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2 Sets, Relations, and Applications 

2.1 Set theory  نظرية المجموعات 

Definition 2.1.1  A set is a collection of objects; any one of the objects in a set is called 

a member or an element of the set. If A is a set and a is an element of it, we write a ∈ A. 

The fact that ‘a is not an element of A’ is written as: 𝑎 ∉  𝐴.  

Example 2.1.1   

• {0, 1}, {𝑟𝑒𝑑, 𝑏𝑙𝑎𝑐𝑘}, 𝑎𝑛𝑑 𝑁 = {0, 1, 2, . . . }  𝑎𝑟𝑒 𝑠𝑒𝑡𝑠. 

• if A is the set {1, 4, 9, 2}, then 1 ∈  𝐴, 4 ∈  𝐴, 2 ∈  𝐴 𝑎𝑛𝑑 9 ∈  𝐴. 𝐵𝑢𝑡 7 ∉  𝐴, 

   نظرية المجموعات هو فرع من .المجموعة ه  وحدة تضم أشياء أو عناصر
تهتم تلك   .علم المنطق الرياض 

 والعلاقة بينها  المجموعات النظرية بدراسة

 .يمكن للمجموعة أن تكون خالية ولكن لا يمكن لها أن تحتوي على نفس العنصر أكتر من مرة

Definition 2.1.2  The set S, that contains no element, is called the empty set or the 

null set and is denoted by { } 𝑜𝑟 ∅. A set that has only one element is called a singleton 

set. 

Important sets in math 

✓ Natural numbers: 𝑁 =  {0,1,2,3, … }  

✓ Integers: 𝑍 =  {… ,−2, −1,0,1,2, … }  

✓ Positive integers: 𝑍+ = {1,2, 3. … } 

✓ Rational numbers: 𝑄 =  {𝑝/𝑞 | 𝑝  𝑍, 𝑞  𝑍, 𝑞  0}  

✓ Real numbers: 𝑅 

There are different ways for defining a set.  

1. Statement form  في شكل عبارة 

For example:  X is the set of even integers between 0 and 12. 

2. Listing all its elements (list notation) قائمة كل العناصر 

X = {2, 4, 6, 8, 10}:   

3. Stating a property with notation المجموعة مشتركة بين جميع عناصرالخاصية ال ذكر  

The set X = {2, 4, 6, 8, 10} can be written as: X = {x: 0 < x ≤ 10, x is an even 

integer} 

Example 2.1.2  E is the set of even integers between 50 and 63.  

1) E = {50, 52, 54, 56, 58, 60, 62}  

2) 𝐸 =   {𝑥 ∈ ℕ: 50 ≤  𝑥 <  63, 𝑥  𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟} 

https://ar.wikipedia.org/wiki/%D9%85%D9%86%D8%B7%D9%82_%D8%B1%D9%8A%D8%A7%D8%B6%D9%8A
https://ar.wikipedia.org/wiki/%D9%85%D8%AC%D9%85%D9%88%D8%B9%D8%A9_(%D8%B1%D9%8A%D8%A7%D8%B6%D9%8A%D8%A7%D8%AA)
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1.1.1 Operations on sets: Inclusion, union, intersection, complementary 

➢ Inclusion الاحتواء 

Definition 2.1.3  A set E is included in a set F, if every element of E is also an 

element of F, E is said to be a subset or a part of F. We write E ⊂ F.  

In other words: 𝐸 ⊂  𝐹 ⟺ ∀𝑥, 𝑥 ∈  𝐸 ⇒  𝑥 ∈  𝐹.  

هو أيضًا عنصر من    Eعناصر، إذا كان كل عنصر من  F في المجموعة محتواه   Eالمجموعة تكون :تعريف

 Fمن المجموعة  )او جزئية( مجموعة فرعيةهي  Eل أن وقن و F عناصر

⊃ 𝐸 نكتب  𝐹 بمعنى آخر ∀𝑥, 𝑥 ∈  𝐸 ⇒  𝑥 ∈  𝐹. 

Example 2.1.3. We have N ⊂ Z ⊂ Q ⊂ R. 

Notes:  

• When there exists 𝒙 ∈  𝑬 such that 𝒙 ∉ 𝑭, then we say that E is not a subset of 

F; and we write 𝐸 ⊈ 𝐹   

• Let X = {a, b, c}. Then a ∈ X but {a} ⊆ X. 

   ملاحظة:

∋ 𝑥عندما يكون هناك   •  𝐸  بحيث يكون𝑥 ∉ 𝐹 نقول أن  ، إذنE  ليست مجموعة فرعية منF ؛ ونكتب

𝐸 ⊈  𝐹 . 

Definition 2.1.4  Two sets E and F are equal if and only if each set is included in 

the other, that is to say: 𝑬 =  𝑭 ⇔  𝑬 ⊂  𝑭 𝒂𝒏𝒅 𝑬 ⊂  𝑭. 

