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CHAPTER 3 

DEEP NEURAL NETWORKS 
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What is a deep neural network? 
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logistic regression 

Shallow 

5 hidden layers 

Deep 

1 hidden layer 

2 layer NN 

2 hidden layers 

3 layer NN 



Deep neural network notation 
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 𝑛[0] = 𝑛𝑥 = 3, 𝑛[1] = 5, 𝑛[2] = 5, 𝑛[3] = 3, 𝑛[4] = 𝑛[𝑙] = 1 

 L =  4 : number of layers 

 𝑛[𝑙]: number of units in layer 𝑙 

 𝑎[𝑙]: activations in layer 𝑙 with 𝑎[𝑙] = 𝑔[𝑙] 𝑧[𝑙]  

 𝑊[𝑙] , 𝑏[𝑙]: weights for 𝑧[𝑙]  

Layer 0 

Layer 1 Layer 2 

Layer 3 

Layer 4 

𝑦 = 𝑎[𝐿] 𝑥 = 𝑎[0] 

4 layer NN 



Forward propagation in a deep network 

Iterative Vectorized 

𝑧[1] = 𝑊 1 𝑎 0 + 𝑏[1] 

𝑎[1] = 𝑔[1] 𝑧[1]  

𝑧[2] = 𝑊 2 𝑎 1 + 𝑏[2] 

𝑎[2] = 𝑔[2] 𝑧[2]  

⋮ 

𝑧[4] = 𝑊 4 𝑎 3 + 𝑏[4] 

𝑦 = 𝑎[4] = 𝑔[4] 𝑧[4]  

𝑍[1] = 𝑊 1 𝐴 0 + 𝑏[1] 

𝐴[1] = 𝑔[1] 𝑍[1]  

𝑍[2] = 𝑊 2 𝐴 1 + 𝑏[2] 

𝐴[2] = 𝑔[2] 𝑍[2]  

⋮ 

𝑍[4] = 𝑊 4 𝐴 3 + 𝑏[4] 

𝑌 = 𝐴[4] = 𝑔[4] 𝑍[4]  
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𝑍[𝑙] = 𝑊 𝑙 𝐴 𝑙−1 + 𝑏[𝑙] 

𝐴[𝑙] = 𝑔[𝑙] 𝑍[𝑙]  

𝐴 0 = 𝑋 1 2 
3 

4 



Getting your matrix dimensions right 

Parameters 𝑊 𝑙  and 𝑏 𝑙   

𝑧[1] = 𝑊 1 𝑥 + 𝑏[1] 

(3,1)          (3,2)  (2,1)        (3,1) 

𝑛 1 , 1    𝑛[1], 𝑛[0] 𝑛[0], 1   𝑛 1 , 1  
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𝑥1 

𝑥2 

𝑦  

𝑛[0] = 𝑛𝑥 = 2 
𝑛[1] = 3 

𝑛[2] = 5 
𝑛[3] = 4 

𝑛[4] = 2 

𝑛[5] = 1 

𝐿 = 5 

 𝑊 𝑙 : 𝑛[𝑙], 𝑛[𝑙−1]  

 𝑏 𝑙 : 𝑛[𝑙], 1  

 𝑑𝑊 𝑙 : 𝑛[𝑙], 𝑛[𝑙−1]  

 𝑑𝑏 𝑙 : 𝑛[𝑙], 1  

 𝑧 𝑙 : 𝑛[𝑙], 1  

 𝑎 𝑙 = 𝑔 𝑙 𝑧 𝑙 : 𝑛[𝑙], 1  

𝑧[2] = 𝑊 2 𝑎 1 + 𝑏[2] 

(5,1)          (5,3)      (3,1)         (5,1) 

𝑛 2 , 1    𝑛[2], 𝑛[1]  𝑛[1], 1       𝑛 2 , 1  

 



Vectorized implementation 

𝑧[1] = 𝑊 1 𝑥 + 𝑏[1] 

𝑛 1 , 1    𝑛[1], 𝑛[0] 𝑛[0], 1   𝑛 1 , 1  

 

𝑍[1] = 𝑊 1 𝑋 + 𝑏[1] 

𝑛 1 ,𝑚    𝑛[1], 𝑛[0] 𝑛[0],m   𝑛 1 , 1  
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𝑥1 

𝑥2 

𝑦  

𝑛 1 ,𝑚  broadcasting 

 𝑧[𝑙], 𝑎[𝑙]: 𝑛[𝑙], 1  

 𝑑𝑧[𝑙], 𝑑𝑎[𝑙]: 𝑛[𝑙], 1  

 

 𝑍[𝑙], 𝐴[𝑙]: 𝑛[𝑙], 𝑚  

𝑙 = 0: 𝐴[0]: 𝑛[0], 𝑚  

 𝑑𝑍[𝑙], 𝑑𝐴[𝑙]: 𝑛[𝑙], 𝑚  



Intuition about deep representation 

8 (*) Note that the image in the above example is generated by the algorithm from : https://this-person-does-not-exist.com 

𝑦  

Low level audio 

wave features 

Phonemes 

C  A  T 
Words 

Sentence 

phrases 
speech 



Circuit theory and deep learning 
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Informally: There are functions you can compute with a “small” L-layer deep 

neural network that shallower networks require exponentially more hidden 

units to compute. 

