Solution of series N°1

FExercise 1:

1. a) Let’s show that: sup(—A) = —inf(A) and inf(—A) = —sup(A4).
we have: Vo € A, x > inf(A) = —x < —inf(A). So ”"—inf(A)” is an upper
bound of —A, and since sup(—A) is the smallest upper bound of —A then:
sup(—A) < —inf(A4)--- (1).
On the other hand: V — 2z € —A, —z < sup(—A) = = > —sup(—A4), so
—sup(—A) is a lower bound of A, and since inf(A) is the greatest lower bound
of A then inf(A) > —sup(—A), therefore: —inf(A) < sup(—A4)--- (2) .
From (1) and (2) we get: sup(—A) = —inf(A).
b) inf(—A) = —sup(A4) :
» We have: Vz € A, z < sup(4) = —x > —sup(A), so —sup(4) is a
lower bound of —A, since inf(—A) is the greatest lower bound of -A then
—sup(A4) < inf(—A)--- (1).
On the other hand: V— 2 € —A, —x > inf(—A) = = < —inf(—A), so
—inf(—A) > sup(A) = inf(—A) < —sup(4)--- (2).

From (1) and (2) we get: —sup(A) = inf(—A).

2. We show that sup(A) < inf(A).
We have Va € A, be B: a <b= a <inf(B), so inf(B) is an upper bound

of A, but sup(A) is the smallest upper bound of A then: sup(A) < inf(B).

3. We show that A U B is a bounded subset of R: let x € AU B, then: z € A
or x € B, therefore inf(A) < x < sup(A) and inf(B) < x < sup(B), So

min (inf(A), inf(B)) < x < max (sup(A), sup(B)).
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a) We have: sup(AUB) < max(sup(A),sup(B))------ (1)

inf(AU B) > min(inf(A),inf(B))------ (2)

On the other hand we have: A C AUB and B C AU B, so

sup(A) < sup(AU B)

sup(B) < sup(AU B)

then: max(sup(A),sup(B)) < sup(AU B)------ (1), so from (1) and (1*)
we get: sup(A U B) = max(sup(A),sup(B)). In the same way we show that

inf(A U B) = min(inf(A), inf(B)).

. We show that sup(A+ B) = sup(A)+sup(B): we have Vx € A: inf(4) <z <
sup(A), and Yy € B : inf(B) <y < sup(B), thus: inf(A) +inf(B) <z +y <
sup(A)+sup(B), so inf(A)+inf(B) is a lower bound of A+ B, but inf(A+ B) is
the greatest lower bound of A+ B, then: inf(A+ B) > inf(A)+inf(B) - - - (1).
and also sup(A + B) < sup(A) +sup(B)--- (2).

On the other hand: Vo € A: = <sup(A+ B) —y, then sup(A+ B) —y is an

apper bound of A

= sup(A) < sup(A+ B)—y, Vy € B,
— Y < sup(A+ B) —sup(A), Yy € B,
= sup(B) < sup(A+ B) —sup(A),

= sup(A4) +sup(B) < sup(A+ B)---(1%).

From (1) and (1*) we get: sup(A+ B) = sup(A) + sup(B). The same to show

that inf(A + B) = inf(A) + inf(B).



FEzxercise 2:

1. a) We show that if r € Q, and = ¢ Q, then r + x ¢ Q. we suppose that

z+r€Q, wehave: r € Qso 3 p, g € Zsuch that r = 2, ¢ # 0.
q

/

And x +7 € Q== 39, ¢ € Z such that: x+r:%, q # 0.

/ (P
So: x = ‘E, _P_ M, qdq # 0 = x € Q. This is a contradiction
q q aq

because z ¢ Q, then x +r ¢ Q.
b) We show that if ¢ Q and r € Q then z.r ¢ Q:

Wehavere@:>r:]—?,q;«éO,andpyéO('r’;éO). We assume that
q

/ / /

x.rEQ,thenx.T:%, q’;éO:x:g.g:g, dp # 0, thus z € Q.