 في الأخرى،  محتواه كل منهما كانت إذا وفقط إذا متساويتان Fو  Eمجموعتانتكون ال   تعريف

= 𝑬) أ  𝑭)  ⇔ (𝑬 ⊂  𝑭 و 𝑬 ⊂  𝑭) ∶  ي

Example 2.1.4 
A = {x ∈ R: |x − 1| ≤ 1} = [0, 2] 

Demonstration:  

A = {x ∈ R: |x − 1| ≤ 1} = {x ∈ R: −1 ≤ x − 1 ≤ 1} = {x ∈ R: 0 ≤ x ≤ 2} = [0, 2] 

{1,2,3}  =  {3,1,2}  

Definition 2.1.5  Let E be a set, the power set of E is the set of all subsets of E. The 

power set is denoted by P(A). which is characterized by the following relation: 

𝑷 (𝑬)  =  {𝑨 ∶  𝑨 ⊂  𝑬} 

، نرمز لها   Eأو مجموعة مجموعات  E  مجموعة أجزاءمجموعة، نشكل مجموعة تسمى   Eلنفترض أن  تعريف 

𝑷 (𝑬)  بالعلاقة التالية تعرفو 𝑃 (𝐸) بـ  =  {𝑨 ∶  𝑨 ⊂  𝑬} 
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If E is a set with n element, then Card 𝑃(𝐸)  =  2𝑛  

 

Example 2.1.5  If E = {1, 2, 3}, then P (E) = {∅, {1},{2},{3},{1,2},{1,3}, {2, 3}, 

{1, 2, 3}}.  Card 𝑃(𝐸) =  23 =  8 

Definition 2.1.6  Let E be a set and A ⊂ E. Then, the complement of A, denoted by 

𝐶𝐸𝐴 𝑜𝑟 𝐴
𝐶 , is the set of elements of E which do not belong to A 

 𝑨𝑪  is defined by 𝑨𝑪 = {𝒙 ∈  𝑬: 𝒙 ∉  𝑨}. 

𝑨 ∪  𝑨𝑪 = 𝑬 

 

𝐶𝐸𝐴 𝑜𝑟 𝐴  بـ إليه المشار ،A مكمل إذن، .E ⊂ A و مجموعة E لتكن   تعريف 
𝐶 عناصر مجموعة هو E لا التي 

 .A إلى تنتمي

• 𝐸𝑐   =  ∅ 𝑎𝑛𝑑 ∅𝑐  =  𝐸 

• 𝐴 ∪  𝐴𝑐 =  𝐸 𝑎𝑛𝑑 𝐴 ∩ 𝐴𝑐  =  ∅. 

➢ The union الاتحاد 

Definition 2.1.7  The union of A and B, denoted by 𝐴 ∪  𝐵 , is the set that consists 

of all elements of A and also all elements of B. That is to say:   

𝑨 ∪𝑩 = {𝒙| 𝒙 ∈ 𝑨 𝒐𝒓 𝒙 ∈  𝑩 }. 

وأيضًا    Aالمجموعة التي تتكون من جميع عناصر، هو   B ∪A، الذي يُشار إليه بالرمزBو  Aادـــاتح    تعريف

𝑨:   أي  B جميع عناصر ∪  𝑩 =  {𝒙| 𝒙 ∈  𝑨 𝒐𝒓 𝒙 ∈  𝑩 }. 

➢ The intersection التقاطع       

Definition 2.1.8  The intersection of A and B, denoted by 𝐴 ∩  𝐵, is the set of all 

common elements of A and B. More specifically,  

𝑨 ∩  𝑩 =  {𝒙| 𝒙 ∈  𝑨 𝒂𝒏𝒅 𝒙 ∈  𝑩}. 

Note: The sets A and B are said to be disjoint if 𝐴 ∩  𝐵 =  ∅ 

𝑨𝑪

𝑨 
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Example 2.1.6 

𝐼𝑓 𝐴 = {1,2, 3}𝑎𝑛𝑑 𝐵 = {2, 3, 4, 5}, 𝑠𝑜 𝐴 ∪ 𝐵 = {1, 2, 3, 4, 5} 𝑎𝑛𝑑 𝐴 ∩ 𝐵 =  {2, 3} . 

Proposition 

Let A, B, C be parts of a set E, then it is clear that: 

• Commutativity:  A ∩ B = B ∩ A and A ∪ B = B ∪ A. 

• Associativity:  A ∩ (B ∩ C) = (A ∩ B) ∩ C        

A ∪ (B ∪ C) = (A ∪ B) ∪ C. 

