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2 Sets, Relations, and Applications

2] Set theory wle gaseall doylas

Definition 2.1.1 A set is a collection of objects; any one of the objects in a set is called
a member or an element of the set. If A is a set and a is an element of it, we write a € A.
The fact that ‘a is not an element of A’ is writtenas: a & A.

Example 2.1.1
e {0,1},{red,black},and N = {0,1,2,...} are sets.
o ifAistheset{1,4,9,2},thenl € A,4 € A,2 € Aand9 € A.But7 ¢ A,

el qigs. (92Ul 3larall ple (0 £58 98 Wile gazmall diyka . solic ol slhidl @il Bu>g (B de gamall
Lo @My cile gazmall duslyds &yl

Byo (0 AST paiall i (e S92 O g oS Y 809 A 0585 Of e gazeall (S
Definition 2.1.2 The set S, that contains no element, is called the empty set or the

null set and is denoted by { } or @. A set that has only one element is called a singleton
set.

Important sets in math

v Natural numbers: N = {0,1,2,3, ...}

Integers: Z = {...,—2,—-1,0,1,2, ...}

Positive integers: Z* = {1,2,3....}

Rational numbers: Q = {p/q|p €Z,q €Z,q =0}
Real numbers: R

AN NI NI N

There are different ways for defining a set.
1. Statement form s e JS&
For example: X is the set of even integers between 0 and 12.
2. Listing all its elements (list notation) _aliall JS 4.8
X=1{2,4,6,8,10}:

3. Stating a property with notation 4c seaall jualic area (0 4S Jidall dpualall S5
The set X = {2, 4, 6, 8, 10} can be written as: X = {x: 0 <x <10, x is an even
integer}

Example 2.1.2 E is the set of even integers between 50 and 63.

1) E = {50, 52, 54, 56, 58, 60, 62}
2)E = {x e N:50 < x < 63, x is an even integer}
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1.1.1 Operations on sets: Inclusion, union, intersection, complementary

> Inclusion &) siaY!

Definition 2.1.3 A set E is included in a set F, if every element of E is also an
element of F, E is said to be a subset or a part of F. We write E C F.
In otherwords: E ¢ F & Vx,x € E > x € F.
(n maie Uail 4 B pealic o jeaie JS IS 1Y) ¢ Fde saaall Gdolsiaa E A ganal) 585 sdy i
F de gaadl) (50 (B30 o) e A sara 4 E o J5i 5 F pealic
Vx,x EE = x € FAlL»aF C F &

Example 21.3. Wehave Nc Zc Q c R.

Notes:
e  When there exists x € E such thatx & F, then we say that E is not a subset of
F; and we write E € F
o LetX={a,b,c}.Thena€ Xbut{a} € X.

«al3aMa
S5 ¢F (ede e pae L Bl J@ 0N cx @ F 05y x € Edia g Silaxic o
EZF
Definition 2.1.4 Two sets E and F are equal if and only if each set is included in

the other, thatistosay: E = F & E ¢ FandE c F.

(s AN (b ol sine Lagha JS i€ 13) it g 1) (Ui glia F s Bolie sanal) (0S5 Gy o5
(E=F) o (EcFsEcF):J

Example 2.1.4
A={x€eR:|x—-1|<1}=]0,2]

Demonstration:
A={x€eR:x-I|S1l}={x€R-1<x-1=<1}={x€R:0<x<2} =0, 2]
{1,2,3} = {3,1,2}

Definition 2.1.5 Let E be a set, the power set of E is the set of all subsets of E. The
power set is denoted by P(A). which is characterized by the following relation:
P(E) ={A: A c E}
Ll 3y ¢ E e sanade sana S B slja) 48 gana oniide sane JSEI de saan B Of g it oy i
P(E) = {A: A c E}40a8hlL e 25 P (E) =

4
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If E is a set with n element, then Card P(E) = 2"

Example 2.1.5 IfE = {1,2,3}, then P(E)= {@, {1},{2},{3}.,{1,2},{1,3}, {2, 3},
{1,2,3}}. CardP(E) = 23 = 8

Definition 2.1.6 Let E be a set and A c E. Then, the complement of A, denoted by
CpA or A€ | is the set of elements of E which do not belong to A

A€ is defined by A = {x € E:x ¢ A}.

