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Work and energy

4.1 Introduction

Newton's laws (dynamics) allowed us to predict the evolution of the system over time by
knowing the forces applied to the particle as well as the initial position and speed. However, in
practice it is not always possible to know all the forces affecting the system. In addition, we
sometimes obtain a large number of equations that are not easy to solve. The notions of work

and energy offer the possibility to study a complex system.

4.2 Work
4. 2. 1. Elementary work
Suppose a particle is moved from one point A to another point B very colse to A under the

effect of a force f. The displacement of the particle is d7

The work done by this force is given by

dw = fd?
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Work is a scalar quantity; its sign depends on the angle between the force and the displacement
of the particle.
dw = ||f]|ld#llcos(6)
> 0<6<90° > dw > 0, the work is driven.
> 90° <0 <180 - dw < 0, the work is resistant.
>

6 =90° — dw = 0, the force perpendicular to the path does not work.

X/
°e

Unit of work
Force times displacement gives an energy. In the Sl the unit of force is Newton (N) and the
displacement unit is the meter (m). The product of N and m gives the Joule (J). So,
[w] = Joul
In physics, work is the energy transferred to or from an object via the application of force
along a displacement.
4.2 .2. Work along a path
The work done by a force along a path (from an initial point to the final point) is the sum of all

infinitesimal works done by this force. We may represent this work by the integration,

7p R
Wep = f far
Ta

» If the force is constant along the path,

>

- b - N >
wab=ff A7 = (7 — )

o

Ta
was = £+ 4B = | |4 cos(0)
> ||f || cos(0) : represent the tangent component of the force

In words, we may express this by saying that
Work is equal to the displacement times the tangent component of the.

> In the special case where 8 = 0 — cos(6) =0

wap = [|f [[|4B|
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» We arrive to the simplest (common) definition of the work,
Work is equal to the product of displacement and force.
4 .3 Power
In practical applications, especially in connection with machines and engineering, it is
important to know the rate at which work is done. The instantaneous power is defined by
dw @

P=ima = a%

Power is defined as the work done during a very small time interval dt,

_ . fdr
P = AI%TOW
We have,

dar >
—=7.
dt

P=f

Thus, power can be defined as the product of force velocity.
% Unit of power

The unity of power is the watt (watt = Nms~! = Js~1)

The idea of power is crucial to engineering because, in machine design, the rate of operation is

more significant to an engineer than the entire quantity of work the machine can accomplish.

4. 4. Kinetic Energy

From the definition of work and the definition of force (second newton’s law).

dw = fd7 di
—>=md_v 4 dW:mEdr
dt
L dr s s
dwzmdvE - dw=mv-dv

1 1
dw = Emd(ﬁ U) —dw = Emd(vz) - dw = d(zmvz)

We know that %mv2 refers to the kinetic energy Ej
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dw = dEk

Therefore
b
Wap = dek = Wap =E1?—E1?
a
Therefore, the work done on a particle is equal to the change in its kinetic energy. This result

is valid in general, no matter what the nature of the force.

4.5 Potential Energy
Consider a body moves only under the effect of its weight along a path from the point A to the

point B.

e o
; n

In Cartesian coordinates d7 = dxt + dyj + dzk
f= fx?'l' fyf+ fzk,
f=p=-mgk

5

7

b N -
Wgap = f (—=mgk) - (dxT + dyj + dzk)

Ta
- Fb -
Wap = —mgkf dzk = —mg(z, — z,)
Ta

» Work of constant force (force that does not depend on the path) depends only on a
quantity, which is function of the position.
This example is one of important class of forces, which are called conservative forces.

We may write, the last equation, as
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Wap = —mg(2p — 24) = Mg2zq — MYZy

In other words, we may say that the work of a conservative force depends only on a quantity

that characterizes the position. This quantity is called potential energy E,.

— B AN —
Weonservative force = _(Ep - Ep) - _AEp

Potential energy is a function of the coordinates such that the difference between its value at
the initial and final positions is equal to the work done on the particle to move it from the initial

to the final position.

4. 6. Conservation of Energy of a particle (Mechanical energy)

From the definition of work,
» For the general case,
Wap = Ei — E
» For the conservative force
Wep = Ej — E
When the force acting on a particle is conservative, we may combine and write,
E} —E¢ =Ej —Ep
E¢ +E) = E¢ + Ef

The sum of kinetic energy and potential energy is called the mechanical energy of the particle.
Then,

(Ec + Ep)A = (E. + Ep)B
E) = EYf

> When the forces are conservative, the mechanical energy EM of the particle remains

constant.
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4. 5. None conservative Force

At first sight, we find some forces in nature that are not conservative. One example is friction.
Sliding friction always opposes the displacement. Its work will depend on the path followed,
even on a closed path the work is not zero, so that the total energy it does not conserved.
Similarly, fluid friction opposes the velocity, and depends on velocity but not on position. A

particle may thus be subject to conservative and to non-conservative forces at the same time.
If the particle is the subject conservative forces (13), and non-conservative forces (17}), the total

work will be given as,
Wap =j fdi+ | frdif =EP —EZ

f
Wap = Wl + w,] = E? - E¢
f _ rpa _ b
We have, w,, = (Ej — E}),
f
Wap = (Ef —ED) +w,] =E! — EZ
(E¢ —ED) +w!/ = P —E8
w ] = (Et —EY) — (Ef — E})
f
w,] = (EL + Eb) — (E¢ + E)
f
w,l =Ef —EY

The variation of the total energy represents the work done by the non-conservative forces.

This energy is dissipated in the surrounding as a heat.
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