•Distributivity:  𝐴 ∪ (𝐵 ∩  𝐶)  =  (𝐴 ∪  𝐵)  ∩  (𝐴 ∪  𝐶)  

𝐴 ∩ (𝐵 ∪  𝐶)  =  (𝐴 ∩  𝐵)  ∪  (𝐴 ∪  𝐶)  

Demonstration of 𝐴 ∩ (𝐵 ∪  𝐶)  =  (𝐴 ∩  𝐵) ∪  (𝐴 ∪  𝐶) 

Let  𝑥 ∈  𝐴 ∩ (𝐵 ∪  𝐶))    ⇔  (𝑥 ∈  𝐴 𝑎𝑛𝑑 𝑥 ∈  𝐵 ∪  𝐶) 

         ⇔  (𝑥 ∈  𝐴 𝑎𝑛𝑑 (𝑥 ∈  𝐵 𝑜𝑟 𝑥 ∈  𝐶)) 

                                  ⇔  ((𝑥 ∈  𝐴 𝑎𝑛𝑑 𝑥 ∈  𝐵)𝑜𝑟 (𝑥 ∈  𝐴 𝑎𝑛𝑑 𝑥 ∈  𝐶)) 

  ⇔  (𝑥 ∈  𝐴 ∩  𝐵 𝑜𝑟 𝑥 ∈  𝐴 ∩  𝐶) 

⇔  𝑥 ∈  (𝐴 ∩  𝐵) ∪ (𝐴 ∩  𝐶)     

this means that  𝐴 ∩  (𝐵 ∪  𝐶) ⊂ (𝐴 ∩  𝐵)∪  (𝐴 ∩  𝐶)  

the equivalence (⇔) means that demonstration is correct in both directions so :  

(𝐴 ∩  𝐵) ∪ (𝐴 ∩  𝐶) ⊂ 𝐴 ∩ (𝐵 ∪  𝐶) 

{

𝐴 ∩ (𝐵 ∪ 𝐶) ⊂ (𝐴 ∩ 𝐵) ∪ (𝐴 ∪ 𝐶)
𝒂𝒏𝒅

(𝐴 ∩ 𝐵) ∪ (𝐴 ∪ 𝐶)  ⊂ 𝐴 ∩ (𝐵 ∪ 𝐶)
→  𝐴 ∩ (𝐵 ∪ 𝐶) = (𝐴 ∩ 𝐵) ∪ (𝐴 ∪ 𝐶) 

Definition 2.1.9 Let E be a set, we say that the set E is finite if the number of 

elements of E is finite. The number of elements of E is called the cardinality of E, it is 

denoted by 𝑪𝒂𝒓𝒅 (𝑬) 𝑜𝑟 |𝑬|. A set which is not finite is called an infinite set. 

رمز لعدد عناصر  محدودا. يُ هاإذا كان عدد عناصر محدودة  Eمجموعة، نقول أن المجموعة  Eلتكن  تعريف 

 |𝑬|  او 𝑪𝒂𝒓𝒅 (𝑬)ب   Eالمجموعة 

Example 2.1.9  

• If E = {0, 1, 2, 3}, then Card (E) = 4. 

• The set N is infinite, Card (∅) = 0. 

➢ The difference  مجموعتيـن الفــرق بيـن  
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Definition 2.1.10  Let A and B be two sets. we call difference of A and B, denoted 

𝐴\𝐵, the set formed of the elements x which belong to A and do not belong to B, that is to 

say:  𝐴\𝐵 =  {𝑥 ∈  𝐴 ∶  𝑥 ∉  𝐵} 

  تنتم  إلى x ، المجموعة المكونة من العناصرBو A الفرق بي    نسم  
 A\B بـ لها رمز ون  B ولا تنتم  إلى A الت 

Definition 2.1.11   We call the symmetric difference of A and B, denoted 𝐴∆𝐵, the set 

formed by the elements x which belong to 𝐴 ∪  𝐵 and do not belong to 𝐴 ∩  𝐵, that is to 

say:  

𝑨∆𝑩 =  (𝑨 ∪  𝑩)\ (𝑨 ∩  𝑩) =  (𝑨\𝑩) ∪ (𝑩\𝑨)  

  تنتم  إ x صرانعمن ال نة المكو ة ، المجموعBو  Aبي    تناظرينسم  الفرق ال
∪ 𝐴 لىآلت   𝐵  تنتم  الى  ولا 𝐴 ∩

 𝐵   ،ونرمز له بـ :  ب𝐴∆𝐵  

Example 2.1.10  If 𝐸 =  𝑅, 𝐴 =  [0, 1] and 𝐵 = ]0,+∞ [, then:  

𝐴\𝐵 =  {0}, 𝐵\ 𝐴 = ]1, +∞[ and 𝐴∆𝐵 =  {0}  ∪ ]1, +∞[ 

Example 2.1.11 

➢ Let 𝐴 = {1, 2, 4, 18} 𝑎𝑛𝑑 𝐵 = {𝑥 ∈ 𝑍: 0 < 𝑥 ≤ 5}.  

𝑇ℎ𝑒𝑛, 𝐴\𝐵 = {18}, 𝐵\𝐴 = {3, 5} 𝑎𝑛𝑑 𝐴∆𝐵 =  {3,5, 18}.  

➢ Let 𝑆 =  {𝑥 ∈  𝑅 ∶  0 ≤  𝑥 ≤  1} and T =  {𝑥 ∈  𝑅 ∶  0.5 ≤  𝑥 <  7}.  

Then, 𝑆 \ 𝑇 =  {𝑥 ∈  𝑅 ∶  0 ≤  𝑥 <  0.5} and 𝑇 \ 𝑆 =  {𝑥 ∈  𝑅 ∶  1 <  𝑥 <  7}.  

