
Exercise 6.1 

On 𝑅 − {
1

2
} we define the operation (∗) such as for 𝑥, 𝑦 ∈ 𝑅 − {

1

2
} : 𝑥 ∗ 𝑦 = 𝑥 + 𝑦 − 2𝑥𝑦 

1- Is (∗) an internal composition law? 

2- Is it: commutative, associative? 

3- What is the identity element for * on 𝑅 − {
1

2
}? 

Solution 6.1 

1. (∗) is an internal composition law ⇔ ∀𝑥, 𝑦 ∈ 𝐸: 𝑥 ∗ 𝑦 ∈  𝐸 

Let 𝑥, 𝑦 ∈  𝑅 − {
1

2
} , we check if 𝑥 ∗ 𝑦 ∈  𝑅 − {

1

2
} ?   

𝑃راينا سابقا ان   ⇒ 𝑄  تكافئ𝑄̅ ⇒ 𝑃̅ اذن:  

(𝑥, 𝑦 ∈  𝑅 − {
1

2
} ⇒  𝑥 ∗ 𝑦 ∈  𝑅 − {

1

2
} ) ⇔   (𝑥 ∗ 𝑦 =

1

2
 ⇒ 𝑥 =

1

2
 𝑜𝑟 𝑦 =

1

2
 )  

So, (∗) is an internal composition law. 

2. Commutative: 

𝑥, 𝑦 ∈ 𝑅 − {
1

2
} : 𝑥 ∗ 𝑦 = 𝑥 + 𝑦 − 2𝑥𝑦 = 𝑦 + 𝑥 − 2𝑦𝑥 = 𝑦 ∗ 𝑥 ⇔ (∗) is commutative 

Assosiative  

 

The operation * is associative 



3. The identity element: 

Let 𝑒 ∈ 𝑅 − {
1

2
} . 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑓𝑜𝑟 ∗ ⇔  ∀𝑥 ∈ 𝐸 ∶ 𝑥 ∗ 𝑒 = 𝑒 ∗ 𝑥 = 𝑥 

So, the identity elemnt for * is 0 

 

Exercise 6.2 

Show that 𝐹 = {((0, 𝑦, 𝑧); 𝑦, 𝑧 ∈ ℝ} is a subspace of the vector space 𝑅3 

Solution 6.2 

To show that 𝐹 = {((0, 𝑦, 𝑧); 𝑦, 𝑧 ∈ ℝ} is a subspace of the vector space 𝑅3 we need to show 

that: 

1- F is non empty ↔ 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟  𝑖𝑠 𝑖𝑛 𝐹(0𝐹 ∈ 𝐹): 

0𝐹 = (𝟎, 0,0) 𝑠𝑜 0𝐹 ∈ 𝐹  

Explanation 𝐹 is the set of vectors with tree composants : triplets (x,y,z)  

F الثلاثيات  (هي مجموعة الاشعة(𝑥, 𝑦, 𝑧) ( 0):    المعدومةذات الاحداثية الأولى, 𝑥, 𝑦) 

𝑥)الأولى هي  0𝐹بما ان احداثية الشعاع المعدوم    = هي مجموعة   𝐹ومنه المجموعة   𝐹فان الصفر ينتمي الى المجموعة    (0

𝐹غير خالية  ≠ ∅ 

2- ∀𝑢, 𝑣 ∈ 𝐹, ∀𝛼, 𝛽 ↔  𝛼𝑢 + 𝛽𝑣 ∈ 𝐹: 

 

We need to prove that ∀𝑢, 𝑣 ∈ 𝐹 𝑎𝑛𝑑 ∀𝛼, 𝛽ℝ 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝛼𝑢 + 𝛽𝑣 is in F  

For 𝒖 𝑎𝑛𝑑 𝒗 𝑡𝑤𝑜 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 𝐹 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 𝑢 = (0, 𝑦1, 𝑧1), 𝑣 = (0, 𝑦2, 𝑧2) 