AU A =E

AC

Y A E salie de sane 8 CpA or AC 24l JLid) (A U (o) A CE sdesaae E S iy s

e E¢ = @Qand @ = E
e AU A= Eand A n A° = Q.
» The union J.3Y)
Definition 2.1.7 The union of A and B, denoted by A U B, is the set that consists

of all elements of A and also all elements of B. That is to say:

AUB={x|x€Aorxe€ B}.

Lol s A palic asen e 0 5S35 il de sanall 58 ¢ A U B el aall Jlis o3 (B s A sladl Ciy s
AUB = {x|x € Aorx € B}. : 6/ B salic gaaa

> The intersection edlall

Definition 2.1.8 The intersection of A and B, denoted by A N B, is the set of all
common elements of A and B. More specifically,

ANB = {x|x € Aandx € B}.

Note: The sets A and B are said to be disjoint if A N B = @

Dr. Harizi
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Example 2.1.6
If A={1,2,3}and B = {2,3,4,5},s0o AUB ={1,2,3,4,5}and AnB = {2,3}.

Proposition
Let A, B, C be parts of a set E, then it is clear that:

« Commutativity: ANB=BNAandAUB=BUA.

* Associativity: ANBNCO=ANB)NC
AuBUC)=(AuB)UC.

*Distributivity: AuBNC)=(AUB)Nn(AULO)
AnBUC)=ANBUAULOL
Demonstrationof AN (BU C) = (AN B)U (AU ()
Let x e AN (BUC) © (x € Aandx € B U ()
= (x € Aand (x € Borx € C))
=3 ((x € Aandx € B)or (x € Aand x € C))
© (xe€e AnBorx € AnC)
©x€e(ANB)U(AnO0C
thismeansthat A N (B U C)c (AN B)U (A n C)
the equivalence (<) means that demonstration is correct in both directions so :
AnNnBUANC)cAn (B UO
AnNn(BulC)c(AnB)u(4u )
and - An(BUC)=(ANB)U(AUC)
(ANB)U(AUC) cAn(BUCO)

Definition 2.1.9 Let E be a set, we say that the set E is finite if the number of
elements of E is finite. The number of elements of E is called the cardinality of E, it is

denoted by Card (E) or |E|. A set which is not finite is called an infinite set.

palic a2l ja ) agaaa s yalic axe K13 83 00as F e seaall f J o dde saan B oS8 oy o
Card (E) 5 |E| @ E 4c sl

Example 2.1.9

o IfE={0,1,2,3}, then Card (E)=4.
e The set N is infinite, Card (@) = 0.

> The difference (e sane (2 (34l
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Definition 2.1.10 Let A and B be two sets. we call difference of A and B, denoted
A\B, the set formed of the elements x which belong to A and do not belong to B, that is to
say: A\B = {x € A: x ¢ B}

A\B 2 ) 30539 B J x5 Y9 A | (0535 (&)l X _moliadl (pe &59S)l de gazxall By A (0 3yl s

Definition 2.1.11 We call the symmetric difference of A and B, denoted AAB, the set
formed by the elements x which belongto A U B and do not belong to A N B, that is to
say:

AAB = (A U B)\ (A4 n B) = (A\B) U (B\A)

ANl @i5Ys A U Bl w85 @TX _soliadl o 89Sl de gamall B 9 A o (LU 3,801 (o
AAB :sdey9¢0 B

Example 2.1.10 IfE = R,A = [0,1]and B =]0,+o00 [, then:
A\B = {0}, B\ A =]1,+o[and AAB = {0} U], +oo[

Example 2.1.11
» LetA=1{1,2,4,18}and B={x € Z: 0 < x < 5}.

Then, A\B = {18}, B\A = {3,5} and AAB = {3,5,18}.
» LetS ={x e R: 0 <x < 1}andT={x € R: 05 < x < 7}
Then, S\T = {x € R: 0 < x < 05}andT\S ={x €ER: 1 < x < 7}
We state more properties of sets.