We state more properties of sets.  

Let E be the universal set and A, B ⊆ U. Then,  

• 𝐴 ∪  𝐸 =  𝐸 𝑎𝑛𝑑 𝐴 ∩  𝐸 =  𝐴  

• (𝐴𝐶  )𝐶 =  𝐴  

• 𝐴 ⊆  𝐴𝑐  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴 =  ∅. 

• 𝐴 ⊆  𝐵 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑐 ⊆ 𝐴𝑐 

• 𝐴 = 𝐵𝑐 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴 ∩  𝐵 =  ∅ 𝑎𝑛𝑑 𝐴 ∪  𝐵 =  𝐸  

• 𝐴\𝐵 =  𝐴 ∩  𝐵𝑐  𝑎𝑛𝑑 𝐴  𝐵 =  𝐵 ∩ 𝐴𝑐 

• 𝐴∆𝐵 =  (𝐴 ∪  𝐵) (𝐴 ∩  𝐵) 

• 𝐷𝑒 − 𝑀𝑜𝑟𝑔𝑎𝑛’𝑠 𝐿𝑎𝑤𝑠:  

(𝐴 ∪  𝐵)𝑐 = 𝐴𝑐  ∩  𝐵𝐶   

(𝐴 ∩  𝐵)𝑐  =  𝐴𝑐  ∪  𝐵𝑐 
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Exercise 2.1  (Demonstration of Morgan's Law). 

Let A and B be parts of a set E, demonstrate that:  

1.  (𝐴 ∩  𝐵)𝑐  =  𝐴𝑐 ∪ 𝐵𝑐     𝑎𝑛𝑑       2.  (𝐴 ∪  𝐵)𝑐  =  𝐴𝑐  ∩  𝐵𝑐 

Demonstration 

1. Let  𝑥 ∈  (𝐴 ∩  𝐵)𝑐  ↔  𝑥 ∉ (𝐴 ∩  𝐵)    

𝑥 ∉  (𝐴 ∩  𝐵) 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 ∈  (𝐴 ∩  𝐵)  

So 𝑥 ∉ (𝐴 ∩  𝐵) ↔    𝑥 ∈  (𝐴 ∩  𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ↔ 𝑥 ∈  𝐴 𝑎𝑛𝑑 𝑥 ∈  𝐵̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   ↔  𝑥 ∉ 𝐴 𝑜𝑢 𝑥 ∉ 𝐵 ↔

 𝑥 ∈ 𝐴𝑐  𝑜𝑢 𝑥 ∈ 𝐵𝑐  ↔  𝑥 ∈  𝐴𝑐 ∪ 𝐵𝑐    

2. Let 𝑥 ∈  (𝐴 ∪  𝐵)𝑐 ↔  𝑥 ∉  (𝐴 ∪  𝐵) 

𝑥 ∉  (𝐴 ∪  𝐵) 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 ∈  (𝐴 ∪  𝐵)  

So 𝑥 ∉ (𝐴 ∪  𝐵) ↔    𝑥 ∈  (𝐴 ∪  𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ↔  𝑥 ∈  𝐴  𝒐𝒓 𝑥 ∈ 𝐵̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ↔ 𝑥 ∉ 𝐴 𝒂𝒏𝒅 𝑥 ∉

𝐵 ↔  𝑥 ∈ 𝐴𝑐  𝑎𝑛𝑑 𝑥 ∈ 𝐵𝑐  ↔  𝑥 ∈  𝐴𝑐 ∩𝐵𝑐 

1.1.2 Cartesian Product لجداءا   
الديكارت   

Definition 2.1.12  We call the Cartesian product of two sets E and F the set of couples 

(x, y) where x ∈ E and y ∈ F. it denoted by E ×F 

𝑬 ×  𝑭 =  {(𝒙, 𝒚): 𝒙 ∈  𝑬 𝒂𝒏𝒅 𝒚 ∈  𝑭}. 

  لمجموعتي    لجداءا
∋ 𝑥 حيث  (x,y)الأزواج مجموعة هو 𝐹 و 𝐸 الديكارت   𝐸 و 𝑦 ∈  𝐹  .ويرمز له ب ـ  𝐸 × 𝐹  

Example 2.1.12  If  E = {1, 2} and F = {3, 5}, then: 

• 𝐸 ×  𝐹 =  {(1, 3), (1, 5), (2, 3), (2, 5)} 
• 𝐹 ×  𝐸 =  {(3, 1), (3, 2), (5, 1), (5, 2)}6 =  𝐸 ×  𝐹 

• Note: E x F  E x F ! 

 
The elements of 𝐸 ×  𝐹 {(𝑥, 𝑦): 𝑥 ∈  𝐸 𝑎𝑛𝑑 𝑦 ∈  𝐹} are also called ordered pairs. Thus, 

(𝑥1, 𝑦1)  =  (𝑥2, 𝑦2) if and only if 𝑥1  =  𝑥2  𝑎𝑛𝑑 𝑦1  =  𝑦2 

• The Euclidean plane, denoted by 𝑅2  =  𝑅 ×  𝑅 =  {(𝑥, 𝑦) ∶  𝑥, 𝑦 ∈  𝑅} 

• ∅ × F = E × ∅ = ∅ 

• If card E = n and card F= m we have card 𝐸 ×  𝐹 =  𝑛 ×𝑚 

Exercise 

Let: 𝑋 = {𝑎, 𝑐} 𝑎𝑛𝑑 𝑌 =  {𝑎, 𝑏, 𝑒, 𝑓}. 