𝑦 =  𝑥1𝑋𝑂𝑅 𝑥2𝑋𝑂𝑅 𝑥3𝑋𝑂𝑅⋯𝑋𝑂𝑅 𝑥𝑛 

𝑦  

𝑥1 

𝑥2 
XOR 

𝑥3 

𝑥4 
XOR 

𝑥5 

𝑥6 

XOR 

XOR 

XOR 

XOR 

⋮ 

𝑥𝑛 

𝑂(𝑙𝑜𝑔𝑛) 

𝑦  

𝑥1 

𝑥2 

𝑥3 

𝑥4 

𝑥5 

𝑥6 

⋮ 

𝑥𝑛 Exponentially large 𝑂 2𝑛  



Forward and backward functions 

Layer 𝑙: 𝑊 𝑙 , 𝑏 𝑙  

 Forward:  

Input 𝑎 𝑙−1 , output: 𝑎 𝑙  

𝑧[𝑙] = 𝑊 𝑙 𝑎 𝑙−1 + 𝑏[𝑙]    (Cache 𝑧[𝑙]) 

𝑎[𝑙] = 𝑔[𝑙] 𝑧[𝑙]  

 Backward: 

Input: 𝑑𝑎 𝑙 , cache (𝑧[𝑙]) 

Output: 𝑑𝑎 𝑙−1 , 𝑑𝑤 𝑙 , 𝑑𝑏 𝑙  
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𝑊 𝑙 , 𝑏 𝑙  

𝑊 𝑙 , 𝑏 𝑙  

𝑑𝑧 𝑙  

layer 𝑙 

𝑎 𝑙−1  𝑎 𝑙  

Cache 𝑧 𝑙  

𝑑𝑎 𝑙−1  𝑑𝑎 𝑙  

𝑑𝑤 𝑙  

𝑑𝑏 𝑙  

𝑥1 

𝑥2 

𝑥3 
𝑦  

𝑥4 



Forward and backward functions 
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𝑊 𝑙 ← 𝑊 𝑙 − 𝛼𝑑𝑤 𝑙  

𝑏 𝑙 ← 𝑏 𝑙 − 𝛼𝑑𝑏 𝑙  

𝑊 1  

𝑏 1  

𝑊 1 , 𝑏 1  

𝑑𝑧 1  

𝑥 = 𝑎 0  

cache 𝑧 1 ,𝑊 1 , 𝑏 1  

𝑑𝑎 1  

𝑑𝑤 1  

𝑑𝑏 1  

𝑊 2  

𝑏 2  

𝑊 2 , 𝑏 2  

𝑑𝑧 2  

𝑎 1  

𝑑𝑤 2  

𝑑𝑏 2  

cache 𝑧 2 ,𝑊 2 , 𝑏 2  

𝑑𝑎 2  

𝑎 2  

⋯ 

⋯ 

⋯ 

𝑑𝑎 𝐿−1  

𝑊 𝐿  

𝑏 𝐿  

𝑊 𝐿 , 𝑏 𝐿  

𝑑𝑧 𝐿  

𝑎 𝐿−1  

𝑑𝑤 𝐿  

𝑑𝑏 𝐿  

cache 𝑧 𝐿 ,𝑊 𝐿 , 𝑏 𝐿  

𝑑𝑎 𝐿  

𝑦 = 𝑎 𝐿  



Forward propagation for layer 𝒍 

Input: 𝑎 𝑙−1  

Output: 𝑎 𝑙 ,Cache(𝑍 𝑙 ) 

 

𝑧[𝑙] = 𝑊 𝑙 𝑎 𝑙−1 + 𝑏[𝑙] 

𝑎[𝑙] = 𝑔[𝑙] 𝑧[𝑙]  
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Vectorized: 

 

𝑍[𝑙] = 𝑊 𝑙 𝐴 𝑙−1 + 𝑏[𝑙] 

𝐴[𝑙] = 𝑔[𝑙] 𝑍[𝑙]  



Backward propagation for layer 𝒍 

Input: 𝑑𝑎 𝑙  

Output: 𝑑𝑎 𝑙−1 , 𝑑𝑊 𝑙 , 𝑑𝑏 𝑙  
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𝑑𝑧 𝑙 = 𝑑𝑎 𝑙 ∗ 𝑔 𝑙 ′ 𝑧 𝑙  