 : الشعاع    𝛽 و 𝛼حقيقيين   ومن اجل كل عددين 𝐹في المجموعة     𝑣 و 𝑢 يجب ان نثبت انه من اجل كل شعاعين 

𝛼𝑢 + 𝛽𝑣  أيضا محتوى فيF    

Let 𝒖 = (𝟎, 𝒚𝟏, 𝒛𝟏) ∈ 𝑭 , 𝒗 = (𝟎, 𝒚𝟐, 𝒛𝟐) ∈ 𝑭,  and  𝜶, 𝜷 ∈ ℝ Then: 

∀𝑢, 𝑣 ∈ 𝐹, ∀𝛼, 𝛽 ↔  𝛼𝑢 + 𝛽𝑣 =  𝛼(0, 𝑦1, 𝑧1) + (0, 𝑦2, 𝑧2) 

      = (𝛼0, 𝛼𝑦1, 𝛼𝑧1) + (𝛽0, 𝛽𝑦2, 𝛽𝑧2) 

  =  (0, 𝛼𝑦1, 𝛼𝑧1) + (0, 𝛽𝑦2, 𝛽𝑧2) 

  = (0, 𝛼𝑦1 + 𝛽𝑦2, 𝛼𝑧1 + 𝛽𝑧2) 

↔ (0, 𝛼𝑦1 + 𝛽𝑦2, 𝛼𝑧1 + 𝛽𝑧2) ∈ 𝐹  



𝛼𝑢اذن  + 𝛽𝑣  ينتمي الىF )  الاحداثية الأولى للشعاع𝛼𝑢 + 𝛽𝑣  معدومة ( 

Hence, 𝐹 = {((0,𝑦, 𝑧); 𝑦, 𝑧 ∈ ℝ} is a vector subspace of the vector space 𝑅3  

𝐹ومنه نستنتج ان  = {((0, 𝑦, 𝑧); 𝑦, 𝑧 ∈ ℝ}      هو فضاء شعاعي جزئي من الفضاء الشعاعي𝑅3 

 

Exercise 6.3 

Express 𝑢 = (−2,3) 𝑖𝑛 ℝ2 𝑎𝑠 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑠  𝑣1 = (1,1) 𝑎𝑛𝑑 𝑣2 =
(1,2) 

Solution 6.3 

Let 𝛼1, 𝛼2 be scalars such that: 𝑢 =  𝛼1𝑣1  +  𝛼2𝑣2 

 𝑢 = 𝛼1(1,1) +  𝛼2(1,2) = (𝛼1 + 𝛼2, 𝛼1 + 2𝛼2) 

(−2,3) = (𝛼1 + 𝛼2, 𝛼1 + 2𝛼2) 

{
−2 = 𝛼1 + 𝛼2…(1)

3 = 𝛼1 + 2𝛼2…(2)
 → { 

𝛼2 = 5   
𝛼1 = −7

  

𝐻𝑒𝑛𝑐𝑒, 𝑢 = −7𝑣1 + 5𝑣2 

Exercise 6.4 

1. Show that the set 𝑉 =  {(−1, 0), (2, 1)} is linearly independent. 

2. Show that the set V = {(1, 0),(−2, 0)} is linearly dependent. 

Solution 6.4 

1. 𝐿𝑒𝑡 𝛼1, 𝛼2  ∈  𝑅: 𝛼1 (−1, 0) + 𝛼2 (2, 1) = (0, 0) 

⇒ (−𝛼1  +  2𝛼2, 𝛼2 ) = (0, 0) 

⇒ −𝛼1 +  2𝛼2  =  0 𝑎𝑛𝑑 𝛼2 =  0 

⇒ 𝛼1 =  𝛼2 =  0  

𝐿𝑒𝑡 𝛼1, 𝛼2  ∈  𝑅 

2. 𝛼1 (1, 0) + 𝛼2 (−2, 0) =  (0, 0) 

⇒ (𝛼1  −  2𝛼2, 0) =  (0, 0) 

⇒ 𝛼1  −  2𝛼2  =  0 ⇒  𝛼1  =  2𝛼2. 