¢p qp
Contradiction, then z.r ¢ Q.
2. We show that /2 ¢ Q. Suppose that v/2 € Q = 3 p. ¢ € Z such that
V2= g, q#0.
suppose that p and ¢ are prime, then /2 = S — V2 = p = 2¢* = p?,
therefore p? is even = p is even, then p = 2p', p’' € Z.

So 2¢* = (2p')?* = 4p"* = ¢*> = 29, therefore ¢* is even = ¢ is even.

Contradiction, then v/2 ¢ Q.

In3 In3
3. We show that — is irrational. Assume that —— €EQ=3dp,q€Z, q#0

In 2 In 2
In3 »p In3 In2
Suchthatﬁ:—:qln3:pln2:>eqn =ePe = 31 =2P,
n q

o If p =0, then 37 =2° = 1 = ¢ = 0 (contradiction because q # 0).
. . . In3
o If p >0, then 3% is odd and 2” is even. (contradiction), then D) ¢ Q.
n
Ezxercise 3:

1. We show that if A is bounded then B is bounded. A is bounded <= dm, M €

R, Ve A: m<z <M.
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We have BC A<= Vr € B, x € A, and A is bounded so m < x < M, then

B is bounded.

2. a) Show that inf(A) < inf(B). We have B C A = Vo € B : z > inf(A),
therefore inf(A) is an upper bound of B, then inf(A) < inf(B) because inf(B)
is the greatest upper bound of B.
b) Show that sup(A) > sup(B). We have B C A, then Vz € B : inf(A4) <
x < sup(A), therefore sup(A) is an upper bound of B, and since sup(B) is the

smallest upper bound of B then sup(B) < sup(A).

Exercise j:

3
. A=<a, €eR| an:ZL, n € N ». We show that A is bounded, i.e: 3m, M €

~+1
4
R| Va, € A: m < a, < M. We have: Vn € N

n+3 n+3
n 1 =4 n+4
Z-i-
n+4-—1
= 4" -
< n+4 )

SN C PN R
n+4 n+4

1
Vn>0 n+4>4—= < —, therfore — > —-1=4- >
n -+ 4 n+ n—+4
3ian23 ...... (1)
Vn>0: n+4>4>0—= >0, so — <0=4- <4 =
n+4 n+ n+4

Then from (1) and (2), we get 3 < a,, < 4. So inf(A) = 3, and since 3 € A,
then: inf(A) = min(A) =3, (ap =3 € A), and sup(A) = 4.

Now let’s show that sup(A) = 4.

Va, € A: a, <4,
sup(4) =4 —=

Ve >0, dn.eN: q, >4 —¢.
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We have: a, < 4, Va, € A verify: Ve >0, a, >4 —¢ = 4 — >

4 1 4 4
n >—-—=—=n+4>—-=—n>-—4. Just
€ € €

n+4

4
4 — e = —— < ¢, therfore:
n+4

4
take n. = {g - 4] + 1, then sup(A) = 4.

1 2
2. B = {bn eR|b, = —+ - +4}. We show that B is bounded, for all n >
n n

2 1 2 1 2 1
1= — <2 and — <1, therfore —+ — <3 = —+ — +4 <7, then
n n? n  n? n  n?
2 1 2 1 2 1
On the other hand: — > 0, and — > 0, then —+ — >0 = — + — +4 > 4,
n n? n  n2 n  n2

From (1), and (2), we get: Vn € N, 4 < b, < 7, then B is bounded in R,
such that sup(B) = max(B) = 7, and inf(B) = 4. Now we must to prove that
inf(B) = 4.

