Solution of series IN°4

Fxercise 1:

1. f(:L‘): x , o9 = 0.
we have:

— 2cos +
limM = limx L = limxcos— =0
z—0 x—0 z—0 T — z—0 x

x z—0

1
because (—m <zxzcos— <z, and limx = 0). So the function f is differen-

tiable in z¢ and f'(0) = 0.

: 1
sinzsin—, x#0

2. f(z) = x , xo = 0. we have:
0, z=0
x)— f(0 sin  sin 1 sinx 1
limM = lim—& = lim sin — = lim sin —, does not exist.
x—0 x—0 z—=0 1 —0 z—=0 I x x—0 x

(1im S 1), therefore f is not differentiable at o = 0.

3. f(z) = , |zol = a, a € Ry
0, lz| > a
We have
exp(=—=), —a<w<a
fx) =
0, T € |—00, —a] U [a, +00]

the differentiability of f in zg=a: lim M = lim 0-0 =0= f/(a)
z—at r—a z—at X — Q

L f@) = fla)

r—a~ r —a r—a~ r —a

We have f/(a) = f/(a), then f is differentiable at z¢ = a, and f’(a) = 0.



The differentiability of f in o = —a:

lim = f@) = f(=a) = lim 0-0_ 0= f/(—a).
r——a~ T+ a z—=—a~T + a )
— f(— exp(———) —a
lim = J@) = f(=a) = lim Pla=g) =0= f/(—a).
r——at x+a T——a™t T+ a

We have: f/(—a) = f/(—a), then f is differentiable at zyp = —a, and f'(—a) =

0.

Fxercise 2:

ax’+br+1, 0<x<1
V', x>1
We determine a and b such that f is differentiable on R* , we have y/x is differentiable
on ]0,1[, and az® + bxr + 1 is differentiable on ]1,+o0[, so f is differentiable on
10, 1[U]1, +o0l.
The differentiability of f in xy = 1: (f(1) =1)
lim f(x) = lim /x = 1= f(1)

r—1t r—1t

lim f(z) = lmaz? +br+1=a+b+1.

r—1— r—1—

f is continuous at xy = 1 <= lir{1+f(x) = lim f(z) = f(1) = a+b+1=1<=
T—

rz—1~
a = —b. Therefore f is continuous for a = —b.
limM:hm@:hm Vo —1 :lim;ZEZ
z—1+ r—1 z—1+ r —1 m—>1+(\/5 — 1)(\/5—}- 1) x—>1+\/5 +1 2
fi(1).
— f(1 24b 1—-1 2 _ -1
i T8 =S et tbe 1= et —ar e 1)
z—=1-  x—1 z—1- r—1 z—1- . —1 z—=1- T —1
f(Q).
L . 1 1 .
f is differentiable on xp = 1 < f/(1) = f/(1) = a = 2 and b = —a = —5 So f is

1 1
differentiable on x¢ = 1 for a = 3 and b = —3

Calculate: f'(z):



1
s 0<ax <1,
flay=q
T — 3 r>1
Fxercise 3:
1. Calculate derivatives:
e yi(z) =vhnz+1+In(yz+1) = y| = 1 + 1 '
20v/Inz +1  2(z+ /x)
\/Ccos x —sinx + sinxe % — y/cosxe™*
b yQ('I> = z yé = —2\2
1—e (1 —e=)

o ys(r) = VT = yh = 2\/T sin (/) Ve,

2. Calculate n — th derivatives:

e yi(x) =In(1+x)
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/ _ 4 —
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(5) _2><3><4 (6) :_2X3X4X5.
Y1 ( ) (1_|_1:)5 Y1 (iL‘) (1+$>6
n (=D (n—1)!
W) = o
1+
© wl) =7
;L 2 s 2X2
y2_(1_$)2 Yo = (1—33')3
y(3)=2X2X3 y(4):2><2><3><4
T T
(n) _ 2n!
R

o ys(z) = (z+1)%®

Assume that g(x) = (z +1)3, and f(x) = e %, so



()™ = TiCh )" 1+ a)®
- 3 k (_1\nFk _—z (3—k)
- Zk:OCn ( 1) e (S—k)' (1—|—$>
e y4(x) = 2%sin 3x, according to Leibniz
fo =3 CF (sin 3z)"H (%)™

= 3"z%sin (3z + &) +2zn3" ! sin (39@ + @)%—n (n—1)3"?sin <3x +

Exercise j:
Determine the extremas

zo is extremum <= f'(zo) = 0 and f"(zo) # 0.

1. f(x) =sinz? on [0,7], f'(x) = 2z cos z? the critical points are:

xr=0
f'(z) =0 <= 2zcos2? =0 <
cosx? =0
therefore, —
T
xQZg—i—lm xr = §+/€7T

f"(x) = 2 cos x* — 42? sin 22, so:

e Four z =0, f”(0) =2 > 0, then 0 is an extremum (minimum).
e Four z = E+k7r, 1( z—i—/’mr) = —4(E+k7r> sin(z+k‘7r> # 0.
2 2 2 2
I . can (T _ ne | - _ i
if k& is even: 51n<2—|—k:7r> 1, and f (1/2+k7r) 4<2+l{:7r><
0, so 4 /g + km is an extremum (maximum).

(n—2)m

2

)



— if kis odd sin (g—i—knr) = —1,andf”(,/sing—|—k7r) :4<1/g—|—k‘7r> >

T . .
0, so 5 + km is an extremum (minimum).

2. g(z) =2 —2>+1, on R

g'(x) = 423 — 322, the critical points are:

r=0
g (x) =0<=42° - 32" = 0 = 2°(dz — 3) = 0 = ;
xr = Z
g"(z) = 122° — 6z
3 3 9 3
e For z = 7 g”(Z) =1 > 0, so 1 is an extremum (minimum).

e Forz =0, ¢"(0) = 0 = f® (1) =242 — 6 = f3(0) # 0, so 0 is not

an extremum.
FExercise 5:

1. (a) f(z)=sin’z, on [0, ]
we have f is continunous on R, so it is continuous on [0, 7], and differen-
tiable on |0, 7[.

f(0) =0, and f(r) =0 = f(0) = f(r), so we can apply Rolle’s theorem

on f.
sin T
b) th f = ——, =]
(b) the same for g(x) 5 ,on | 2,2]
2. We show that = < i < y. Vz, y € R}, we apply the Mean value
Iny —Inx

theorem on the function f(¢) = Int on the iterval [z,y]| such that 0 < z < y.
f(t) = Int is continuous on [z,y], and differentiable on |z, y|[, then according

to the Mean value theorem:



— 1 Iny-—1
Jx €lx,yl: fllc) = fly) = f(z) s0 - = =4 1F
y—x c y—x
€|z, y[, then z < A
Iny —Inzx
FEzxercise 6:
1l 8T 0
=0 e¥ — 1 0
liml —cosx lim(l —cosx) _ imsinac _o
=0 e — 1 xz—0 (ex — 1)/ z—0 e¥
I simz 0
e e Ry
. sinz (sinz)’ cosx —1
lim———— = lim——— = lim = —.
eorx? — w2 aow (2?2 —w2)  aom 22 2