Let E be the universal set and A, B € U. Then,

e AUE =FEandANE =A

o (A =4

e AC A°ifand onlyif A= 0.

e AC Bifandonlyif B < A¢

e A=BCifandonlyif AN B = QandA UB = E

e AAB=ANB‘andA B = B n A°

e AAB =(AUB)(ANB)

e De— Morgan's Laws:
(A U B) = A° n B€
(An B)¢ = A° U B¢
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Exercise 2.1 (Demonstration of Morgan's Law).
Let A and B be parts of a set E, demonstrate that:
1. (AN B) = AUB¢ and 2. (AU B) = A° n B¢
Demonstration
1. Let x€ (ANB) & x¢& (AN B)

x ¢ (A N B)isthenegationof x € (A N B)

Sox¢ ANB)eo x€ (ANB) ox€ Aandx€ B & x ¢Aoux¢ B &
x EAoux € B¢ & x € A°U B¢

2. Letxe (AUB)o x¢& (AU B)
x & (A U B)isthenegationof x € (A U B)
Sox#¢ (AUB) © x€ (AUB) © x€ Aorx EBeox ¢ Aandx ¢
B & x €Aand x € B¢ & x € A°NB¢

1.1.2  Cartesian Product 3,51 slas!

Definition 2.1.12 We call the Cartesian product of two sets E and F the set of couples
(x,y) where x € E and y € F. it denoted by E xF

E X F = {(x,y):x € Eandy € F}.

E XFsd3eps.y € Fox € ECu> (xy) o) degome 98 E 9 Fpie gozeod 3,801 sl

Example 2.1.12 If E={1,2} and F= {3, 5}, then:
e EXF ={(,3),(1,5),(2,3),(2,5)}
e FXE =1{3,1),@372),5,1),5,2)}6=E xXF
e Note:ExF#ExF!

The elements of E X F {(x,y):x € Eandy € F} are also called ordered pairs. Thus,
(x1,71) = (x,,y,) ifand only ifx; = x, andy;, = y,

e The Euclidean plane, denoted by R2 = R X R = {(x,y): x,y € R}
e PxF=Ex@=0
e Ifcard E=nandcard F=mwehavecardE X F = nXm

Exercise

Let: X = {a,c}andY = {a,b,e, f}.
Write down the elements of:
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o XxY
X xY = {(a,a),(a,b)(ae)(af) (ca)cb)(ce)(cf)}

e Y XX

Y x X = {(a,a),(a,c),(b,a),(b,c), (e a)(ec)(f a) (f c)}
e X2
X?2=X x X = {(a,a),(a,c),(ca),(cc)}
What could you say about two sets Aand Bif Ax B =B x A?

They are equal: A=B
2.2 Relations

In this section, we introduce the set theoretic concepts of relations and functions. We will

use these concepts to relate different sets. This method also helps in constructing new sets

from existing ones.

selud Adlide e gana oy )l aaliall o3 addics i gus il gl 5 cilEDlall 4 jlail) aliall a2k canidll 138 3
3353 sall Cile ganall (e 3aaa e sane £ L) 8 Wl 43 hall 28

221 Relations <@yl

Definition 2.2.1 Let E and F be two nonempty sets. A relation R from E to F is a
subset of E x F which contains a collection of certain ordered pairs (x € E) and (y € F) .
We write xRy to mean (x,y) € R € E X F.Arelationonaset E (E X E)iscalled a
binary relation.

robie 335 0L god duols SF 9 E (iegazeall i R &8s (pud 5 a8 Olis gozma F 9 E S
ac gazo @l (G E X F oo dueyall dc gozall (29 XRY SS9 (¥ € F) F oo sl (x € E) E o0
35,0l S 0 ipns

xRy: (x,y) E RS E XF

Definition 2.2.2 Let R be a binary relation on a set E. For all x,y,z € E, we say
that R is:

1. Reflexive (uS=3V1), if each element is in relation to itself, that is to say:
xRx,Vx € E.

2. Symmetric (LbL), if for all x, y € E, if x is in relation with y then y is in
relation with x, i.e. :

Dr. Harizi
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xRy = yRx,Vx,y € E.

3. Transitive (g2~=), if for all x,y,z € E,if x is in relation with y and y in relation

with z then x is in relation with z, i.e:
(xRy and yRz) = xRz, Vx,y,z € E.

4. Anti-symmetric (bl aa) | if two elements are related to each other, then they

are equal, that's to say:
(xRy and yRx) = x =y,Vx,y € E

Example 2.2.1 consider the relations below. Tell whether the following relations
are reflexive, symmetric, transitive and anti-symmetric

a. Ry ={xykx=y}
xRix? x =xR,isreflexive
xR,y = yRx? x =y =y = x is symmetric
xRiyand yR1z = xRz?7x =yandy = z = x = z R, is transitive

b. R, ={&xyIx<y}{(1,1);(13); (24)} c R,

o xR,x? x <xR,isreflexive

o xR,y = yR,x? x <y # y < xisnotsymmetric

o xR,yandyR,x >x =y ?x<yandy<x =>x=Yy.

