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1.1 Recalls and definitions

1.1.1 Intervals of R

Leta,b € R such thata < b, we call

O The open interval of ends a and b the set

la, b= {xelR, a<x<b}

® The closed interval of ends a and b the set

[a,b]:{xelR, ansb}

® The semi-open interval, the sets
[a,b]= {x €eR, a<x< b}
]a,b]:{xelR, a<x$b}
@ The open interval of center a the set
la—¢,a+ €[ with e >0

[a, +o0[= {xe]R, xZa}
la, +o0[= {xe]R, x>a}
]—OO,a]:{xEIR, x<a}

]—oo,a[:{xelR, x<a}
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1.1.2 Real functions of a real variable

Definition 1.1.1.
A real (or numerical) function of a real variable is a map f of a part D of R to values in

R, we note

f: D — R

x — f()

Example 1.1.1.

O The square function

® The exponential function

® The cosine function

f: R — [-1,1]

X > cos(x)
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1.1.3 Domain of definition

Definition 1.1.2.

The domain of definition of a function f denoted Dy is the set of elements x for which the
function f is defined

Df={x€R, f(x) isdefined}

1.1.4 Practical determination of the domain of definition

Let f and g be two functions

® 1* case: function of type g is defined for all g # 0
® 2" case: function of type \/7 is defined for all f > 0

® 3" case: function of type % is defined for all g > 0

Example 1.1.2.
x2+2x+5
Gf(x)_ﬁ
Dy = {xeR, #*-1#0]
= {xeR, (x-=1)(x+1)#0|
= R-{-1,1}
3x+5
0 g(x) =
2x—1

Dy = {xeR, 2x-1>0}

{xe]R, x>1/2}

11/2, 400

General information on functions We suppose that Vx € D,—x € D. The

function f : D — Ris said
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® Even function if Yx € D, f(-x) = f(x). The curve Cy in an orthonormal

coordinate system is symmetrical with respect to the axis (oy) (f(x) = x?)

® Odd functionif Vx € D, f(-x) = —f(x). The curve C; in an orthonormal

coordinate system is symmetrical with respect to the origin (f(x) = sin(x))

® Periodic function if there exists T > 0 such that Vx € D,x + T € D and
f(x +T) = f(x). The smallest value of T is called the period of f as the

functions cos and sin are periodic functions of period 27
® Major functione= IM € R,Vx e D, f(x) <M
® Minor function & Im e R,Vx € D, f(x) > m
® Bounded function &< Am,M e R,Vxe D,m < f(x) <M

@ Increasing function (resp strictly increasing) if Vx,y € D x < y = f(x) <

f(y) (resp f(x) < f(y))

® Decreasing function(resp strictly decreasing ) if Vx,y € D x <y = f(x) >

f(y) (resp f(x) > f(y))
© Monotonous function if it is increasing or decreasing on D.

1.2 Limit of a function

1.2.1 Neighborhood of a point xg

Definition 1.2.1.

We call neighborhood of a point x, any open interval of the form |xo — €,x0 + €[, € > 0

Ve(x) = {xelR, x0—3<x<x0+s}

= {xelR, |x—x0|<e}
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1.2.2 Function defined in the vicinity of a point x

Definition 1.2.2.
We say that a function f : D — R is defined in the neighborhood of a point x, € R if

de >0,]xg—¢,x0 + [T D

1.2.3 Limit of a function

Definition 1.2.3.

©® We say that a function f defined in the vicinity of a point xo admits a limit | € R as

x tends towards x if
Ve>0 do>0Vx#x [x—xol <o=[f(x) -] <e¢

and we write lim f(x) = L.
X—X0

® limit on the right We say that a function f has a right limit at the point x if
Ve>0 do>0Vx xp<x<xp+0=|f(x)-I<¢

and we write lim f(x) = lim f(x) =L

i
X=X, x50

® Limit on the left We say that a function f has a left limit at the point x, if
Ye>0 do>0Vx xo—o<x<xg=|f(x)-Il<e¢

and we write lim f(x) = lim f(x) = L

0 X—X0

Remark 1.2.1.

O If f admits a limit at the point x, then this limit is unique and we have

lim £(x) = lim f(x) = lim f(x) =

X—Xg XX

6
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@ if lim f(x) # lim f(x) then f does not admit a limit at the point xo

X=X X—X0

1.2.4 Operations on limits

Let fand g : D € R — R be two functions satisfying lim f(x) = I; and lim g(x) =

I,
@ lim (fo) +8) =h +1
® lim (f(x).8(0)) = L.

