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CHAPTER 1

FIELD OF REAL NUMBERS

We recall the usual notation for sets of numbers:

N={0,1,2,-,n,---}:1is the set of natural numbers.
Z={- -1,0,1,2,---} : is the set of relative integers.
Q= {B p € Z, g € N*} : is the set of rationals.

D={r= W € Q, p eZ, k € N} :is the set of decimal numbers.
R : the set of real numbers.
These sets are subsets of one another in the order N C Z C D C Q C R, where each set is a

proper subset of the next.

1.1 Properties of the real numbers

The set of real numbers is a set on which we must define two internal operations denoted
+ and ., and a total order relationship denoted < (or >).

The two operations (addition and multiplication) are defined by:
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Vx, yeR: (x,y)— x+y (Addition)
Vx,yeR: (x,y) — xXy (Multiplication)

These operations verify the following axioms:

1. Axiom 1: R is a commutative field. For all x, y, ze R

e x+y)+z=x+(Qy+2) (Associative Law for Addition).
e xX+y=y+x (Commutative Law for Addition).

e x+0=0 (Identity Law for Addition).

e x+(—x)=0 (Inverses Law for Addition).

o (xy)z = x(y2) (Associative Law for Multiplication).

e Xy =yx (Commutative Law for Multiplication).

o xl=x (Identity Law for Multiplication).

o If x #0, then xx! =1 (Inverses Law for Multiplication).
o x(y+2)=xy+xz (Distributive Law).

2. Axiom 2: R is a totally ordered field. For all x, y, z€ R

e x<x (Reflexive Law ).

o Ifx<yandy<x,thenx=y (Antisymmetric Law).

e [fx<yandy<gzthenx <z (Transitive Law).

o [fx<ythenx+z<y+z (Addition Law for Order).

o If x <yandz>0,then xz <yz (Multiplication Law for Order).
3. Axiom 3:

e Any nonempty subset A of R and bounded above admits an upper bound that we

denote by sup(A).

e Any nonempty subset A of R and bounded below admits a lower bound that we

denote by inf(A).

«2)
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Remark 1.1.1. Let A be a non-empty subset of R, then:

e A={xeR|xeA}
e _A={xeR| —xeA}

Proposition 1.1.1. Newton’s binomial formula

Let x, y € R, and n € N*, we have

n X n— I’l'
(x+) :kz_;cﬁxky k wherecﬁzm, 1'=1and0! = 1.

1.2 Intervals

We now define various types of intervals in the real numbers. you most likely encountered
the use of intervals in previous mathematics courses, for example, precalculus and calculus, but
their importance might not have been evident in those courses. By contrast, the various types of

intervals play a fundamental role in real analysis.

Definition 1.2.1. An open bounded interval is a set of the form
(a,b)={xeR|a<x<b},

where a, b € R and a < b. A closed bounded interval is a set of the form
[a,b] ={xeR|a<x<b},

where a, b € R and a < b. A half-open interval is a set of the form

[a,b) ={xeR|a< x<b}, or (a,b] ={xeR|a<x<b}
where a, b € R and a < b. An open unbounded interval is a set of the form
(a,0)={xeR|a<x}, or (—co,b)={xeR|x<b}, or (—00,00) =R,

where a, b € R and a < b. A closed unbounded interval is a set of the form

«3)
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[a,0)={x€eR|a< x}, or (=0, bl ={xeR | x < b},
where a, b € R and a < b.

Notation:
R:i={xeR, x>0}, RE={xeR, x<0}, R*=R-{0},

R,={xeR, x>0}, Ro={xeR, x<0}.

1.3 Completed number line R: (Extension of R)

Definition 1.3.1. We denote by R the set R U {—co, +oo}. This set is called a completed number

line.

Order relation on R

R is provided with a total order < extending that of R and further defined by:

VxeR, —oo < x < +00, (in fact —o0 < x < +00).

operations on R

Similarly, the laws + and . of R are "extended" (always commutatively) by posing

1) (+00) + (+00) = (+o0)  ; (=00) + (=00) = (—00).