Write down the elements of: 
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• X × Y  

𝑋 ×  𝑌 = {(𝑎, 𝑎), (𝑎, 𝑏), (𝑎, 𝑒), (𝑎, 𝑓), (𝑐, 𝑎), (𝑐, 𝑏), (𝑐, 𝑒), (𝑐, 𝑓)} 

• 𝑌 ×  𝑋  

 𝑌 ×  𝑋 = {(𝑎, 𝑎), (𝑎, 𝑐), (𝑏, 𝑎), (𝑏, 𝑐), (𝑒, 𝑎), (𝑒, 𝑐), (𝑓, 𝑎), (𝑓, 𝑐)} 

• X 2  

𝑋 2 = 𝑋 ×  𝑋 =  {(𝑎, 𝑎), (𝑎, 𝑐), (𝑐, 𝑎), (𝑐, 𝑐)} 

• What could you say about two sets A and B if A × B = B × A?  

They are equal: A = B 

2.2 Relations 

In this section, we introduce the set theoretic concepts of relations and functions. We will 

use these concepts to relate different sets. This method also helps in constructing new sets 

from existing ones. 

في هذا القسم، نقدم المفاهيم النظرية للعلاقات والوظائف. سوف نستخدم هذه المفاهيم لربط مجموعات مختلفة. تساعد  

 .هذه الطريقة أيضًا في إنشاء مجموعات جديدة من المجموعات الموجودة

2.2.1 Relations   اتــلاقــالع 

Definition 2.2.1 Let E and F be two nonempty sets. A relation ℛ from E to F is a 

subset of E × F which contains a collection of certain ordered pairs (𝑥 ∈ 𝐸) and (𝑦 ∈ 𝐹) . 

We write 𝑥ℛ𝑦 to 𝑚𝑒𝑎𝑛 (𝑥, 𝑦)  ∈  ℛ ⊆  𝐸 ×  𝐹. A relation on a set E ( 𝐸 ×  𝐸) is called a 

binary relation. 

 عناصر  نرفق بان تسمح خاصية  كل F و E المجموعتي    بي     ℛ علاقة نسم   . خاليتي    غت   نامجموعت F و  E لتكن

E (𝑥 من ∈ 𝐸)   من بعناصر F (𝑦 ∈ 𝐹)  نكتبو  𝑥𝑅𝑦  من فرعيةال مجموعةال ه  و F × E   
  مجموعة  تضم الت 

  مرتبةال الثنائيات من معينة

𝑥ℛ𝑦 ∶  (𝑥, 𝑦) ∈  ℛ ⊆  𝐸 ×  𝐹 

 

Definition 2.2.2  Let ℛ be a binary relation on a set E. For all 𝑥,𝑦, 𝑧 ∈ 𝐸, we say 

that ℛ is: 

1. Reflexive )الانعكاس(, if each element is in relation to itself, that is to say : 

𝑥ℛ𝑥, ∀𝑥 ∈  𝐸. 

2. Symmetric )التنــاظر(, if for all x, y ∈ E, if x is in relation with y then y is in 

relation with x, i.e.  : 
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𝑥ℛ𝑦 ⇒  𝑦ℛ𝑥, ∀𝑥, 𝑦 ∈  𝐸. 

3. Transitive )التعــدي(, if for all 𝑥, 𝑦, 𝑧 ∈  𝐸, if x is in relation with y and y in relation 

with z then x is in relation with z, i.e : 

(𝑥ℛ𝑦 𝑎𝑛𝑑 𝑦ℛ𝑧)  ⇒  𝑥ℛ𝑧, ∀𝑥, 𝑦, 𝑧 ∈  𝐸. 

4. Anti-symmetric )ضد تناظرية(   , if two elements are related to each other, then they 

are equal, that's to say: 

(𝑥ℛ𝑦 𝑎𝑛𝑑 𝑦ℛ𝑥)  ⇒  𝑥 = 𝑦, ∀𝑥, 𝑦 ∈  𝐸 

Example 2.2.1 consider the relations below. Tell whether the following relations 

are reflexive, symmetric, transitive and anti-symmetric 

a. ℛ1 = {(x, y)|x = y} 

𝑥ℛ1𝑥 ?   𝑥 = 𝑥 ℛ1 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 

𝑥ℛ1𝑦 ⇒ 𝑦𝑅𝑥?   𝑥 = 𝑦 ⇒ 𝑦 = 𝑥 is symmetric 

𝑥ℛ1𝑦 𝑎𝑛𝑑 𝑦ℛ1𝑧 ⇒ 𝑥ℛ1𝑧? 𝑥 = 𝑦 𝑎𝑛𝑑 𝑦 = 𝑧 ⇒ 𝑥 = 𝑧  ℛ1 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒  