® limaf(x)=al; YVaeR

X—X0

® lim [f(0)] = I

X—Xp g(x) 12

®Sifx)<glx)y=>h<l

1.2.5 Indeterminate forms

There are four algebraic indeterminate forms (IF)

(g, g,OXoo,+oo—oo)

and three exponential forms

)
Example 1.2.1.
Calculate the following limits
-1 0
0 li = —(FI
Jclirl1 x2_ 1 0( )
- -1 1
im St =i S DO i1y =2
-1 x—1 x—1 x—1 x—1
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2] liml—lz:+oo—oo(1:l)
O 1, 1
hm———:lim—(l——)

= —0Q.
=0t X  x2 x>0t X X

1.3 Continuous functions
Definition 1.3.1.

O Continuous functions at a point: we say that a function f is continuous at the point

xo € R if it is defined in a neighborhood of xo and lim f(x) = f(xo).
xX—X0

® Continuous functions on a set: we say that a function f is continuous on a set

D c R if it is continuous at every point of D.

1.3.1 Operations on continuous functions

Let f and g be two continuous functions in x; and let A € R, then

(f + g), (f X g), (Af), (Ifl) and (g) (g(xo) # 0) are continuous functions in x.

1.3.2 Extension by continuity

Let f be a function defined and continuous on I — {xo}, if lim f(x) = I (1 exists and
X—X0

finite) then f(x) can be extended by continuity at the point x, to the function g

defined by

f(x) if x # xp
g(v) =
}1_)1}’(1 f(x) if x=x

Example 1.3.1.

The function f(x) = ¢ is continuous on R — {0} and we have lirr(} f(x) = O therefore




“*CHAPTER 1. REAL FUNCTIONS OF A REAL VARIABLE Dr. HAFIRASSOU Zineb

f(x) can be extended by continuity at the point 0 to the function

e if x#0
8(x) =
0 if x=0

Theorem 1.3.1. (Intermediate Value Theorem) Let f be a defined and continuous function
on any interval I C R and let a,b € I (a < b). Then for every real k strictly included

between f(a) and f(b) there exists c €]a, b[ such that f(c) =k

M

f(b)

o>

b
L

Theorem 1.3.2. Let f be a defined and continuous function on [a, b] and f(a)f(b) <O,

then there exists at least one point c €la, b[ such that f(c) = 0.

-
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1.4 Differentiable functions

Definition 1.4.1.

Let f: 1 — Rand let xy € I

O We say that the function f is differentiable at the point x if the limit

Lo f0) )
m--——---——-

>x X — X

exists and finite. This limit is called derivative of f at the point x, and we denote it

1 (xo).

if h = x — xo, we obtain

f(xo +h) = f(x0)
h

f'(x0) = }g%

® We say that the function f is differentiable on the right at x, if the limit

f(x) = f(x0)

X — Xp

lim

xi>xg
exists and finite and we denote it by f;(xo) or f;(xo).

® We say that the function f is differentiable on the left at x if the limit

i £ = f(x0)

X;XO X = xO

exists and finite and we denote it by f(xo) or f(xo).

10
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Remark 1.4.1.

f1(xo) exists and finite

f is differentiable at the point x, < fi(xo) exists and finite

fi(x0) = fg'(xo)

Example 1.4.1.

f(x):|x|+x2,x0:0

1,(0) exists and finite

f is differentiable at the point xp = 0 & £(0) exists and finite

£100) = £5(0)

We have

. fx) = f(0)
4 — 1
0 = T
_ lim x| + x?
¥20 X
~ lim + x?
- x50 X
= lim1l+x
xi>0
=1

11
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and

x)— (0
£i(0) = Jim £ = O
xi>0 X
o x + A2
= lim
xi>0
o —x+ a2
= lim
xi>0 X
= lim-1+x
¥50
= -1

we have f(0) and f(0) exist but f1(0) # £4(0), then the function f is not differentiable at

the point xo = 0

1.4.1 Operations on differentiable functions

Let f, g : ] — R be two differentiable functions in xo and let A € R, then
@ (1f) () = Af (x0)
@ (f=g) () = f/(x0) £ g'(x0)
® (f.8) (x0) = f(x0)-8(x0) + f(x0).8'(x0)
f £/ (x0)-8(x0) = f(x0).8'(x0)

® 1f g(xo) # O then (§) (xo) = )

® Derivative of a composite functions: let f : I — Rand g: ] — Ror f(I) C ]
if f is differentiable at x; and g is differentiable at the point f’(xy) then the

composition g o f is differentiable at xo and we have

(50 f) () = (08’ (f(x0))

12
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1.4.2 Derivatives of usual functions