2)VxeR, x+(+0) = +00 ; x+ (—00) = —00.

3) (+00)(+00) = +00 3 (=00)(=00) = 400 ; (+00)(—00) = —oco.
4)Vx e R*, x(+00) = —c0  ; x(—00) = +o00.
S)Vx € R}, x(+00) = 400 ; x(—00) = —00.

Indeterminate forms

The following expressions are called indeterminate forms:

(+00) + (—00); 0(=00); O(+00); ; 1%, 00, oo,

el Ne)

818

2
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1.4 Archimedes property
The set R verifies Archimedes’ axiom, i.e.
VxeR, dneN suchthat: n> x

In other words the set N is not bounded in R.

1.5 Rational and irrational numbers

Definition 1.5.1. The set of rational numbers, denoted Q, is defined by
Q:{xERlx: %forsomep, qEZsuchthatq¢0}

The elements of R|Q are called irrational numbers.

1.6 The density of Q in R

Theorem 1.6.1. Between any two reals there exists a rational, that is to say

Vx,yeR, x<y=d1qgeQsuchthatx<qg<y

1.7 Absolute value

Definition 1.7.1. Let x € R, we call the absolute value of x denoted |x| the real defined by:

x x>0
x[=3 0 :x=0

-x :x<0

«5)
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y = [x]

« > X

-5 -4 -3 -2 -1 0 1 2 3 4 5

Figure 1.1: graphical presentation of y = |x]|

Absolute Value Properties
The absolute value verify the following properties:
I. VxeR: |x[ >0
2. ¥x, yeR: |x.y| = |xl|.lyl
3.Vx, yER: |x+y| < x|+ 1yl
4. Vx, ye R lxl =yl < lx +yl

5.V¥e>0,¥xeR: [x—dl<eoa-e<x<e+a

1.8 The integer part

Definition 1.8.1. Let x € R, there exists a relative integer denoted E(x) such that: E(x) < x <
E(x)+ 1.

Is the largest integer less than or equal to x.

€6)
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Figure 1.2: graphical presentation of y = E(x)

Example 1.8.1.

1) E(0.3) =0,

2) E(3.3) =3,

3) E(-4) = -4,
4) E(-1.5) = -2,

Properties

0<03<0+1=1).
3<33<3+1=4).

E(5) =5.
(2<-15<-2+1=-1).

1. the integer part is an increasing map.

2. ¥xeR, x=E(kx) o xeZ.

3. V(x,n) e RX2Z): E(x+n)=E(x)+n.

1.9 OrderinR

In order to distinguish the real numbers from all other ordered fields, we will need one

additional axiom, to which we now turn. This axiom uses the concepts of upper bounds and least

«7)
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upper bounds, while we are at it, we will also define the related concepts of lower bounds and

greatest lower bounds.

Upper bound, Lower bound

Definition 1.9.1. Let A be a non-empty subset of R, we say that:

1. The set A is bounded above if there is some M € R such that x < M for all x € A. The

number M is called an upper bound of A.

2. The set A is bounded below if there is some m € R such that x > m for all x € A. The

number m is called a lower bound of A.
3. The set A is bounded if it is bounded above and bounded below.

4. Let M € R. The number M is a least upper bound (also called a supremum) of A if M is
an upper bound of A, and if M < M’ for all upper bounds M’ of A.

5. Let m € R. The number m is a greatest lower bound (also called an infimum) of A if m is

a lower bound of A, and if m > m’ for all lower bounds m’ of A.

Maximum, Minimum

Definition 1.9.2. Let A be a non-empty subset of R, we say that:

1. M € R is a maximum of A and we denote max A if M € A and M is an upper bound of A.

2. m € R is a minimum of A and we denote min A if m € A and m is a lower bound of A.

Example 1.9.1. . Let A =]0, 1[, A is bounded from above by 1 and bounded from below by
0.

o The set of upper bounds is [1,+oo[, this one admits the smallest upper bound which
is 1 ¢ A. So sup(A) = 1 and max(A) does not exist.
e | —00,0] is the set of lower bounds, this one admits the largest of the lower bounds

which is 0 ¢ A. So inf(A) = 0 and min(A) does not exist.