b. ℛ2 = {(x, y)|x ≤ y}. {(1,1); (1,3); (2,4)}  ⊂  ℛ2 

o 𝑥ℛ2𝑥 ?   𝑥 ≤ 𝑥 ℛ2 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 

o 𝑥ℛ2𝑦 ⇒ 𝑦ℛ2𝑥?  x ≤ y ⇏  y ≤ x is not symmetric 

o 𝑥ℛ2𝑦 𝑎𝑛𝑑 𝑦ℛ2𝑥 ⏟          
𝑃

⇒ 𝑥 = y ⏟  
𝑄

?  𝑥 ≤ y and 𝑦 ≤ x  ⇒ 𝑥 = 𝑦 . 

ℛ2  𝑎𝑛𝑡𝑖 − 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐   

o 𝑥ℛ2𝑦 𝑎𝑛𝑑 𝑦ℛ2𝑧 ⇒ 𝑥ℛ2𝑧 ?  x ≤ y and y ≤ z ⇒ x ≤ z  

ℛ2 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 

Example 2.2.2 we define the relation ℛ on A by: 

 𝑥 ℛ 𝑦 ⇔  𝑥 −  𝑦 ≥  0 𝑜𝑟 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒: ℛ =  {(𝑥, 𝑦)| 𝑥 − 𝑦 ≥ 0} 

Let A = {a, b, c, d}. Some binary relations ℛ on A are:  

• ℛ =  𝐴 ×  𝐴. 
• ℛ =  {(𝑎,𝑎), (𝑏, 𝑏), (𝑐, 𝑐), (𝑑, 𝑑), (𝑎, 𝑏), (𝑎, 𝑐), (𝑏, 𝑐)}. 

• ℛ =  {(𝑎,𝑎), (𝑏, 𝑏), (𝑐, 𝑐)}. 

Sometimes, we draw pictures to have a better understanding of different relations. 
 للحصول على فهم أفضل للعلاقات المختلفة  نستعين برسمفي بعض الأحيان، 

Example 2.2.3 Let A = {1, 2, 3}, B = {a, b, c} and 

let ℛ = {(1, a),(1, b),(2, c)}. The following figure represents 

the relation ℛ.  
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1.2.2 Equivalence relation   ؤــة التكافـــعلاق 

Definition 2.2.3  Let E be a nonempty set. A relation on E is called an equivalence 

relation if it is reflexive, symmetric, and transitive. Tow elements related by equivalence 

relation are said to be equivalent, denoted as a∼b.   

 

Example 2.2.4 Let R be a relation on the set of real numbers ℝ such that 𝑎 ℛ 𝑏 if 

and only if a-b is an integer ℛ = {(𝑎, 𝑏) ∈ 𝑅2|(𝑎 − 𝑏) ∈ ℤ }. Is this an equivalence 

relation? 

Reflexive? ∀𝑎 ∈  ℝ 𝑎 ℛ 𝑎?   𝑎 − 𝑎 = 0 ∈ ℤ so ℛ is reflexive 

Symmetric? ∀𝑎, 𝑏 ∈ ℝ   a ℛ b ⇒ 𝑏ℛ𝑎?  ∀𝑎, 𝑏 ∈ ℝ ∶ 𝑎 − 𝑏 ∈ ℤ − (𝑎 − 𝑏) ∈ ℤ so ℛ is 

symmetric 

Transitive? 𝑎ℛ𝑏 𝑎𝑛𝑑 𝑏ℛ𝑐 → 𝑎ℛ𝑐 ? ∀𝑎, 𝑏 ∈ ℝ: 𝑎 − 𝑏 ∈ ℤ 𝑎𝑛𝑑 𝑏 − 𝑐 ∈ ℤ →  𝑎 −

𝑐 𝑖𝑠 𝑖𝑡 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟?  

𝑎 − 𝑐 = 𝑎 − 𝑏 + 𝑏 − 𝑐 =  (𝑎 − 𝑏) + (𝑏 − 𝑐) ∈ ℤ so, ℛ is transitive  

R is: Reflexive, symmetric and transitive so ℛ is an equivalence relation 

➢ Equivalence classes  فئــة التكافــؤ 

We call equivalence classes of 𝑎, the set of elements equivalent to an element through the 

equivalent relation R, is denoted [𝑎]𝑅 

، يُشار إليها   R ؤكافتعلاقة الموعة العناصر المكافئة لعنصر ما من خلال ، مجa نحن نطلق على فئات التكافؤ لـ

 𝑅[𝑎] بالرمز

Let R be the equivalence relation on Z such that: aℛ𝑏 ⇔ (𝑎, 𝑏) ∈ ℤ2: 𝑎 = 𝑏 𝑜𝑟 𝑎 = −𝑏  

The equivalence classes of 𝑎 ∈ ℛ: 

⌈1⌉ =  [1, −1], ⌈2⌉ =  [2, −2]… . ⌈𝑎⌉ =  [𝑎, −𝑎] 𝑎 ∈ 𝑍 

1.2.3 Partial Order relation ي  ــزئـب الجــتية الت  ــلاقع  

Definition 2.2.4 A binary relation ℛ on E is called a partial order relation (an order 

relation) if it is antisymmetric, transitive and reflexive. 