Fonction Dériviée Intervalle de dérivabilité
flx) = k avec k constante flz)=0 R
fiz) ==z fflx)=1 R
flr)=axr+b flz)=a R
fiz) = =* Flz)=2x R
flz) = z™ avec n € N* fx) = nz™? R
Jlz)= z filx) = L R*
- flz)= - g ':;uw- nelM| fiz)=- " —I:J.-.r' = R*
- = ntl
flz) == fllx) = 2:;‘7 0, +o0]

filzrj=x"aveca €R

flz) = cos(x)

filz) = az™!

f'lz) = —sin(z)

Esiaz0etR'sia<

fix) = sin{x)

fiz) = coslx)

f(x) = tan{z) fllz) = —5— =1+ tan’(x) + km; g (k+1)x| avec k € £
o5t () 2
f[J'I:i’ Jr'l:_r':l:r" R
1
fx) =In(x) Flz)= 0, +oo|
=

1.4.3 Fundamental theorems of differentiable functions

® f(a) = f(b)

O f is continuous on [a, b]

Theorem 1.4.1. (Rolle’s theorem)

Let f : [a,b] — R be a function which verifies

® f is differentiable on ]a, b[

then there exists ¢ €]a, b[ such that f’(c) =0

13
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Theorem 1.4.2. (Mean value theorem)

Let f : [a,b] — R be a function which verifies
® f is continuous on [a, b]

® f is differentiable on ]a, b[

f() - f(a)

then there exists at least one point c €]a, b[ such that f'(c) = -

1.4.4 Application of the derivative to the study of monotonicity

Theorem 1.4.3. Let f be a differentiable function on I C R, then
O fisconstantonl] & f'(x)=0,Vx €l
® fisincreasingonl & f'(x) >0,Vx el
® f is strictly increasing on I = f'(x) > 0,Vx €1
@ fisdecreasingonl] & f'(x) <0,Vxel

® f is strictly decreasing on I = f'(x) <0,Vx €l

14
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1.4.5 Application of the derivative to the calculate the limits

Theorem 1.4.4. (Hopital's rule)

Let f, g be two defined and differentiable functions in a neighborhood v of x, such that
0 o(x)#0,¢(x) #0o0no.
0O f(x0) = g(x0) = 0.

. f'(x)
vim g’ (%)

exists finite or infinite, then

lim fo) lim f&

o g o g)

This result applies to indeterminate forms ( g org)

Example 1.4.2.
. x> . .
O lim == ;(IF), according to the Hopital's rule
x—+o00 X
2
lim = = lim 2 = lim 2 =0.
x—+o00 X x—400 ¥ x—4o00 ¥
. x2-1 0 . .
2] 11rr11 —1-0" (IF), according to the Hopital’s rule
2 _
lim ™"~ im 2 =2

1.4.6 Maximum, minimum (extremum)

Let f:] — Randletx, €1

® We say that f admits a local maximum at x if

dJ c I of center xo, Vx € ] f(x) < f(x0)

15
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® We say that f admits a local minimum at x; if

dJ c I of center xo, Vx € ] f(x) > f(x0)

® Wesay that f admits a local extremum at x if f admits at x; a local maximum

or minimum

O If f is differentiable at xo and f"(xp) = 0, then x is called the critical point of

f.

® If f'(x0) = 0 and f"”(xp) # 0, then f admits an extremum at x, (maximum if

f"(x0) < 0 and minimum if f”(xp) > 0).

Example 1.4.3.

0 fx)=x*-1
- The critical points

We have
f'(x)=2x

So

f'(x) =0 ¢ 2x =0 & x =0 isa critical point of f

- The nature of critical points

1" (x) = 2 # 0 therefore f admits a minimum at the point x, = 0 because f"’(0) > 0.

O f(x) =x%™
- The critical points
we have

f'(x) = xe7(2 — x)

16
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So

fx)=0¢e=xe"2-x)=0c=x=00rx=2

- The nature of critical points
We have
f"(x)=e*(1-x)2—-x)—xe™*

for x=0, f"(0)=2>0 so x=0 isaminimum.

for x=2, f'(2)=-2¢2<0 so x=2 isamaximum.

17
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1.5 Integrals and primitives

Integration is linked to the problem of calculating a surface A delimited by the

curve of a function f defined on a segment [a,b] and the lines x = 4, x = b and
y=0

© If f is positive then A = [ f(x)dx

Unité d’aire

® If f isnegative then —f is positive and the curves C; and C_s are symmetrical

about the x-axis A = fu g f(x)dx

}rl\

0 1

]

v

——— e e o ) P

H - —
]

w

e

]

-

/
‘

® Surface between two curves

b
A= [ (- sif>g

b
A= [ g P sif<g

18
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V
/

=
e

Definition 1.5.1.
We call the primitive of a function f : [a,b] — R, any differentiable function F :
[a,b] — R such that

F'(x) = f(x), Vx€][a,b]

Theorem 1.5.1. If a function f admits an primitive F on [a, b] then the set

{F+c, ce]R}

is the set of all primitives of f on [a, b]

Example 1.5.1.