P Q

R, anti — symmetric

o xR,yand yR,z = xR,z?x<yandy<z =>x<7zZ
R, is transitive

Example 2.2.2 we define the relation R on A by:
xRy © x —y = 0orwecanwrite:R = {(x,y)|x—y =0}

Let A= {a, b, ¢, d}. Some binary relations R on A are:
e R=AX A
e R = {(aa),(,b)(cc)(dd),(ab)(ac)bc)}
e R = {(a,a),(b,b) (c,c)}

Sometimes, we draw pictures to have a better understanding of different relations.
Abia ) Al L agd e Jpaanll ans gy Cppninst (Yl iany A

Example 2.2.3 LetA={1,2,3},B={a,b,c} and
letR={(1,a),(1,b),(2,c)}. The following figure represents
the relation R.

10
Dr. Harizi



Mathematics | Chapter Il : Sets, Relations and Applications

1.2.2 Equivalence relation 3351 d3e

Definition 2.2.3 Let E be a nonempty set. A relation on E is called an equivalence
relation if it is reflexive, symmetric, and transitive. Tow elements related by equivalence

relation are said to be equivalent, denoted as a~b.

Eioydl Jo i3 8Ye R S : 9 BYe
derly o (3 dpamiay & o5y LSl CIETD) IKC Bde R, ol Jgi sigyms

Example 2.2.4 Let R be a relation on the set of real numbers R such that a R b if
and only if a-b is an integer R = {(a,b) € R?*|(a—b) € Z}. Is this an equivalence
relation?

Reflexive? Va € RaR a? a—a =0 € Z so R is reflexive

Symmetric? Va,b ER aRb = bRa? Va,beE R:a—b €Z —(a—b) EZ so R is
symmetric

Transitive? aRb and bRc —» aRc? Va,b ER:a—b €Zandb—c €Z - a—
cisitaninteger?
a—c=a—b+b—c= (a—b)+ (b—c) € Zso, Ris transitive

R is: Reflexive, symmetric and transitive so R is an equivalence relation

> Equivalence classes 3951 48

We call equivalence classes of a, the set of elements equivalent to an element through the
equivalent relation R, is denoted [a]g

Ll 5Las ¢ R 53801 885e UM o Lo pvain A8l polial ds gazes ¢ @) §08I i e 3llas oy
[a]g3eb
Let R be the equivalence relation on Z such that: aRb < (a,b) € Z>: a = b ora = —b
The equivalence classes of a € R:
[1] = [1,-1],[2] = [2,-2]....[a] = [a,—a]a € Z

123  Partial Order relation (Sl i1 48

Definition 2.2.4 A binary relation R on E is called a partial order relation (an order
relation) if it is antisymmetric, transitive and reflexive.

Example 2.2.5 Let R be the relation defined on R by the relation x < y, that is to
say
xRy & (x,y) € RXR: x<y

11
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1.2.4  Total order relation S| o301 da3Me

Definition 2.2.5 Let R be an order relation defined on a set E, we say that R is total
order, if for allx,y € E,

1. a partial order, and
2. for any pair of elements x and y of R: xRy only or yRx only.

23  Functions (maps) ikl
2.3.1 Definitions

Definition 2.3.1. Let X and Y be two sets, we call function of X in Y, any relation f
between the elements of X and those of Y which associates with every element of X at
most one element of Y.

A function from a set X to another set Y which to every element x € E assigns a unique
element y € F is called a map or mapping (application).

Functions are usually denoted using letters f, g ... If fis a function from the set X to the

set Y, we write.
fX-Y
x - f(x)
The starting set X is called the domain of the function f
The arrival set F is called Images.
The element x is said to be the antecedent and y is said to be the image of x by f.

Definition 2.3.2 Let f : E — F be a map. We call the domain of f, denoted D the
set of elements x € E to which there exists a unique elementy € F,suchthaty = f (x)

Definition 2.3.3 (Graph)  Let E and F be given sets. The graph of a function

fiE - Fisl{(x,f (x)):x € E} € E X F

Definition 2.3.4 (Equality). Letf,g: E — F be tow maps. We say that f, g are equal
ifand only if forallx € E: f (x) = g (x). Wethen write f = g.

