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4 Elementary Functions
4] Logarithm function

Definition 4.1.1 The natural logarithm function, denoted as In(x), is a specific type of
logarithmic function with a base equal to the mathematical constant "e”.

e The natural logarithm [n(x) is the primitive of the reciprocal function%

e The natural logarithm (n(x)

In. RRk — R

x —lnx

» The function In (x) is continuous, strictly increasing and defines a bijection on R**.

> In(x)is diferrentiable on R** with din(x) — %
» Its reciprocal function is e*
Y
X Inx
- 0t - —o0
1 0
e 1
— +4o00 — +4o00 O
e
r=20

4.1.1 Properties of logarithms

Leta > 0 and b > 0 be strictly positive real numbers, and a € R:
e In(a.b) = In(a) + In(b)
e In (g) = In(a) — In(b)
e In (i) = —In(a)

e In(a*) = aln(a)

° ln(\/;) = %lnx
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4.1.2 Equations and inequalities with logarithms

e In(a)=Inb) ® a=»
e In(a)2In(b) ®a=>»
e In(a) <Inb) ® a<b
e Na)s0eo0<acxs1
e Inla)>0 < a> 1.
4.1.3 Special limits
limlnx = 400 lim Inx = —o0
+ 00 x— 0t
Inx : —
1}}27:0 xll)rgl xlnx= 0
4.2  Exponential function
Definition 4.2.1 The exponential is the inverse function of In (x), it is defined as follows:
exp: R —= R}
x — e*
» The functionexp : R — R} is: y
Continuous.
o Strictly increasing. e
o Positive.

. . .., de* x
o Differentiable, with: e

» Its reciprocal function isin (x). /z:

y=0

4.21 Properties of exponentials

Let a, b and n be real numbers:

° eaxeb=ea+b
1 _ -a

° ;_e
et a-b

e —= ¢
eb

° (ea)n — ena
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4.2.2 Equations and inequalities with logarithms

@=eb oa=b»b

e e?>ebo a>bh

o e%<ele ax<h

e ¢2>h>0 a>Inb
e e¢?<hSa<lInb b>0

[ ]
Q

4.2.3 Link between exponential function and logarithm

e In(e%) =a.
o eln@ =g,

e e*>0Vx€eR.
° ea=b®a=ln(b).

4.2.4 Special limits

lime* = +o0 lim e*=0 lim — = +o
+oo xX= = X= 400 X
e” lim x e* = 400 e
lim— =20 x5too - lim — = +o0
400 X x> +oo x T
Power functions
Definition 4.3.1 A power function is a function of the form f(x) = ax”, where a is a

given constant.
1
For example,y = x,y = 2x5y = {x = x3,y = x?/3 are power functions.
In a power function f(x) = ax? , the base x is a variable, and the exponent b is a constant.

The appearance of the graph of a power function depends on the constant a.

Power function Degree Name
y=a 0 Constant
y=ax 1 Linear
y =a.x? 2 Quadratic
y = ax3 3 Cubic

» For n = 0 the function is constant.
» For n=1 the function is linear. It is increasing if a > 0 and decreasing ifa < 0.
» Ifn > 1, then the overall shape of the graph of y = ax™ is determined by the parity of n
(whether n is even or odd) and the sign of a.
o Ifnis even, the graph of the function is symmetric with respect to y — axis (x = 0).
o Ifnis odd, the graph of the function is symmetric with respect to the origin, (0,0).
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4.3  Trigonometric functions

4.3.1 Sine function
Sin: R - [-1,1]

X — sinx

e Continuity: Sin x is continuous on R.
e Parity: sin x is an odd function:

Vx € Rsin(—x) = —sin (x)
e Sinx is a periodic function, its period is 2w
Vx € R:sin(x + 2m) = sin (x)
e Sin x is derivable on R with (sinx)’ = cosx.
4.3.2 Cosine function
Cos: R - [—1,1]
X —cosx

e Continuity: Cos x is continuous on R.
e Parity: cos x is an even function.