Example 2.2.5  Let ℛ be the relation defined on ℝ by the relation  𝑥 ≤ 𝑦, that is to 

say 

𝑥ℛ𝑦 ⇔ (𝑥, 𝑦) ∈  ℝ ×ℝ:  𝑥 ≤ 𝑦  
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1.2.4 Total order relation كلـــي  ب الــتية الت  ــلاقع   

Definition 2.2.5 Let ℛ be an order relation defined on a set E, we say that ℛ is total 

order, if 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈  𝐸,  

1.  a partial order, and 

2. for any pair of elements x and y of ℛ:  𝑥ℛ𝑦 𝑜𝑛𝑙𝑦  𝒐𝒓 𝑦𝑅𝑥 𝑜𝑛𝑙𝑦.  

2.3 Functions (maps) اتـــقيالتطب  

2.3.1 Definitions  

Definition 2.3.1.  Let X and Y be two sets, we call function of X in Y, any relation f 

between the elements of X and those of Y which associates with every element of X at 

most one element of Y.  

A function from a set X to another set Y which to every element x ∈ E assigns a unique 

element y ∈ F is called a map or mapping (application). 

Functions are usually denoted using letters 𝑓, 𝑔…  If f is a function from the set X to the 

set Y, we write. 

𝒇:𝑿 → 𝒀 

𝒙 → 𝒇(𝒙) 

The starting set X is called the domain of the function 𝑓 

The arrival set F is called Images. 

The element x is said to be the antecedent and y is said to be the image of x by f. 

 

Definition 2.3.2 Let 𝑓 ∶  𝐸 →  𝐹 be a map. We call the domain of f, denoted 𝐷𝑓 the 

set of elements 𝑥 ∈  𝐸 to which there exists a unique element 𝑦 ∈  𝐹, such that 𝑦 =  𝑓 (𝑥) 

Definition 2.3.3 (Graph) Let E and F be given sets. The graph of a function  

𝑓: 𝐸 →  𝐹 𝑖𝑠 𝛤𝑓{(𝑥, 𝑓 (𝑥)): 𝑥 ∈  𝐸}  ⊂  𝐸 ×  𝐹 

 

Definition 2.3.4 (Equality). Let 𝑓, 𝑔 ∶  𝐸 →  𝐹 be tow maps. We say that 𝑓, 𝑔 are equal 

if and only if for all 𝑥 ∈  𝐸: 𝑓 (𝑥)  =  𝑔 (𝑥). We then write 𝑓 =  𝑔. 

 

Definition 2.3.5 The function f : X → X defined by f(x) = x, for all x ∈ X, is called 

the identity function.  
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The function 𝑓 ∶  𝑋 →  𝑅 𝑤𝑖𝑡ℎ 𝑓(𝑥)  =  0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈  𝑋, is called the zero function. 

Example 2.3.1 Let 𝑓 ∶  𝑅 →  𝑅 defined by 𝑓 (𝑥)  =  √𝑥 + 1, then  

𝐷𝑓  =  {𝑥 ∈  𝑅 ∶  𝑥 +  1 ≥  0}  =  [−1,+∞[ 

Definition 2.3.6 Let 𝑓 ∶  𝐸 →  𝐹 be a function. Let A ⊆ E and 𝐴 ≠ ∅. The 

restriction of 𝑓 𝑡𝑜 𝐴, denoted by 𝑓𝐴, is the function  

𝑓𝐴: 𝐴 → 𝐹 

𝑓𝐴  =  𝑓(𝑥) ∀ 𝑥 ∈  𝐴. 

 

Composition of functions 

Definition 2.3.7 Let E, F and G be three sets and 𝑓,𝑔 be two functions such that: 

𝑓: 𝐸 →  𝐹 𝑎𝑛𝑑 𝑔: 𝐹 →  𝐺   (condition: 𝑖𝑚𝑔𝑓  ⊆  𝑑𝑜𝑚𝑔 ) Then, the composition of f and 

g, denoted by 𝑔 ◦  𝑓, is defined as:    

(𝑔 ◦ 𝑓) (𝑥)  =  𝑔 (𝑓 (𝑥)), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈  𝐸 

Example 2.3.2  

Let f, g be two functions so that: 𝑓 ∶  𝑅 → 𝑅 + 𝑒𝑡 𝑔 ∶  𝑅+  →  [1, +∞[ 

𝑓(𝑥) =  𝑥2,∀x ∈  𝑅              𝑎𝑛𝑑           𝑔(𝑥) = 2𝑥 + 1,∀x ∈  𝑅 + 

Then 𝑔 ◦  𝑓 ∶  𝑅 → [1, +∞[ is given by: 

(𝑔 ◦  𝑓) (𝑥)  =  𝑔 (𝑓 (𝑥))  =  𝑔( 𝑥2)  =  2𝑥2+  1 ∀𝑥 ∈  𝑅 

2.3.2 Direct and inverse image 

Definition (direct image)  Let A ⊂ E and 𝑓 ∶  𝐸 →  𝐹. The direct image of A 

by f is the set 𝑓 (𝐴)  =  {𝑓 (𝑥) ∶  𝑥 ∈  𝐴}  ⊂  𝐹. 