Definition 2.3.5 The function f: X — X defined by f(x) = x, for all x € X, is called
the identity function.

12
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The function f : X — Rwith f(x) = 0, forallx € X, is called the zero function.

Example 2.3.1 Letf : R » Rdefinedby f (x) = vx + 1, then
Df={x ER: x+1 =0} =[-1,+o]

Definition 2.3.6 Letf : E — F bea function. Let ACS Eand A # @. The
restriction of f to A, denoted by f, is the function

farA—>F
fa = fx)Vx € A

Composition of functions

Definition 2.3.7 Let E, F and G be three sets and f, g be two functions such that:

f:E - Fand g:F - G (condition: imgy; S domg ) Then, the composition of f and
g, denoted by g ° f, is defined as:

9 -°f)® =g @) forallx € E

Barple 232
Let f, g be two functions so that: f : R - RTetg: Rt - [1,+00]
f(x)= x*vx € R and gix)=2x+1,vx e R™

Theng » f: R — [1,+0o0[ is given by:
g - NE=gFf®)=g(x* =2x*+1vx €R

2.3.2 Direct and inverse image

Definition (direct image) LetAcEandf: E — F.The direct image of A
by fistheset f (A) = {f (x): x € A} c F.

Banple233 Letf: R — R definedby f (x) = 2x + 1,Vx € R.

If A =[0,1],thenf ([0,1]) = {f (x): x € [0,1]}

Wehavex € [0,1]] ©® 0 < x <1 1< 2x+ 1< 3,
so f ([0,1]) = [1,3]

Bxanple234  Let fbe the map defined by f (x) = x20f R — R*,then f~1(]0,1])
fxeER:0<x2<1}={x€R:0< |x] <1} =][-11]

13
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2.3.3 Injective, surjective, bijective function

Definition (Injection) A function f : E — F is said to be injective (also called
one-one or an injection) if forall x,y € E, x; # x, implies f(x;) # f(x;).
Equivalently, f is one-one if for all x;,x, € F, f(x;) = f(x,) impliesx; = x,.

Vxpxa € Et f(x) = fx2) = % = x
2 Y gl saa) 5 A8 Led 5 ) gea IS iy SISV e d8lu s ) gea S
Example 2.3.5

1. Let X be a nonempty proper subset of Y. Then f(x) = x is a one-one map from X to
Y.

2. The function f: Z — Z defined by f(x) = x? is not one-one as f(—1) = f(1) = 1.

3. The function f: {1, 2,3} — {a, b, ¢, d} defined by f(1) =c¢, f(2) =b and f(3) = a,
is injective.

Definition (surjection) A function f : X — Y issaid to be surjective (also called
onto or a surjection) if f ™1 ({b}) # @ for each b € Y. Equivalently, f : X — Y is onto if
there exists a pre-image under f, for each b € Y.

Vy € F,Ax € E: y = f (x).
Al G5B pa i Y ey Y o dlu 3 sea S
Examples

1. Let X be a nonempty set. Then the identity map on X is surjective.
2. f:R* > R defined by f(x) = x? is surjective
3. f:R > R defined by f(x) = x? is not surjective: fory = —1 there is no x

Definition (bijection) Let X and Y be sets. A function f : X — Y is said to be
bijective (also call a bijection) if f is both injective and surjective. This is equivalent to:
for all y € F there exists a unique x € E such that y = f (x). In other words:

Vy € F,3lx € Ey = f (x).

Bam 5 (o 5 Ahla Ll B ) saa JS (my A8liAe ol gl IS5 (33l g Lgd ) sl S

14
Dr. Harizi



Mathematics |

Examples

Chapter Il : Sets, Relations and Applications

1. The function f : {1,2,3} — {a, b, c} defined by f(1) =c, f(2) =b and f(3) = a, is
a bijection. Thus, f—1: {a, b,c} — {1, 2, 3} is a bijection

3. Let X be a nonempty set. Then the identity map: f(x) = x on X is a bijection.

4. Let fbe the map defined by f (x) = x — 7 from Z — Z, then f'is bijective.
Indeed, let y € Z, such that f (x) =y, then x =y + 7, so there exists a unique X in Z
such that y = f (x).

——
ZQ:E

NOT a
Function
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