𝑑𝑊 𝑙 = 𝑑𝑧 𝑙 . 𝑎 𝑙−1  

𝑑𝑏 𝑙 = 𝑑𝑧 𝑙  

𝑑𝑎 𝑙−1 = 𝑊 𝑙 𝑇 . 𝑑𝑧 𝑙  

If we substitute 𝑑𝑎 𝑙  to 𝑑𝑧 𝑙 : 

𝑑𝑧 𝑙 = 𝑊 𝑙+1 𝑇𝑑𝑧 𝑙+1 ∗ 𝑔 𝑙 ′ 𝑧 𝑙  

𝑑𝑍 𝑙 = 𝑑𝐴 𝑙 ∗ 𝑔 𝑙 ′ 𝑍 𝑙  

𝑑𝑊 𝑙 =
1

𝑚
𝑑𝑍 𝑙 . 𝐴 𝑙−1 𝑇 

𝑑𝑏 𝑙 =
1

𝑚
 np.sum(𝑑𝑍 𝑙 , axis=1, keepdims = True) 

𝑑𝐴 𝑙−1 = 𝑊 𝑙 𝑇 . 𝑑𝑍 𝑙  



Summary 
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ReLU 
𝑋 

𝑧 1  

𝑑𝑎 1  

𝑑𝑊 1  

𝑑𝑏 1  

ReLU 
𝑎 1  

𝑑𝑊 2  

𝑑𝑏 2  

𝑧 2  

𝑑𝑎 2  

𝑎 2  
Sigmoid 

𝑑𝑊 𝐿  

𝑑𝑏 𝐿  

𝑧 3  

𝑑𝑎 𝐿 = −
𝑦

𝑎
+

1 − 𝑦

1 − 𝑎
 

𝑦  

ℒ 𝑦 , 𝑦  

𝑑𝐴 𝐿 = −
𝑦 1

𝑎 1
+

1 − 𝑦 1

1 − 𝑎 1
⋯ 

−
𝑦(𝑚)

𝑎(𝑚)
+

1 − 𝑦(𝑚)

1 − 𝑎(𝑚)
 



Parameters vs Hyperparameters 

 Parameters: 𝑊 1 , 𝑏[1], 𝑊 2 , 𝑏[2], 𝑊 3 , 𝑏[3], ⋯ 

 Hyperparameters: 

 Learning rate: 𝛼 

 Number of iterations 

 Number of hidden layers: 𝐿 

 Number of hidden units: 𝑛[1], 𝑛[2], 𝑛[3],…, 𝑛[L] 

  Choice of activation function 

Later: descent gradient optimization method, momentum, mini-batch size, 

regularization, … etc. 
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Parameters: Applied deep learning is a very empirical process 
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# of iterations 

cost J 



What does this have to do with the brain? 

• Forward and backward propagation: 
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Forward propagation Backward propagation 

𝑍[1] = 𝑊 1 𝑋 + 𝑏[1] 

𝐴[1] = 𝑔[1] 𝑍[1]  

𝑍[2] = 𝑊 2 𝐴 1 + 𝑏[2] 

𝐴[2] = 𝑔[2] 𝑍[2]  

⋮ 

𝑍[𝐿] = 𝑊 𝐿 𝐴 𝐿−1 + 𝑏[𝐿] 

𝐴[𝐿] = 𝑔[𝐿] 𝑍[𝐿] = 𝑌  

𝑑𝑍[𝐿] = 𝐴[𝐿] − 𝑌 

𝑑𝑊[𝐿] =
1

𝑚
𝑑𝑍[𝐿]𝐴 𝐿 𝑇 

𝑑𝑏[𝐿] =
1

𝑚
𝑛𝑝. 𝑠𝑢𝑚 𝑑𝑍[𝐿], 𝑎𝑥𝑖𝑠 = 1, 𝑘𝑒𝑒𝑝𝑑𝑖𝑚𝑠 = 𝑇𝑟𝑢𝑒  

𝑑𝑍[𝐿−1] = 𝑑𝑊 𝐿 𝑇𝑑𝑍[𝐿]𝑔[𝐿]′ 𝑍[𝐿−]  
                                ⋮ 

𝑑𝑍[1] = 𝑑𝑊 1 𝑇𝑑𝑍[2]𝑔[1]′ 𝑍[1]  

𝑑𝑊[1] =
1

𝑚
𝑑𝑍[1]𝐴[1]𝑇 

 𝑑𝑏[1] =
1

𝑚
𝑛𝑝. 𝑠𝑢𝑚 𝑑𝑍[1], 𝑎𝑥𝑖𝑠 = 1, 𝑘𝑒𝑒𝑝𝑑𝑖𝑚𝑠 = 𝑇𝑟𝑢𝑒  
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