⇒ ∃𝛼1 = 2 ≠ 0 𝑎𝑛𝑑 𝛼2 = 1 ≠ 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 2 (1,0) + 1(−2,0) = (0,0) 

Exercise 6.5   

Consider the set 𝑆 = {(1,1,1), (2,2,0), (3,0,0)} 

1. Is S a system of generators of the vector space ℝ3? 

2. Write 𝑣 =  (3,4,2) as a linear combination of S 



Solution 6.5 

1. S is a system of generators of the vector space ℝ3  

⇔ ∀ 𝑢 ∈ 𝑅3  ∃𝛼1, 𝛼2, 𝛼3 ∈ 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∶ 𝑢 =  𝛼1(1,1,1) + 𝛼2(2,2,0) + 𝛼3(3,0,0)  

 𝑢 ∈ 𝑅3  ⇔ 𝑢 = (𝑥, 𝑦, 𝑧)  

𝑠𝑜, (𝑥, 𝑦, 𝑧) = 𝛼1(1,1,1) + 𝛼2(2,2,0) + 𝛼3(3,0,0) 

(𝑥, 𝑦, 𝑧) = (𝛼1, 𝛼1, 𝛼1) + (2𝛼2, 2𝛼2, 0) + (3𝛼3, 0,0) 

(𝑥, 𝑦, 𝑧) = (𝛼1 + 2𝛼2 + 3𝛼3 , 𝛼1 + 2𝛼2 , 𝛼1) 

{
𝑥 = 𝛼1 + 2𝛼2 + 3𝛼3 

𝑦 = 𝛼1 + 2𝛼2
𝑧 =  𝛼1

⇔

{
 
 

 
 

𝛼1 = 𝑧

𝛼2 =
𝑦 − 𝑧

2

𝛼3 =
𝑥 − 𝑦

3

 

 Hence, all 𝑢 ∈ 𝑅3 ∶ 𝑢 = 𝑧(1,1,1) + 
𝑦−𝑧

2
(2,2,0) +

𝑥−𝑦

3
(3,0,0) 

2. (3,4,2) =  2 (1,1,1) + 
4−2

2
(2,2,0) +

3−4

3
(3,0,0) =  2 (1,1,1) + 1 (2,2,0) −

1

3
(3,0,0) 

Exercise 6.6 

Consider the set 𝑉 = {(1,0), (1,−1)}  

𝑉نعتبر المجموعة  = {(1,0), (1,−1)}   

Is V a basis of ℝ2 

 ℝ2ء  فضا عدة للقا   Vل ه

Solution 6.6 

𝑉 = {(1,0), (1,−1)} is a basis of ℝ2⇔ {
1. 𝑉 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡

𝑎𝑛𝑑
2. 𝑉  𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑠𝑒𝑡          

 

1. 𝑉 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑎𝑡: 

∀𝛼1, 𝛼2 ∈ ℝ:  𝛼1(1,0) + 𝛼2(1,−1) = 0 ⇔ 𝛼1 = 0 𝑎𝑛𝑑 𝛼2 = 0 

Let 𝛼1, 𝛼2 ∈ ℝ 

 ∀𝛼1, 𝛼2 ∈ ℝ: 𝛼1(1,0) + 𝛼2(1,−1) = 0𝑅2  ⇔ 𝛼1(1,0) + 𝛼2(1,−1) = (0,0) 

    ⇔  (𝛼1, 0) + 𝛼2(𝛼2, −𝛼2) = (0,0) 

                                                        ⇔ (𝛼1 + 𝛼2, −𝛼2) = 0 



⇒ {
𝛼1 + 𝛼2 = 0
       −𝛼2 = 0

⇒ {
𝛼1 = 0
𝛼2 = 0

  

So {(1,0), (1,−1)} are linearly independent. 