8)
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2. LetB = {xez: X2 349} ={-7,-6,-5,--+,5,6,7).

e The set of upper bounds is: M = [7,+oo[ and 7 € B. So sup(B) = max(B) = 7.

o The set of lower bounds is: m =] — co,=7] and =7 € B. So inf(B) = min(B) = 7.

3. C =]—o00,1]. So C is bounded above by [1, co[, and not bounded below. Then, max(C) =
sup(C) = 1 and inf(C), min(C) do not exist.

1.10 'The upper and lower bounds characterization

Proposition 1.10.1. Let A be a non empty subset of R.

1. If M € R is an upper bound of A, then:

YVxeA: x< M,

M = sup(A) &
Ve>0,dxeA: M—e<x<M.

2. If m € Ris a lower bound of A, then:

YxeA: x>m,

YVe>0,dx€eA: m<x<m+e.

m = inf(A) & {

1
Exercise 1.10.1. LefA = {x, = — + —— neNb.
2 2n+1

1
1. Show that: Vx, € A, 2 <x,<1.
2. Find sup(A), and inf(A).
3. Show that: sup(A) = 1.

Solution:

1. We show thatVx, € A, %Sx,, < 1. We have Vn e N : x, :%+ 5. So

VneN: 0<2n<2n+1 = OS%<1,

1 2n 1
= 0< 2" 2n+1 < 2°

14, _n_
S2"'2n+1<1'

S L

9)
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2. We have % < x, < 1, then A is bounded, i.e: inf(A) and sup(A) are exists.

% is a lower bound of A, and % € A = min(A) = inf(A) = % And 1 is the smallest upper

bound of A, so sup(A) = 1.

3. Let’s show that: sup(A) = 1
We use the characteristic property of the upper bound.
1 is an upper bound of A,

sup(A) = 1 &
Ve>0,dx,€A(neN), x,>1-=¢.

Assume that: x, = % + 52 > 1 — &, and find n as a function of €.

x”:%+2n11>1_‘9 = %+2n11> &
= %_Zn’:-1<8’
= m<s,
= 2n+l1>4,
= n>4 -1

1 1
Sodn=E(—— <)+ 1, thus sup(A) = 1.
de 2

«10)»



CHAPTER 2

FIELD OF COMPLEX NUMBERS

We know that the square of a real number is always non-negative e.g. (4)> = 16 and
(—4)? = 16. Therefore, the square root of 16 is (+4). What about the square root of a negative
number? It is clear that a negative number can not have a real square root. So we need to extend
the system of real numbers to a system in which we can find out the square roots of negative
numbers. Euler (1707 - 1783) was the first mathematician to introduce the symbol i (iota) for the

positive square root of —1 i.e., i = V-1.

2.1 Definitions and notations

Definition 2.1.1. A number which can be written in the form a + ib, where a, b are real numbers

and i = V-1 is called a complex number.

e [f 7 = a+ ib is the complex number, then a and b are called real and imaginary parts,

respectively, of the complex number and written as Re(z) = a, Im(z) = b.

o We denote the set of all complex numbers by C.

11
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e Order relations ”greater than” and “less than” are not defined for complex numbers.

o [fthe imaginary part of a complex number is zero, then the complex number is known as
purely real number and if real part is zero, then it is called purely imaginary number, for
example, 2 is a purely real number because its imaginary part is zero and 3i is a purely

imaginary number because its real part is zero.

o Two complex numbers z; = a + ib and 7, = ¢ + id are said to be equal ifa = c and b = d.

2.2 The complex plane

Just as real numbers can be visualized as points on a line, complex numbers can be

visualized as points in a plane: plot z = a + ib at the point (a, b).