Vx € R, cos (—x) = cos (x)
e (os x is a periodic function, its period is 2.
Cos (x + 2m) = Cosx

e (os x is derivable on R with (cosx)’ = —sinx.

T =2m sin(x)

Properties

The sine and cosine functions satisfy the following properties, for all x € R,

e cosi(x) + sin*(x) =1
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e cos? (x) =% (1 + cos 2x)

e sin®(x) = % [1 — cos (2x)]

e cos(2x) = cos?(x) — sin? (x)

e sin(2x) = 2cos (x) sin (x)
Addition formulas Vx,y € R, we have

e cos(x +y) = cos (x)cos (y) — sin(x)sin(y)

e cos(x —y) = cos (x)cos (y) + sin(x)sin(y)

o sin(x + y) = sin(x)cos (y) + cos (x) sin (y)

o sin(x —y) = sin(x)cos (y) — cos (x) sin(y)
4.3.3 Tangent function

s
tan: R—{E+ km, k € Z} - R

sinx

X - tanx =
CosXx

e Continuity: tan x is continuous on R — {g + km, k € Z}

e Parity: tan x is an odd function:

Vx € R— {% + km, k € Z},tan (=x) = —tan (x)

e tanx is a periodic function. Its period is
tan (x + m) = tanx
e tan x is differentiable on R — {% + km, k € Z}.

1
cos? x

e (tanx)'=1+tan’x =
4.4  Inverse functions of the trigonometric functions

4.41 Arcsine function

The function:
] T T
Sin: [_E'E] - [—1,1]

X = sinx

Is bijective (because it is continuous and strictly increasing on [—g, %]) Its inverse function is

(sinx)™! = arcsine
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)

arcsin: [-1,1] - [—% %]

e Arcsin x is continuous and differentiable on : [—1,1].
w1
e (arcsinx)' = Newr |x| < 1.

e (arcsinx)’ > 0 : Arcsin x is strictly increasing.

4.4.2 Arccosine function

The function
Cos: [0,m] - [-1,1]
X — COSX

is bijective (because it is continuous and strictly decreasing on [0, 7r]. It admits an inverse
function (cosx)™! = arccosx

arccos: [—1,1] - [0, m]
X — arccosx

e arccos x is continuous and strictly decreasing on [—1,1]
1
I __ - =
e (arccosx)' = Nt x| <1

4.4.3 Arctangentn function

The function

t T R
an: |—=,=
23l
sin x
x — tanx =
cos X
v e] nﬂ[ (tan x)’ L o
x € |[—=,=| : (tanx)’ =
2'2 cos?x

. . . T T . . . . . . —
So tan x is bijective on ]_E’ E[' so it admits an inverse function on this domain (tan x)~! =
arctanx

¢ R ] s ﬂ[

arctan: - -,
22

X — arctanx

e arctanx is continuous and strictly increasing on R

e (arctan)’(x) = 1+1x2
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arcsinx arccos x

arctan x

5m/4

¥
2

m
y=arcsin(x)

w4
3m/4

L y=arccos(x)

Yomii2

4

y=arctan(x)

-2m

/4
-4

-2

-m/4

-Tif2

2m

45  Hyperbolic functions

451 Hyperbolic sine function

The hyperbolic sine function is defined by:

sinh:R > Rx - sinhx =

4.5.2 Hyperbolic cosine function

The hyperbolic sine function is defined by:
cosh:R - [1,+4o[

e*+e™™

X > coshx = 5

453 Hyperbolic tangent function

The hyperbolic sine function is defined by:
cosh:R - ]—1,+1]

sinhx e*—e™

x - tanhx = = —
coshx eX+e*

4.6 Inverse functions of hyperbolic functions
4.6.1 Hyperbolic sine argument function
4.6.2 Hyperbolic cosine argument function

4.6.3 Hyperbolic tangent argument function
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