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1 Methods of Mathematical Reasoning

11 Mathematical Logic

o2 Alan S Ak, Sl 1 dlaadl Gladl LU 2y ¢ g2l )1 W) sels g J) el e G 1 agt
el LU L 2 o 2y ¢ 52 N gl V) palal)

111 Assertions (Statement) 8yl of duadll

An assertion is a sentence that can be true or false and cannot be both at the same time.

e RGQP G b Wil ey bl o o g g0y ade KU S e o i) 2o
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Example 1.1.1.

a) 2 + 2 =41is a true statement.
b) 3 x 2 =7 is a false statement.
c) For all x € R we have x? > 0 is a true statement.

d) For all x € R we have |[x| = 1 is a false assertion.
(3uzd) 46 ol K 4 (ApiB) Jlaios 52 g1 1
(i8) 3<2-5 (Apad Cowd)) § RN Lin o8 L2

112  Mathematical Logical Operators (dslaial! Jaslg i)

If P is an assertion and Q is another assertion, we will define new assertions constructed from P
and Q

> The logical gperator of Conjunction ‘and " 0 (" 9" J=we ¢l 9! aboliadl Jasly)

The conjunction of the statements P and Q is the statement “P and Q” and it’s denoted by P N Q
. The statement P N Q is true only when both P and Q are true (P is true and Q is true).

Q)g Lj‘“j (Q jP?'jm) PAQ = L&i rr \_j"hj E-Q'A:_Lll :\.:.azn ¢Q 9 P o J_a)h ;;MM O b Q 5 P VQ : "j” L,Llﬂ}!‘?l
Ao il O s P :ng 18 :3..\._.;-3]\ A L; Zsalo
Al La (V2 eQ)a(4=27) ke
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We summarize this in a truth table; duadll $aa 4ad Jsaa

|||
| | |0
||| =D

Example 1.1.2.

a) (3+5=28)A(3x6=18)is atrue statement.
b)(2+2=4)A (2 x3=7)is a false statement.

> The logical gperator of Disjunction"or" (U) ("9l " Juadll gl Sl Jsls )

The disjunction of the statements P and Q is the statement “P or Q” and it’s denoted by P U Q.
The statement P U Q is true only when at least one of P or Q is true.

(0 5 P1&) PV 5l 5ep Jlysanadl &l (0 o P oy Juaill o e 0 5 P S0 " Juaill -2
lao gkl P30 o Lisae ) A 3 bl o5
Balo ia8 (V2 €Q)v(4=27) ke

P Q PUQ
T T T
T F T
F T T
F F F

Example 1.1.3
a.(2+2=4)Vv (3 x2=06)is atrue statement.
b. (2=4) Vv (4 x 3 =7)is a false assertion.
> The implication or conditional “ =" (&l gl pl3Liw)l)

The implication or conditional is the statement “If P then Q™ .... 0¥ .... ¢S W and is denoted by
P = Q. Thestatement P = Q is often read as “P implies Q,
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Qo P8 Sl e dad Klablen) ol 11 iy UG
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For this conditional statement, P is called the hypothesis (a8al) 5l 4xa4l) and Q is called the
conclusion (&adal o) Fliiy) .
The conditional statement P = (@ means that Q is true whenever P is true.

P = Q
T

Q
T
F
T
F

I I

F
T
T

Example 1.1.4.

Suppose that I say “If it is not raining, then Daisy is riding her bike .”
P = Q

We can represent this conditional statement a P = @ s where :
P = “It is not raining” and Q = “Daisy is riding her bike.”

We will now check the truth value of P = (@ based on the truth values of P and Q.

1. Suppose that both P and Q are true. That is, it is not raining and Daisy is riding her bike. In this
case, it seems reasonable to say that I told the truth and that P = Q is true.

2. Suppose that P is true and Q is false: it is not raining and Daisy is not riding her bike. It would
appear that by making the statement, “If it is not raining, then Daisy is riding her bike,” that I have
not told the truth. So in this case, the statement P = Q is false.

3. Now suppose that P is false and Q is true or that it is raining and Daisy is riding her bike. Did |
make a false statement? The key is that I did not make any statement about what would happen if
it was raining, and so I did not tell a lie. So we consider the conditional statement, “If it is not
raining, then Daisy is riding her bike,” to be true in the case where it is raining and Daisy is riding
her bike.

4. Finally, suppose that both P and Q are false. That is, it is raining and Daisy is not riding her bike.
As in the previous situation, since my statement was P = (@, I made no claim about what would
happen if it was raining, and so I did not tell a lie. So, the statement P = ( cannot be false in
this case and so we consider it to be true.
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> Equivalence (~or &) (ki 45K/)

Equivalence is defined by the assertion (P = Q) and (Q = P), it is denoted P & Q. We read (P is
equivalent to Q) or (P if and only if Q). This assertion is true when P and Q are true simultaneously
or when P and Q are false simultaneously. Its truth table is a following.

