Exercise 6.1
1 . . 1
OnR— {E} we define the operation (*) such as for x,y € R — {E} X*y=x+y—2xy

1- Is (*) an internal composition law?
2- Is it: commutative, associative?

3- What is the identity element for * on R — {%}‘7

Solution 6.1
1. (%) is an internal composition law © Vx,y € E:x xy € E
Letx,y € R —{%},wecheckifx*y € R—{%}?
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So, (*) is an internal composition law.

2. Commutative:
X,y €ER —{%}:x*y=x+y—2xy=y+x—2yx =y xx & (*)is commutative
Assosiative

(zxy)xz = (z+y—2zy)*rz=(r+y—2zy)+2z—-2@x+y—2zy)z
= z+y+z—2zy—2zz - 2yz +4dzyz
= z+(y+2z—2yz)—2z(y+z—2yz)
= z+(yxz)—2z(y*z)=z*(y*z),

The operation * is associative



3. The identity element:
Lete €ER —{%}.eisthe identity element for* < Vx€EE :x*xe=e*xx =x

zt+e—2ze=et+zr—2ez=ze(l-22)=0&e=0

So, the identity elemnt for * is 0

Exercise 6.2

Show that F = {((0,y, z); y, z € R} is a subspace of the vector space R3
Solution 6.2

To show that F = {((0,v,2);y, z € R} is a subspace of the vector space R® we need to show
that:
1- Fis non empty « the vector is in F(0p € F):
0r =(0,0,0)s0o 0z €EF
Explanation F is the set of vectors with tree composants : triplets (X,y,z)
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2- YuuveF Va,f © au+ v EF:

We need to prove that Vu, v € F and Va, R the vector au + fv isin F
Foru and v two vectors in F we have : u = (0,y;,2,),v = (0,y,,2,)
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Letu = (0,y1,21) € F,v=1(0,y,,2;) € F, and a, B € R Then:
Vu,v € F,Va,B & au+ pv = a(0,y;,2z,) + (0,y,,2,)
= (a0, ayy, az,) + (B0, By,, Bz,)
= (0,ayy, az;) + (0, By,, Bz,)
= (0,ay, + By, az, + fz;)
© (0,ay, + By, az, + fz;) EF



(Aes2e qu + Pv glaill Sy WYY F A < au + v o
Hence, F = {((0,y, 2); y, z € R} is a vector subspace of the vector space R3
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Exercise 6.3

Express u = (—2,3) in R? as a linear combination of the vectors v; = (1,1) and v, =

(1,2)

Solution 6.3

Let @y, a, be scalars such that: u = a,v; + a,v,
u=a,(1,1) + a,(1,2) = (a; + ay, a; + 2a,)
(-2,3) = (a; + ay, a; + 2a3)

{_2=a1+a2(1) _){0(2=5
3 =0(1+20(2 (2) a, = -7

Hence,u = —7v; + 5v,
Exercise 6.4

1. Show thatthe set V = {(—1,0),(2, 1)} is linearly independent.
2. Show that the set V = {(1, 0),(—2, 0)} is linearly dependent.

Solution 6.4

1. Letaj,a, € R:a; (—-1,0) + a, (2,1) = (0,0)
= (—a; + 2a5,a,) =(0,0)
= —a;+ 2a, = 0anda, =0
> a=a,=0
Let a;,a, € R

2 a,(1,0)+ a, (—2,0) = (0,0)

= (a; — 2a,,0) = (0,0)

> a — 20, = 0> a; = 2a,.

= 3da; =2 # 0and a, =1 # 0 such that 2 (1,0) + 1(—2,0) = (0,0)
Exercise 6.5

Consider the set S = {(1,1,1),(2,2,0),(3,0,0)}

1. Is S a system of generators of the vector space R3?
2. Write v = (3,4,2) as a linear combination of S



Solution 6.5
1. Sis a system of generators of the vector space R3
© VYu €R3 3a;,a,,a; € Rsuchthat : u = a,(1,1,1) + @,(2,2,0) + a3(3,0,0)
ueER ou=(y,2z2)
so,(x,y,z) = a;(1,1,1) + a,(2,2,0) + a3(3,0,0)
(x,v,2) = (ay,ay,a;) + (2ay, 2a,,0) + (3a3,0,0)