O f(x)=2x+1= F(x) =x*+x+c where cisa constant

® f(x) = x>+ cos(x) = F(x) = § + sin(x) + ¢ where c is a constant.

Theorem 1.5.2. Every continuous function on [a, b] admits a primitive on [a, b]

19
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Remark 1.5.1.
The set of all primitives of the function f : [a,b] — Rs called the indefinite integral
of f and denoted by f f(x)dx

ff(x)dx:F+c, celR

Example 1.5.2.

f sin(x)dx = —cos(x) +¢, c€R

Definition 1.5.2.
Let f be a continuous function on [a, b] and F one of its primitives. We call the integral

of f between a and b the quantity

b b
f Fx)dx = [F(x)] — F(b) - F(a)
Example 1.5.3.

Using the primitives, we obtain

1.5.1 Properties of the integral

Chasles relation

Let f : [a,b] — R be a continuous function and let ¢ €]a, b[, then

Lbf(x)dx = f:f(x)dx + Ibf(x)dx

["fdx =0and [ fxdx = - [ f(x)dx

20
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Linearity of the integral

Let f, ¢ be two continuous functions on [4,b] and a, f € R, then
b b b
[ @+ pswax=a [ seep [ geous

Positivity of the integral

Let f : [a,b] — R be a continuous function, then
b
f is positive = f f(x)dx >0

Increasing of the Integral

Let f, g be two continuous functions on [a, b], then

b b
f(x) < gx) = f f(x)dx < f g(x)dx

Remark 1.5.2.

| ’ Feogodx # | ' o | P
fabf(x)dx < fj |f(x)ldx

1.5.2 Integration methods

and

Direct integration

Table of usual primitives

21
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! Frimitives des fonctions lJ.-cl'.:'I.::-.:!
Dang  chagque Lgne, F et Iu:l-'-l primitive de [ sur iotervmlle J. Cs=  primitives soot
I umiques i une constante pris I notée .
fiz) | ' F{x)
A [comstante) K Az
I-
I E —+ O
1
J'II 4
™ (nEN R C
n+1
1
= = ou 0 In || +C
r|
— obmEMN, n3:2 o, O ou o - i
" n—1}=
1 = E
— 0, +oc T+ C
o T
inT R Elnr —x+(
e B = 4+ O
sin 4 =
T8 4 sin T+ &
E : 1 L n | S
+ tan* x - —+kr,—+krx|, E€EZ | tanx+ O
= r !
Integration by parts

Let f and g be two differentiable functions on [4, b], then we have

fa b f/(x)g(x)dx = [f(x)g(x)]z - f b F(0)g (x)dx

This resultis a direct consequence of the derivative of the product of two functions.

Example 1.5.4.
Calculate fol xe*dx
We pose
fW=x  f)=1
gEW=e g =e
then

1 1 1 1
f xe*dx = [xe"] - f fdx=e— [ex] =1
0 0 0 0

22
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Change of variable

Let f be a continuous function on [a, b] and g’ exists and continuous. This method

consists of putting x = g(t) in the integral and replacing dx by ¢'(t)dt

g(b)

b
(= f F(g(t) ¢/t

ga)

Example 1.5. 5
Calculate f

X+ \/_
by the change of variable t = \x = x = 1> = dx = 2tdt

Six=1 t=1

Six=4 t=2

thus

1 ? 2 3
f dr= | Gdt=2 i+ )] =23
1 X+ Vx 1t 1

Proposition 1.5.1. Let f be a continuous function on [a, b], then

® If f is a even function, then

f:: f(x)dx =2 fod f(x)dx

® If f is an odd function, then

faf(x)dx =0

23
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1.5.3 Opérations et primitives

! {rpérations et ;-ri'.r.ilil.l.ﬂ::!

On suppose que u o=t une fooction dériwmble sur un intervadle J

I — i
# Un= primitive de u'u™ sur [ =t [m e B
m+ 1

u’
o Une primitive de — sur T est ——

u u

> T l - ’

2 Une primitive de — sur J et —————— . (n e MN,n 2 2

un (m—1jun-1 3

sur I est 2.u (En suppoaant u = 0 sur T.)

# Lln= primitive de

F
o
.

z = _
o Une primitive de — sur [ est In |u
TR .
¢ Une primitive de w'e™ sur [ est 2
En particulier, siw > 0sw J st sia e BY {—1}, une primitive de w'n® sur I est :

Folia —u? +C mach){-1}
|'|1‘" 2+ 1
4 Inu + = 1

24
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