(P=OQ)A(QEP) ia o ol Qo P Ky Jkiien Q 5 P openiad) o Jss :Jh».t\;;&-l\-.
3l A s Q5 P sl 8715 Blo 63 (S i

P Q Pe Q
T T T
T F F
F T F
F F T

Example 1.1.5.

For x, y € R, the equivalence “xy=0 & x =0 or y= 0" is true

> The negationNot ( ) s—ail

The negation of the statement P is the statement “not P and is denoted by P. The negation of P is

true only when P is false, and P is false only when P is true.

P

= ||l

Example 1.1.6.

The negation of the assertion 3 > 0 is the assertion 3 <0
Theorem (De Morgan’s Laws)
For statements P and Q,

e The statement: P N Q is logically equivalent toP U Q. This can be written as:
PNQ @PuQ
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e The statement: P U Q is logically equivalent to P N Q. This can be written as:
PUQ ©PnQ

Plo|Pvo|-(vQ) |-P | -0 ]| -PAr=-0Q
T[T T F F [ F F
T | F T F F | T F
F| T T F T | F F
F | F F T T | T T

Table 2.3: Truth Table for One of De Morgan’s Laws

Proposition 1.1.1.

Let P, Q and R be three assertions. We have the following equivalences:

1_p@ﬁ 5. PUQ ©PnNnQ

2(P N Q) & (@ nP) 6.PN (QUR)= (PN QU (PNR)

3.(PUQ) e (QuUP 7PU@NR) e (PUQ) NP UR)

4.PnQ ©PuUQ 8.(P=>Q e (Q=>P)

Operator Symbolic Form  Summary of Truth Values

Conjunction P nNnQ True only when both P and Q are true

Disjunction PUQ False only when both P and Q are
false

Negation :P P Opposite truth value of P

Conditional P S0 False only when P is true and Q is

(implication) false

True when: both P and Q are true Or

Equivalence Pre? both are false

11.3  Quantifiers

Are operators used to express the quantity in math: such us, all and some.

> The Universal Quantifier v () aSall)

The phrase "for every x" (sometimes "for all x") is called a universal quantifier and is denoted
by Vx.
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The assertion Vx € E, P (x) is a true assertion when the assertions P(x) are true for all elements x
of the set E.

We read: for all x belonging to E, P (x) is.

v For all x, for every x, for each

A sentence Vx P(x) is true if and only if P(x) is true no matter what value (from the universe of
discourse) is substituted for x.

Example 1.1.7

e Vx (x?>=0),i.e., the square of any number is not negative.'

e Vx,Vy(x+y=y+x),i.e., thecommutative law of addition.

o Vx,Vy,Vz((x+y)+z=x+(y+2)),Ii.e, theassociative law of addition.
e Vx € R,x? > 1isa false assertion.

> The Existential Quantifier (3) (s2s>sl) a<Sall)
The phrase "there exists an x such that" is called an existential quantifier and is denoted by 3x.

A sentence ‘x P(x)" is true if and only if there is at least one value of x (from the universe of
discourse) that makes P(x) true.

We read there exists x belonging to E such that P (x) (be true)

For some x, there exists, there is a, there is at least one, there exists
an x such that

Example 1.1.8

e 3Jx (x = x?)istrue since x = 0 is a solution. There are many others.

e 3Jx, Iy(x?+ y* = 2xy) istrue since x =y = 1 is one of many solutions.
e 3IXER,x% < Oistruesince x=0.

e 3IXER,x% < Oest false

» The negation of quantifiers

Consider the statement: ‘All students in this class have red hair’.

What is required to show that the statement is false?
To show that the statement is false we need to show that there is at least one who does not have
red hair.
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Negation: There exists a student in this class that does not have red hair.

To negate a universal guantification: Vx P(x)

1. Negate the proposition P(x): P(x)
2. Change the universal quantifier to an existential quantifier Vx = 3x

negation of (Vx € E,P(x)) =(3x € E, P(x))

Consider the statement: ‘there is a student in this class with red hair’.

What is required to show that the statement is false?
To show that the statement is false we need to show that all the students in the class don’t have red
hair.