Example 2.3.3 Let 𝑓 ∶  𝑅 →  𝑅 defined by 𝑓 (𝑥) =  2𝑥 +  1, ∀𝑥 ∈  𝑅. 

 𝐼𝑓 𝐴 =  [0,1], then 𝑓 ([0, 1])  =  {𝑓 (𝑥) ∶  𝑥 ∈  [ 0, 1]}  

We have 𝑥 ∈  [0, 1]  ⇔  0 ≤  𝑥 ≤  1 ⇔  1 ≤  2𝑥 +  1 ≤  3, 

𝑠𝑜 𝑓 ([0, 1])  =  [1, 3] 

Example 2.3.4 Let f be the map defined by 𝑓 (𝑥)  =  𝑥2 𝑜𝑓 𝑅 →  𝑅+, then 𝑓−1([0, 1])  =

 {𝑥 ∈  𝑅 ∶  0 ≤  𝑥2  ≤  1} =  {𝑥 ∈  𝑅 ∶  0 ≤  |𝑥|  ≤  1}  =  [−1, 1]  



Mathematics 1                                                                                   Chapter II : Sets, Relations and Applications 

14 

Dr. Harizi 

2.3.3 Injective, surjective, bijective function 

Definition (Injection)  A function 𝑓 ∶  𝐸 →  𝐹 is said to be injective (also called 

one-one or an injection) if for 𝑎𝑙𝑙 𝑥, 𝑦 ∈  𝐸 , 𝑥1 ≠ 𝑥2 implies 𝑓(𝑥1)  ≠  𝑓(𝑥2). 

Equivalently, f is one-one if for all 𝑥1, 𝑥2 ∈ F, 𝑓(𝑥1)  =  𝑓(𝑥2) implies 𝑥1  =  𝑥2. 

∀𝑥1, 𝑥2  ∈  𝐸 ∶  𝑓 (𝑥1)  =  𝑓 (𝑥2)  ⇒  𝑥1  =  𝑥2 

 لاتوجد او واحدة سابقة لها صورة كل يعني الأكثر على سابقة صورة لكل

Example 2.3.5 

1. Let X be a nonempty proper subset of Y. Then f(x) = x is a one-one map from X to 

Y.  

2. The function f: Z → Z defined by f(𝑥) = 𝑥2 is not one-one as f(−1) = f(1) =  1. 

3. The function f : {1, 2, 3} → {a, b, c, d} defined by f(1) = c, f(2) = b and f(3) = a, 

is injective. 

 

Definition (surjection)  A function 𝑓 ∶  𝑋 →  𝑌 is said to be surjective (also called 

onto or a surjection) if 𝑓−1 ({𝑏})  ≠ ∅ for each b ∈ Y. Equivalently, 𝑓 ∶  𝑋 →  𝑌 is onto if 

there exists a pre-image under f, for each b ∈ Y. 

∀𝑦 ∈  𝐹, ∃𝑥 ∈  𝐸:  𝑦 =  𝑓 (𝑥). 

 سابقة بدون صورة توجد لا  يعني الأقل على سابقة صورة لكل

Examples 

1. Let X be a nonempty set. Then the identity map on X is surjective.  

2. 𝑓: 𝑅+ → 𝑅+  defined by 𝑓(𝑥) = 𝑥2 is surjective 

3. 𝑓: 𝑅 →  𝑅 defined by 𝑓(𝑥) = 𝑥2 is not surjective: for 𝑦 =  −1 there is no 𝑥 

 

Definition (bijection)  Let X and Y be sets. A function 𝑓 ∶  𝑋 →  𝑌 is said to be 

bijective (also call a bijection) if 𝑓 is both injective and surjective. This is equivalent to: 

for all y ∈ F there exists a unique x ∈ E such that y = f (x). In other words:  

∀𝑦 ∈  𝐹, ∃! 𝑥 ∈  𝐸 𝑦 =  𝑓 (𝑥). 

 يعني كل صورة لها سابقة وهي وحيدة كل الصور لها سوابق وكل السوابق مختلقة
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Examples 

1. The function 𝑓 ∶  {1, 2, 3}  →  {𝑎, 𝑏, 𝑐} defined by f(1) = c, f(2) = b and f(3) = a, is 

a bijection. Thus, f −1 : {a, b, c} → {1, 2, 3} is a bijection 

3. Let X be a nonempty set. Then the identity map: 𝑓(𝑥)  =  𝑥 on X is a bijection. 

4. Let f be the map defined by 𝑓 (𝑥)  =  𝑥 −  7 from Z → Z, then f is bijective. 

Indeed, let y ∈ Z, such that f (x) = y, then x = y + 7, so there exists a unique x in Z 

such that y = f (x). 

 


