Solutions of tutorial exercises (1,2,3,4) set 2

Hocine RANDJI
November 25, 2023

This document is supplemented for the second chapter lecture notes (Analyses 1).

Exercise 01:

Let us take n € N, then we have:

(a) For n € N we have —3, %, %, 17, 11-

(b) For n € N* we have 2,0, 9,0, 22,.
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Exercise 02:

(a) For values of uy = 0.22222 .. . U5 = 0.56000. .. , U190 = 0.64444 ... , U100 = 0.73827. .. , U1000 — 0.74881 ... s
u10000 = 0.74988 ... and wujgpp00 = 0.74998.... A reasonable guess is that the limit is 3/4. It’s important to note
that this limit becomes evident only for sufficiently large values of n.

(b)To verify this limit by using the definition: We need to demonstrate that for any given positive value ¢, there
exists a corresponding number N (dependent on €) such that |u, — 3| < ¢ for all n > N. By manipulating the
4(4n+5)

3n—1 _ ,‘ < ¢, we find that ‘ 4n+5)‘ < &, which leads to 4(4n+5) <eg =

expression, |4> +5
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accordingly ensures that the limit as n approaches infinity is indeed 3/4.

We can simplify and derive conditions such as 4n+5 > 19 = n> (1—9 — ) Choosing N = [Z (m — 5)} +1

Exercise 03:

3n—1 3

: 3n—1 __ 3 .
(1) ngrfw i3 =5 = Ve> 0,3’n. e N,Vn € Nyn > n. = T3 — 5‘ <e
3n—1 3 23n—1)-3(2n+3) | _ |6n—2-6n-9| _ _ 11 11
We use 2n+377’<5,thenwehave 5@n+3) = Ant6) ‘*(4n+6)<5 <— E77<n
For this, it is sufficient to take n. = [= — 7] + 1.

(2) 111:[_1 %:0 — V€>0,3?nEEN,VnEN;n2nE:>‘2%|<€. Wehave%<sleadsto—};’—§<
n——+0oo

For this, it is sufficient to take n. = [—1In(e)/In(2)] + 1.

(3)  lim P =9 = Ve > 0,9, eN,Vn € Nin > ne = ‘21’{;((17;” —2’ <e.
n——+0o0
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So we take,

21In(1+n) _9| = 2In(14n)—21n(n)
In(n) In(n)
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Then we can use: Vn € N* : % < 1 so that we have %—I— 1 < 2, which leads to W < 2n2 Thus,
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we can choose ‘Ql?n((lrjsn) - 2‘ < % < &, which leads to n > e®w. For this, it is sufficient to take

ne = |‘621n(2)/8'| 4 1.




(4) lim 3" = 400 <= (VA > 0,374 € N,Vn € N;n >na = 3" > A). We have 3" > A <= n > 4 For

n—+oo In3

this, take ns = [|In(A4)/In(3)|] + 1.

5) lim =22=2 = _o0 &= VB <0,37np €N,Vn € N;n > np = =2=2 < B,
4n

n—-+4oo 4n

We have %72;2 < B — 5"42%2 > —B. It is obvious that; for all n € N* we have 5n% 4+ 2 > 5n?%, which
leads to 5"427"’2 > %”. Thus, for 5’3427:'2 > —B it is sufficient to take %‘ >—-B <= n> _‘51—3. For this, take
ng = [—4B/5] + 1.

(6) lim In(In(n)) =400 < (VA > 0,34 € N,Vn € Nyn > nyg = In(In(n)) > A)

n—-+4oo

For this, take ny = [e¢" ] + 1.

Exercise 04:
(vp) increasing <= Vn > 0; vp41 > Uy <= Upt1 — Up > 0. So we have

ur tug + ...+ Upga _u1+u2+...—|—un

Un4+1 — Unp =

n+1 n
(nuy + nug + ... + nuy) + nupyr1r (nup +nus+ .o Fnuy) Fur Fug o+ uy
B n(n+1) ; n(n+1)
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Since the sequence (u,) is increasing, for all integers k, kK =1,2,...,n, ur < tupt1, and thus v,11 — v, > 0.

Therefore, the sequence (v,) is increasing.