Negation: All student in the class don’t have red hair

To negate an existential quantification
1. Negate the proposition (statement) P(x): P(x)
2. Change to a universal quantification. 3x = Vx

negation of (Elx € E,P(x)) = (Vx € E, P(x))

Example 1.1.9

a. (Vx € R, 3y € R:2x +y = 2) itsnegation is:
dx € R,Vy € R:2x +y # 2.

b. (3x € R,Vy € R:(x + y = 1)and (2xy < 1)) its negation is:
Vx € RRAy e Ri(x +y # Dor(2xy > 1)

c. (Vx€R,Ay€ER,VzER:x+y = z?%)itsnegation is:
d3x ER,Vy €ER,Az€ R:x + y <z

Example:1.1.10

the negation of (Vx ER: x? > O) is 3x € R: x2< 0
~——— —_—
P(x) P(x)

The negationof (3x € R: x < 0 isVx E R: x =2 0
N——

PO P(x)
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>  Mixed quantifiersd.sS)l Ll oy ua)l Cauds o5

We can combine several quantifiers in a statement. Their arrangements must not be changed if
they are of a different nature.

Adliae Gl 1 il 1) Ll 5 s ane oy oS)aal 53 5lie 8 40aS il sae (g pend) LSy
Example 1.1.11

a. (Vx € R3y € R:2x +y = 2)and (Ay € R,Vx € R:2x + y = 2) are two
different propositions.

b. 3x € R,LAy € R:2x + y = 2)and (3y € R,Ax € R:2x + y = 2) are two
equivalent quantified propositions.

1.2 Reasoning (proofs) (9oLl JYuzudl o 4

(Axioms) Sladud e ki duply Bl doue dydosd AVl dz> (2 LY 9l ol eyl (3
(Theorems). wlasag

P> Q duadlllas gl dop O3 (02U Yol Bl (o dodall dr g Olisilaie Olsad Qo P Of (2,83
121 Direct Proof (sitsl) J¥2iud)

This is the most straightforward type of proof. We want to proof that the assertation: P = Q is
true. We Assume P is true, and then use the rules of inference, axioms, definitions, and logical
equivalences to prove Q. In a direct proof, each step follows logically from the previous one,
ultimately demonstrating that the theorem or statement is true.

delgd pusuind o3 cqumme P Ol 2l 028 .uowe P2 QO el O by .odYal glgil ol ga 1o
QoY dadlaiadl Yslaally wla yaddly wlgaddly JYaiwdl

Example 1.2.1.

Leta,b €R. Showthata = b = at+h

2
a+b

Let'stakea = b,thena+ b = b+b,soa + b = 2b.So = b.

= b.

Example 1.2.2
The sum of two odd numbers is even.

Assume m and nare odd numbers. Because mand nare odd there are integers jand k such

that: m = 2j — 1landn = 2k — 1).

10
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Nowm+n=Q2j—1)+2k—1)=2(G+k—1). Leti =j+k—1thenm+n = 2iiseven
(by definition).

It is sometimes difficult to construct a direct proof of a conditional statement.

G S sl AL ol o Lo 1 gllall ) Jgoglly Sl dll e 33! (61 o1l s Yl ol )
G ¥ 83 o) ol ot B Sl ) il s ignaall sda o) cosllal) ] ol oy 2 el Al 43
i Py o2b ) VoW 3 el sda 3ol s Zaludl Al

1.2.2  Proof by Contrapositive gafill guSally ¢la i)
It is based on the following equivalence:

(P=>Q o Q=>P

statment contrapositive

Q = P (Non Q)= (Non P) is called the contrapositive of P = Q.

contrapositive

Any sentence and its contrapositive are logically equivalent. In a contrapositive proof, you prove
the contrapositive of a given statement instead of the statement itself. If the contrapositive is true,
then the original statement must also be true.

gty Byl p0 Joo Lo yla) (andid] Sl oS ¢ pandidl (uSAIb Olapl (3 Ldlaie QLKL asliasg Al &l
Ll byseo oY 0Ll 0580 O aomed oo <5813

This type of proof is often used when both the hypothesis and the conclusion are stated in the form
of negations.

Q2P il Mise ol K P;>Q e 12 ol aadl LSAL sla g

Example 1.2.2

Let x € R. show that (x # 2et x # —2) = (x% # 4)
P Q

By contraposition this is equivalent to

(x2 =4)=> (x=20ux=-2)
) 3

Indeed, let x? = 4,then (x — 2) (x + 2) = 0, thereforex = 2orx = —2

Example 1.2.3

If n> 0and 4" — 1lis prime ,then nis odd.
Q
P

11
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Assume that Q: niseven. n=2k.Then4" —1 =42k -1 = @4k - 1)(4* + 1)
Therefore, 4™ — 1 factors (are both factors bigger than 1?) and hence is not prime (P).