2. 𝑉  is a generator set of  ℝ2 means that:   

∀ 𝑢(𝑥, 𝑦) ∈ ℝ2 ∃ 𝛼1, 𝛼2 ∈ ℝ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 𝑢 = 𝛼1(1,0) + 𝛼2(1,−1) 

Let 𝛼1, 𝛼2 ∈ ℝ : 𝑢 = 𝛼1(1,0) + 𝛼2(1,−1) ⇔ (𝑥, 𝑦) =  (𝛼1 + 𝛼2, −𝛼2) 

Exercise 6.7 

On 𝑅3, consider the set E defined as: 𝐸 = {(𝑥, 𝑦, 𝑧) ∈ 𝑅3: 𝒙 + 𝒚 + 𝒛 = 𝟎} 

1. Show that E is a subspace of 𝑅3 

2. Find a basis of E   

Solution 6.7 

1. E is a vector space ⇔{
𝐸 ≠ ∅                                                   
∀𝑢, 𝑣 ∈ 𝐸, ∀𝛼, 𝛽 ↔  𝛼𝑢 + 𝛽𝑣 ∈ 𝐸

 

0𝑅3 = (0,0,0) ∈ 𝐸 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 0 + 0 + 0 = 0 𝑠𝑜 𝐸 ≠ ∅ 

𝑙𝑒𝑡 𝑢, 𝑣 ∈ 𝐸 𝑎𝑛𝑑 𝛼, 𝛽 ∈ 𝑅  

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑢 ∈ 𝐸 ↔ 𝑢 = (𝑥, 𝑦, 𝑧) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑥 + 𝑦 + 𝑧 = 0  

𝑎𝑛𝑑,        𝑣 ∈ 𝐸 ↔ (𝑥′, 𝑦′, 𝑧′) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡: 𝑥′ + 𝑦′ + 𝑧′ = 0 

𝑠𝑜, 𝛼𝑢 + 𝛽𝑣 = 𝛼(𝑥, 𝑦, 𝑧) + 𝛽(𝑥′, 𝑦′, 𝑧′) 

                       = (𝛼𝑥, 𝛼𝑦, 𝛼𝑧) + (𝛽𝑥′, 𝛽𝑦′, 𝛽𝑧′) 

                     =  (𝛼𝑥 + 𝛽𝑥′, 𝛼𝑦 + 𝛽𝑦′, 𝛼𝑧 + 𝛽𝑧′)  

𝛼𝑢 + 𝛽𝑣 = (𝛼𝑥 + 𝛽𝑥′⏟      
كبة المر الاولى 

, 𝛼𝑦 + 𝛽𝑦′⏟      
المركبة  الثانية

, 𝛼𝑧 + 𝛽𝑧′⏟      
المركبة  الثالثة 

) 

𝛼𝑢هل   + 𝛽𝑣 ى ينتمي الE .E  ها معدومة. مركبات مجموع يثلاثية التم الاشعة التض 

𝛼𝑢  نكا  , اذاذاا  + 𝛽𝑣  وي الصفريسا مركباته  مجموعينتمي فان: 

(𝛼𝑥 + 𝛽𝑥′) + (𝛼𝑦 + 𝛽𝑦′) + (𝛼𝑧 + 𝛽𝑧′) = ( 𝛼𝑥 + 𝛼𝑦 + 𝛼𝑧) + (𝛽𝑥′ + 𝛽𝑦′ + 𝛽𝑧′)

