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Tutorial exercises set 1: Analysis 2

Exercise 01:
From the following functions (as x → 0), what are those of the same order as x, and also of higher order and
lower order than x:
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1) x2 2)
√
x(1− x) 3) sin 3x 4) 2x cosx

3
√
tan2 x 5) xe2x

Exercise 02:
From the following infinitesimal functions, what are those which equivalent to x as x → 0:
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1) 2 sinx 2)
1

2
tan 2x 3) x− 3x2 4)

√
2x2 + x3 5) ln(1 + x) 6) x3 + 3x4

Exercise 03:
Check that, the infinitesimal functions 1− x and 1− 3

√
x are of the same order. Are they equivalent?
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Exercise 04:
Using equivalent functions, calculate the following limits:
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1. l1 = lim
x→0

x ln(x)
sin(2x) ,

2. l2 = lim
x→0

ln(1+sin2(x))
tan( x

2 )
,

3. l3 = lim
x→π/2

e
1

2x−π ln(sin(x)),

4. l4 = lim
x→+∞

x(e
1
x − 1),

5. l5 = lim
x→+∞

(
ln(1+x)
ln(x)

)x ln(x)

.



Exercise 05:
• Expand, in powers of x− 2, the polynomial x4 − 5x3 + 5x2 + x+ 2.
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• Expand, in powers of x+ 1, the polynomial x5 + 2x4 − x2 + x+ 1.
. x5 + 2x4 − x2 + x+ 1 XðYmÌ'@ Q�
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Exercise 06:
Give Taylor’s formula for the function f(x) =

√
x when a = 1, n = 3.

. n = 3 , a = 1 AÖÏ f(x) =
√
x
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Exercise 07:
1. Give the Maclaurin formula for the function f(x) =

√
1 + x when n = 2.

. n = 2 AÖÏ f(x) =
√
1 + x
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2. Give the error of the approximation
√
1 + x ≈ 1 + 1

2x− 1
8x

2 when x = 0.2.

. x = 0.2 AÖÏ
√
1 + x ≈ 1 + 1

2x− 1
8x
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Exercise 08:
1. Show that ( 	

à


@
	á�
K.)

sinx = sin a+ (cos a)(x− a)− (sin a)(x− a)2

2!
− (cos ξ)(x− a)3

3!

where a < ξ < x.

2. Evaluate sin 49o and give the error of the approximation.
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Exercise 09:
Write the Maclaurin series expansion of ex sinx .

Exercise 10:
1. (a) Using the Maclaurin formula of order n, show that for all x ≥ 0:
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1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
≤ ex

(b) Using the Maclaurin formula of order 2, show that:
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3
< e < 3
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2. Using the Taylor formula, show that:
: é
	
K


@

	á�
K. ,QÊK
A
�
K
�
é
	
ªJ
� ÈAÒª

�
J�AK.

(a) For all x ∈ [0, π
2 ], cos(x) ≤ 1− x2

2! +
x4

4! .

(b) For all x > 0:

x− x2

2
+

x3

3
− x4

4
< ln(x+ 1) < x− x2

2
+

x3

3
.

Exercise 11:
The magnetic field strength H of a bar magnet at a point P on the axis at a distance x from its center O is
given by:
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H =
M

2l

(
1

(x− l)2
− 1

(x+ l)2

)
where 2l is the length of the magnet and M is its dipole moment. Show that if l << x then H ≈ 2M

x3 .

. H ≈ 2M
x3

	
àA



	
¯ l << x 	

àA¿ @
	
X @


é
	
K


@
	á�
K. . éK. �A

	
mÌ'@ I. ¢

�
®Ë@ ù






KA
	
J
�
K Ð 	Q« ñë M ð ��
£A

	
J
	
ªÖÏ @ Èñ£ É

�
JÖß
 2l �

IJ
k

Exercise 12:
Using Taylor’s formula, find the following limits:

(a) l1 = lim
x→0

x− sinx

ex − 1− x− x2

2

(b) l2 = lim
x→0

ln2(1 + x)− sin2 x

1− e−x2 (c) l3 =
2(tanx− sinx)− x3

x5

(d) l4 = lim
x→0

(
x− x2 ln

(
1 +

1

x

))
(e) l5 = lim

x→0

(
1

x2
− cotx

x

)
(f) l6 = lim

x→0

(
1

x2
− cot2 x

)

Exercise 13:
Find the Taylor expansion of the following quotients of functions:

f1 =
1

1− x
f1 =

x2 + 1

x2 − 2x+ 1
f2 =

ex

x+ ex
f2 =

sinx

cosx

Exercise 14:
Let f be a real-valued function of the variable x defined by

f(x) =
x+ 2

2

√
x2 − 1

• Determine, as x tends towards −∞, the asymptote of f .

• Determine the position of the function f relative to the asymptote.
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f(x) =
x+ 2
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√
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Exercise 15:
Find the numbers a and b such that the function f defined by

f(x) = cos(x)− 1 + ax2

1 + bx2

tends to infinity near zero with the highest order possible. Then find its main part.
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f(x) = cos(x)− 1 + ax2

1 + bx2
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Exercise 15:
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