So, the statement: (If n > 0 and 4™ — 1is prime ,thennis odd) is true.
1.2.3  Proof by Contradiction il o) s 8ty

Assume P and Q (you assume the statement is false) and work forward from these two
assumptions until a contradiction is obtained. Since a false assumption leads to a contradiction, the
original statement must be true. This type of proofis often used when the conclusion is stated in
the form of a negation, but the hypothesis is not.

Q 5 dama P o paEs G g A il oK1 o U5 8 Aamll SO S5 Ledie CLEYT e g sl 138 aadin L Ulle
e o) luml )l se) 8 pe Ladlis ()6 8 (il e Jpanll & s ol gila e llaiiy damaa Qg dikls

Ll ,al)
Example 1.2.4

Exemple 1.2.3. Soient a,b > (0. Montrer que si @ -0 = aq =b.
146 1+a

Nous raisonnons par l'absurde en supposant que

On a

a b
(l-{—bl—l—u.) & ala+1)=bb+1)

e d-bv=—(a—-0D)
& (a—b)(a+b)=—(a—0b)
Ceci est équivalent
(a—b)(at+b)=—(a—b) e a—b#0.

donc en divisant par a — b on obtient
a+b=-1

Lo somme de deur nombres positifs ne peut éire négative. Nous oblenons une contradiction.

1.2.4 Reasoning by Producing a Counterexample baall Juiall

If we want to show that an assertion of the type (Vx € E:P (x)) is true then for each x of E we
must show that P (x) is true. On the other hand, to show that this assertion is false then it is sufficient
to find x € E such that P (x) is false.

Definition1.2.1 Let P be a proposition depending on x in E. To show that the proposition (Vx € E,
P(x)) is false, it is enough to find an x of such that P(x) is false. Finding such x means finding a
counterexample to the assertion (V x € E, P(x))

12
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o gl pasis ) (blay s ol oS Vasle JBL ) oliae Jig ylaydl
31) Ll s s ¥ (gl pgeal) o lons® Sl b L T OL3Y (2 g iV s ) A (3 o) BT e g b (S

Example 1.2.5

Show that the assertion (Vx € R, x? — 1 > 1)is false.
P:“Yx € R,x> — 1 # 0”.Wehaveforx = 1, x> — 1 = 0. So Pis false.

Example 1.2.6 Show Thatvx € N,x+ 1 # 0.

We assume that P is false: 3x € N,x + 1 = 0 therefore x = —1 and x € N. Contradiction with
the definition of N.

125 Case-by-Case Reasoning

refers to a method of argument where you examine different scenarios or cases individually to
prove or analyze a more general statement. It involves breaking down a problem into distinct cases
and addressing each one separately to establish a conclusion or solution.

A Apagee JIST Gl Jilat S LAY (8 U Adline Vs 5l il g i s a5 G A A8k ) ud
da fdan el sas e Alla JS dadlea 55 jaaie s ) SN ol (panaly

1
Exemple 1.2.4. Soit n € N. Montrer que a, = i (n+1)e N
Soit n € N. Nous distinguons deuz ces. -

Premier cas : n =2k, k€N, alors
1
n = on (n+1)=k(2k+1) e N.
Deuxiéme cas : n =2k + 1, k € N, alors

an = % (k+1)(2k+2)=2k+1)(k+1) eN.

1
Dans tous les cus a, = SN (n+1)€eN.

1.2.6 Proof by Induction (Recursive Reasoning) &=/l gl )
It is a way to prove that something is true for a sequence of numbers.

e Step 1: prove that the statement is true for the first number in the sequence n,.
e Step2: assume that the statement is true for n
e Step 3: it's also true for the next number in the sequence.

13
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Example 1.2.6

Prove that for all positive integers n, the sum of the first n positive integers is given by the formula:

142+34+4..+n = (”Zn)"

We'll use mathematical induction to prove this statement.

Step 1: for n = 1, we have 1=1+1/2 = 1 which is true.

Step 2 : Induction Hypothesis. Assume that the statement is true for n

1+ n)n
1+2+3+4..+n = —
Step 3 prove itistrue forntl: 1+2+34+4..+n+n+1) = 7(2”‘)2("“)
1+n)n 1+n)n+2(n+1
1+2+3+4...+n+(n+1)=%+n+1=( ) ; ( )
we conclude, by induction, that for all positive integersn: 1+ 2+ 3+ 4..+n = (1+2n)n

o ooy AR Ll ga sy ol s ils o) el o Ao 2l Hls 2bles o Sl sy s
Y Ol 5 8T Ly Sl

oo Al ot 18 kel Loty N1y SIS Sl oie o 4l oglally oo o il il =25 A
B g e lollaad) s Sty 291y Ty 1 0035 558 o iy 5 b gl e il o)
APy By o ol g b gy sy e f"Mr"Gi ol oSe ¥ ) ol Madey” M) L,
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