= 𝛼 (𝑥 + 𝑦 + 𝑧)⏟      
0

+ 𝛽 (𝑥′ + 𝑦′ + 𝑧′⏟        
0

) =  0  

𝛼𝑢اذن  + 𝛽𝑣 ∈ 𝐸  

 ئي زج شعاعي  ءضا هو ف  Eومنه  



2. A basis of E دة ل ن قاعالبحث ع  

𝐸 = {(𝑥, 𝑦, 𝑧) ∈ 𝑅3: 𝒙 + 𝒚 + 𝒛 = 𝟎} = {(𝑥, 𝑦, 𝑧) ∈ 𝑅3: 𝒛 = −𝒙 − 𝒚}

=  {(𝑥, 𝑦, −𝑥 − 𝑦) ; 𝑥, 𝑦 ∈ 𝑅} = {(𝑥, 0, −𝑥) + (0, 𝑦, −𝑦) ; 𝑥, 𝑦 ∈ 𝑅} 

= {𝑥 (1,0,−1)⏟      
𝑣1

+ 𝑦 (0,1,−1)⏟      
𝑣2

; 𝑥, 𝑦 ∈ 𝑅} 

So (1,0,−1)𝑎𝑛𝑑 (0,1,−1) is a generating set of E. we need to show that they are linearly 

independent. 

 (1,0,−1)𝑎𝑛𝑑 (0,1,−1) بينهايما طيا فخ تكون مستقلة  كون قاعدة يجب ان. لتجموعة مولدةي مه 

Let 𝛼1, 𝛼2 ∈ 𝑅: 𝛼1 (1,0,−1) + 𝛼2(0,1,−1) = 0𝐸 

                       ⇒ (𝛼1, 0,−𝛼1) + (0, 𝛼2, −𝛼2) = (0,0,0)   

                       ⇒ (𝛼1, 𝛼2, −𝛼2 − 𝛼2) = (0,0,0) 

⇒ {
𝛼1 = 0
𝛼2 = 0

 ⇒ (1,0,−1)𝑎𝑛𝑑 (0,1,−1) 𝑎𝑟𝑒 linearly independent 

𝑠𝑜 (1,0,−1)𝑎𝑛𝑑 (0,1,−1) 𝑖𝑠 𝑎 𝑏𝑎𝑠𝑖𝑠 𝑜𝑓 𝐸 

 

Extra Exercise   

Consider the set 𝑅2 [𝑥] defined as follow:   

𝑅2 [𝑥] =  {𝑃 (𝑥) =  𝑎 +  𝑏𝑥 +  𝑐𝑥
2 ;  𝑎, 𝑏, 𝑐 ∈  𝑅 }  

𝑅2 [𝑥] is the set of polynomials of degree ≤ 2 with real coefficients. 

Show that 𝑉 = {𝑝1 (𝑥) =  1, 𝑝2 (𝑥) =  𝑥, 𝑝3 (𝑥) =  𝑥
2} is a basis of 𝑅2[𝑥]. 

Solution 

a. Let α, β, γ ∈ R, then: 

∀𝑥 ∈  𝑅 ∶  𝛼1𝑝1 (𝑥) + 𝛼2𝑝2 (𝑥) + 𝛼3𝑝3 (𝑥)  =  0 ⇔  ∀𝑥 ∈  𝑅 ∶  𝛼 +  𝛽𝑥 +  𝛾𝑥2  =  0. 

which gives 𝛼 =  𝛽 =  𝛾 =  0, 𝑠𝑜 {1, 𝑥, 𝑥2} is linearly independent. 

b. Let 𝑃 ∈ 𝑅2 [𝑥], then there exists 𝑎, 𝑏, 𝑐 ∈  𝑅, such that:  

∀𝑥 ∈  𝑅 ∶  𝑃 (𝑥) =  𝑎 +  𝑏𝑥 +  𝑐𝑥2  =  𝑎𝑝1 (𝑥) +  𝑏𝑝2 (𝑥) +  𝑐𝑝3 (𝑥), 

𝑃 =  𝑎𝑝1  +  𝑏𝑝2 +  𝑐𝑝3 

 

So 𝑉 is a generating system of 𝑹𝟐 



Then, V is a basis of R2 

 

 