(x,v,z) = (a; + 2a, + 3a3 ,a; + 2a,, )

a, =z
X =aq+ 2a, + 303 y—z
a, =
y=a; +2a, S 2
Z = aq a =x_y
3 3

Hence, all u € R® 1 u = 2(1,1,1) + *=(2,2,0) + %(3,0,0)

2. 342) = 2111 + Z2(22,0) +=2(3,0,0) = 2 (1,1,1) +1(2,2,0) —(3,0,0)
Exercise 6.6
Considerthe setV = {(1,0),(1,—-1)}
V= {(1,0), (1, —1)} &e sanall s
Is V a basis of R?
R? ¢leadll 32clE Y Ja
Solution 6.6

1.V is linearly independent
vV = {(1,0),(1,—1)}is a basis of R*& and
2.V is a generator set

1. Vislinearly independent means that:
Va;, a, € R a;(1,0) +a,(1,-1) =0 @ a;, =0anda, =0
Leta,,a, €ER
Va,a, € R a;(1,0) + a,(1,—-1) = 032 & a,(1,0) + a,(1,—-1) = (0,0)
& (a1,0) + ay(az, —a,) = (0,0)

(= (al + az, _az) = 0



a1+a2=0 {a1=0
ﬁ{ —a2=0=>a2=0

So {(1,0), (1,—1)} are linearly independent.
2.V is a generator set of R? means that:
Vu(x,y) ER?3 ay, a, € R such that:u = a;(1,0) + a,(1,—1)
Leta,,a, ER:u=a,(1,0) + a,(1,-1) © (x,y) = (a; + ay, —ay)
Exercise 6.7
On R3, consider the set E defined as: E = {(x,y,z) E R>:x+y +z = 0}

1. Show that E is a subspace of R3
2. Find a basis of E

Solution 6.7

+ Q
Yu,v € E,Va,f & au+ v EE

1. E is a vector space @{

0z3 = (0,0,0) € E because0+0+0=0s0E # @
letu,veEand a,f €ER
we haveu € E o u = (x,vy,z) suchthat x+y+z=20
and, vEE o (x',y',z") such that:x' +y' +z' =0
so,au+ pv = alx,y,z) + p(x',y', z")

= (ax, ay,az) + (Bx', By', Bz')
= (ax + Bx',ay + By',az + Bz')

au+pfv=(ax+px",ay+ Ly, az+ Bz’
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(ax+px" )+ (ay+ By )+ (az+ Bz') = (ax+ay + az) + (Bx' + By’ + Bz')

=a(x+y+z)+,8<x’+y’+z’)= 0

0 0
au+ pv €E &Y



2. Abasis of E Jsacld (e dualdl

E={(x,y,z)ER*:x+y+z=0}={(x,y,2) ER3:z= —x — y}
= {(,y,—x—y);x,y €R} ={(x,0,—x) + (0,y,—y) ;x,y € R}

=4x(1,0,-1)+y (0,1,-1);x,y €ER

U1 VU2

So (1,0,—1)and (0,1, —1) is a generating set of E. we need to show that they are linearly
independent.

Lo Lash Lot a4y 65 ) any 3228 (K31 30l 9w de sana & (1,0,—1)and (0,1, —1)
Let aq, Ay € R: aq (1,0, _1) + az(o,l, _1) = OE
= (all O' _al) + (0; aZ; _az) = (01010)

—1 (a’l, dy, — Uy — az) = (OIOJO)
N {21 = 8 = (1,0,—1)and (0,1, —1) are linearly independent
, =

so (1,0,—1)and (0,1,—1) is a basis of E

Extra Exercise
Consider the set R, [x] defined as follow:
Ry[x]={P(x)=a + bx + cx?; a,b,c € R}

R, [x] is the set of polynomials of degree < 2 with real coefficients.
Show that V = {p; (x) = 1,p, (x) = x,p; (x) = x?}is a basis of R, [x].
Solution

a. Leta, B,y €R,then:

Vx € R: ayp; () + azpy (X)) + azps (x) = 0 © Vx € R: a + Bx + yx? = 0.

which givesa = B = y = 0,s0 {1,x,x?} is linearly independent.

b. Let P € R, [x], then there exists a, b,c € R, such that:

Vx ER: P(x) = a + bx + cx? = ap; (x) + bp, (x) + cp3 (x),

P = apl + pr + Cp3

So V is a generating system of R,



Then, V is a basis of R,



