<:an 2 R= an =
n+ 3
n

4
+ 1

;n 2 N

9=; and B =

�
bn 2 R= bn =

1

n2
+
2

n
+ 4;n 2 N�

�
1) Prove that A and B are bounded in R and that: sup(A) = inf(B):

2) Determine sup(B) and inf(A):
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Exercise 6:

Determine the supremum and in�mum, if they exist, of the sets:

A =

�
sin(

2n�

7
);n 2 Z

�
; B = f�x+ �; x 2 [�2; 1] , � 2 R and � 2 Rg ;

C = [0; 1] \Q ; D =

�
n� 1
2n+ 1

; n 2 N�
�

; F =

�
(�1)n + 1

n
;n 2 N�

�
:

Exercise 7:

1) Express the following numbers in the form a+ ib (where a; b 2 R):

z1 =
3 + 6i

3� 4i ; z2 =
2

1� i
p
3

; z3 =

�
1 + i

2� i

�2
+
3 + 6i

3� 4i ; z4 =
2 + 5i

1� i +
2� 5i
1 + i

(*)

2) Solve the following equations in C:

z2 + z + 1 = 0 ; z6 = 1 ; z2 =
1

4
(�1 + i) (*) ; z2 �

p
3z � i = 0 (*).

Exercise 8:

Let z be a complex number with modulus � and argument �, and let z be its conjugate.

Calculate the expression (z + z) (z2 + z2) :::::: (zn + zn) in terms of � and �:

Application:

Let � and � be the solutions of the equation z2 � 2z + 2 = 0:
- Find the trigonometric form of � and �.

- Show that:
nQ
k=1

�
�k + �k

�
= 0; 8n � 2:

Exercise 9:

1) Let z 2 C, Calculate the sum:
Sn = 1 + z + z

2 + :::::+ zn:

2) - Solve the equation zn = 1 in C:

- Show that the roots can be expressed in the form 1;�;�2; ::::::;�n�1:

- Deduce the roots of the equation:

P (z) = 1 + z + z2 + :::::+ zn�1 = 0:

3) Calculate for p 2 N;
Q(z) = 1 + zp + z2p + ::::::+ z(n�1)p:

Exercise 10:

1) Calculate the sum: S(x) =
n�1P
p=0

eipx; p 2 N; x 2 R:

2) Deduce the following sums:

S1(x) =
n�1P
p=0

cos(px) (*) ; S2(x) =
n�1P
p=0

sin(px) (*):

N B: The exercises (*) are left to the students.
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