Vb, € B, b, >4,
inf(B) =4 <

Ve>0,dn.eN*: b, <4+e.
1 2 1 2 5
We have b, <4+e—= —+—+4<4d4+e= —+—<¢g,also: n* >n—=
n?2 n nz n

1 1 1 2 3
— < —,and - +—<
n? " n n? n

n

. 3 . 3 )
We are only looking for a n. such that — < ¢, i.e, n > —, therfore we just take
n €

3

ne = {—} + 1, then inf(B) = 4 = sup(A).
€
Exercise 5:

1. A={ax +b |z €[-2,1], a, b € R}. Assume that:

f*R — R
r — f(zr)=ax+Db
e If a =0= f(z) =0, then f is constant, and A = {b} is bounded such

that sup(A) = inf(A) = 0b.
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e If a > 0= f(x) is increasing, so for all —2 <z < 1, we have:
f(=2) < f(z) < f(1) = —2a+b < f(z) < a+b, then Vz € [-2,1],
A is bounded such that: inf(A) = min(A) = —2a + b, and sup(A) =

max(A) =a+b.

e If a < 0= f(z) is decreasing, then A is bounded and inf(A) = a + b,

sup(A4) = —2a + b.

2. B:{Q—l, nGN*}. Forn=1= B =1, and forn — oo = B = 2,
n

so B = [1,2[. The set of upper bounds of B is [2, +00[ therefore sup(B) = 2,

and the set of lower bounds of B is | — 00, 1], therfore inf(B) = 1, since 1 € B,

then inf(B) = min(B) = 1, and max(B) does not exist because 2 ¢ B.

FEzxercise 6:

1 5+2i (5+2)(1+2) 14120 1 N 12
L2 = = = = -+ —.
YT 2i (10— 20)(1+ 20) 5 55

—2 201+iV3)  —201+iV3) -1 V3

= = — — ] —

T1-i/B 124 (=B 1 2 2

zZ2

2. Solve: 21+ (3—6i)2?—8—6i = 0. We suppose x = 2%, so 22+ (3—6i)x—8—6i =
0.

A = (3 —6i)? —4(—8 — 6i) = 5 — 124, the square roots of 5 — 12i are:

a? - =51,
(a+ib)? = 5—12i <= a*—b*+2iab = 5—12i —

2ab=—12=ab=—6--- Ly
We add the equality of the modules

a2+ b =+/52+ 122 =169 = 13- -- Ls

Ly + L3 <= 2a% = 18, hence a®> = 9 <= a = +3, and

Ly — L3 <= 2b> = 8, hence b> = 4 <= b = +2.
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According to Ls: a and b have the same sign so the two square roots of 5 —12¢
are: 3 + 2¢, and —3 — 2.
The solutions of 2% + (3 4 6i)x — 8 — 6i are:

—(3—6i) — (3+ 20)

—(3—062 3+ 2
Ty = ( Z)2+( + 2i) =0

o 11 =—-3+4i=—4+4i+1=—(2—1)? so 2> = —3+4i has two solutions:

z1=—241,and zo = =2 — 1.

o 1, = 2i = (1+i)?, so 2% = 2i has two solutions: z3 = 1+4, and 24 = —1—1i.

FEzxercise 7:

Calculate cos 56, and sin 50. We have by the Moivre’s formula:
cos 5 + isin 50 = ¢ = ()5 = (cos O + isinH)°.
Using Newton’s binomial formula:

(cosf +isinf)’ =

cos® @ + 5icost@sin@ — 10 cos® Osin® O — 107 cos? Asin® 0 + 5 cosOsin? O + i sin® 6

So: cos 5l = cos® § — 10 cos® #sin? @ + 5 cos O sin* 6,
and sin 50 = 5 cos* #sin @ — 10 cos? O sin® @ + sin® 6.

FEzxercise 8:

:\/6+2:§:2\/§:\/§‘

2 2 2

CV6—iV2 V2xV3—iv2) V3—i\ T
g ()

Then |u| = v/2, and arg(u) = ——.

6
b) [v] = /12 + (—1)2 = V2.

1. a) |u| =

V6 —iv2
2
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™

\/_ <£ _ i) ﬂe_ZZ.

Then |v] = /2, and arg(v) = —%.
m

—i— T T m

6 i(——+— i—

o Mo V2e 6 CErD T
v =
V2e 4

u m
Then: |%| = 1, and
en: |~ an arg(v 12)




