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1.1 Series with real terms

Definition 1.1.1. Let (un)n∈N be a sequence with real numbers. The infinite sum:

u0 + u1 + · · · + un + · · · =
∑
n≥0

un

is called a numerical series.

where u0,u1, · · · ,un, · · · the terms of the series and un is called general term of the series.

Considering now the following partial sums



S0 = u0

S1 = u0 + u1

...

Sn = u0 + u1 + · · · + un =
∑n

k=0 uk

Sn is called the nth partial sum of the series
∑
n≥0

un and (Sn)n is called the sequence

of partial sums of this series.

Example 1.1.1. .

•

∑
n≥0

aqn, a , 0 −→ Geometric series of reason q.

•

∑
n≥1

1
n
−→ Harmonic Series.

1.1.1 The convergence of a numerical series

Definition 1.1.2. The series with real terms
∑
n≥0

un is said convergent if the sequence of

partial sums (Sn)n converges to a limit S called the sum of the series.

S = lim
n→+∞

Sn =
∑
n≥0

un.
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Example 1.1.2. .

Let
∑
n≥1

un be the series with the general term un =
1

n(n + 1)
, n ≥ 1

• The term un can be rewritten in the form

un =
1
n
−

1
n + 1

, n ≥ 1.

• The partial sum of the series

Sn =

n∑
k=1

uk = u1+u2+· · ·+un =
(
1−

1
2

)
+
(1
2
−

1
3

)
+· · ·+

( 1
n − 1

−
1
n

)
+
(1
n
−

1
n + 1

)
= 1−

1
n + 1

•We have lim
n→+∞

Sn = lim
n→+∞

1− 1
n+1 = 1 therefore the series

∑
n≥1

un is convergent with sum

S = 1.

Proposition 1.1.1. If the numerical series
∑
n≥0

un is convergent then its general term

un tends towards zero i.e.

∑
n≥0

un is convergent =⇒ lim
n→+∞

un = 0.

Corollary 1.1.1. A sufficient condition for a series to be divergent is that its general

term does not tend towards zero.

1.1.2 Operations on numerical series

Let
∑
n≥0

un and
∑
n≥0

vn be two numerical series, then we have the following proper-

ties

• If
∑
n≥0

un is convergent of sum S1 and
∑
n≥0

vn is convergent of sum S2, then
∑
n≥0

un+vn

is convergent of sum S1 + S2.

• If
∑
n≥0

un is convergent of sum S1 and a ∈ R then
∑
n≥0

aun is convergent of sum aS1.

3



❖CHAPTER 1. NUMERICAL SERIES Dr. HAFIRASSOU Zineb

• If
∑
n≥0

un is convergent and
∑
n≥0

vn is divergent then
∑
n≥0

un + vn is divergent.

• If the two series
∑
n≥0

un and
∑
n≥0

vn are divergent, then we cannot conclude any-

thing about the nature of the series
∑
n≥0

un + vn.

1.2 Series with positive term

Definition 1.2.1. We call a series with positive term any series whose general term un ≥ 0

for all n ≥ 0.

Proposition 1.2.1. Let
∑
n≥0

un be a series with positive real terms, then this series

converges to S if and only if Sn ≤ S for all n ≥ 0.

1.2.1 Comparison theorems

Theorem 1.2.1. Let
∑
n≥0

un and
∑
n≥0

vn be two series with positive terms satisfying

∃n0 ∈N, such that for all n ≥ n0, un ≤ vn

• If the series
∑
n≥0

vn is convergent then the series
∑
n≥0

un is convergent.

• If the series
∑
n≥0

un is divergent then the series
∑
n≥0

vn is divergent.

Corollary 1.2.1. Let
∑
n≥0

un and
∑
n≥0

vn be two series with positive terms, if there

exists a, b > 0 satisfying

aun ≤ vn ≤ bun

then
∑
n≥0

un and
∑
n≥0

vn are of the same nature.
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Theorem 1.2.2. Let
∑
n≥0

un and
∑
n≥0

vn be two series with positive terms, if there exists

a real l (or l = +∞) such that lim
n→+∞

un

vn
= l, then

• If l = 0 and the series
∑
n≥0

vn is convergent then the series
∑
n≥0

un is convergent.

• If l = +∞ and the series
∑
n≥0

vn is divergent then the series
∑
n≥0

un is divergent.

• If l , 0 and l , +∞ then the two series
∑
n≥0

un and
∑
n≥0

vn are of the same nature.

1.2.2 Usual rules of convergence

Definition 1.2.2. We call a Riemann series any numerical series whose general term

un =
1
nα

.

Proposition 1.2.2. The Riemann series is convergent for all α > 1.

Proposition 1.2.3. (Riemann’s rule)

The Riemann rule amounts to comparing a series with positive terms to a Riemann

series.

Let
∑
n≥1

un be a series with positive real terms and let α ∈ R, suppose that there exists

a positive real l (or l = +∞) such that lim
n→+∞

nαun = l

• If l = 0 and α > 1 then the series
∑
n≥1

un is convergent.

• If l = +∞ and α ≤ 1 then the series
∑
n≥1

un is divergent.

• If l , 0 and l , +∞ then the two series
∑
n≥1

un and
∑
n≥1

1
nα

are of the same nature.
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Proposition 1.2.4. (D’Alembert’s rule)

Let
∑
n≥1

un be a series with strictly positive real terms, suppose that there exists a

positive real l (or l = +∞) such that lim
n→+∞

un+1

un
= l

• If l < 1 then the series
∑
n≥1

un is convergent.

• If l > 1 then the series
∑
n≥1

un is divergent.

Proposition 1.2.5. (Cauchy rule)

Let
∑
n≥1

un be a series with strictly positive real terms, suppose that there exists a

positive real l (or l = +∞) such that lim
n→+∞

(un)
1
n = l

• If l < 1 then the series
∑
n≥1

un is convergent.

• If l > 1 then the series
∑
n≥1

un is divergent.
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