Imaginary axis Imaginary axis

a+ bi .
bi 3

Real

Real | "
axis

a axis 2

Figure 2.1: Plotting points in the complex plane

2.3 Operations on complex numbers

Addition

e Letz; =a+ibandz, = c+ id be two complex numbers then z; + z; = (a + ¢) + i(b + d).

e Addition of complex numbers is commutative (z; + 2o = 2 + 21), and associative ((z; +

2)+ 23 =21+ (22 + 23)).

«12)
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e The identity element for additionis 0 (Vz=a+ib € C: 30 =0+0i € C such that z+0 =

0+z=2).
e The additive inverse of zis —z (Vz =a+ibe C: 4 —z=—-a—ib € C such that z+ (-z) =

(-2)+z=0).

Multiplication

e lLetz; =a+ibandz, = c+idbe two complex numbers then z;.2, = (ac — bd) + i(ad + bc).

e Multiplication of complex numbers is commutative (z;.20 = 2.z1), and associative

((z1.22).23 = 21-(22.23)).

e The identity element for multiplicationis 1 (Vz € Z, A1 = 1 + i0 € F such that z.1 =

1.z =2).

e The multiplicative inverse of z is —.
<

e For complex numbers, multiplication is distributive over addition.

Division
Let z; = z+ ib and z5(# 0) = ¢ + id. Then

a+ib (ac+bd) (bc-ad)
= i
c+id c?+d? c? +d?

Q1+~ =

Conjugate of a complex number

Definition 2.3.1. In complex numbers, we define something called the conjugate of a complex
number which is given by 7 = a — ib. The conjugate is therefore simply a change in the sign of

the imaginary part, i.e., (Re(Z) = Re(z), and Im(z) = —Im(2)).

For example, if z; =3 +2ithenz; =3 -2i,ifz, = -4 —ithenz; = -4 +1i,if z3 =5 - 3i
thenzz = 5 + 3i.

properties:

«13)
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—

I
I

IS

2. z+7=2Re(z), z—7 = 2ilm(z).

3. z=7, if zis purely real.

4. 7+ 7 =0 < zis purely imaginary.
5. 2Z = {Re(@)} + {Im(2)}*.

6. m1+22)=21+2, (L1—22) =7 — 2

7 G =am (=&
) (z2)

2 # 0).

Modulus of a complex number

Definition 2.3.2. Let z = a + ib be a complex number. Then the positive square root of the sum

of square of real part and square of imaginary part is called modulus (absolute value) of 7 and it

is denoted by r = |z| i.e., r = |z| = Va? + b%.
Properties:

1. 1221 = 2%z, [z = Iz, lz1-z2] = |z1]zal.

2. lZ=0& z=0,ie., Re(z) =0, and Im(z) = 0.

3. |z1 + 22| £zl + |zal, (Triangle inequality).
Z z
4. 12 = u, 2 #0.
22 |2
1
5. |-l==,z#0
|2

6. |Re(z)| < lzl, and [Im(2)| < |z].

14
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Proof 1. (of Triangle inequality)

(21 + 22)(z1 + 22)

lz) + Z2|2

221 + 20 + 2122 + UL

|z11* + 1z2]* + 2Re(z122)

lz11* + |z2l* + 27122

IA

IA

(z1] + |z2D)?

Argument

Definition 2.3.3. For any z € C, a number 0 € R such that z = |z| (cos 8 + isin ) is called an
argument of 7 and denoted by 0 = arg(z) = tan™! [Z
a

the relationship connecting r and 8 to a and b is: a =rcosd and b =rsiné. ie.,

a
cosf = —,

arg (2) = I3
sinf = —.

r

properties:

1. arg (21.22) = arg (1) + arg (z2).
2. arg () = narg ().
3. arg (& = - arg (),
4. arg ( = — arg (2)).

5. arg (i—;) = arg (1) — arg (22).

2.4 Trigonometric form
Letz=a+ib, r =zl = Va? + b2, and 0 = arg (z). We have a = r cos 0, b = r sin#, so:

z=a+ib=rcos@+irsinf =r (cos@+isinf) = re”.

«15)»
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This is the trigonometric form of z. This representation is very useful for the multiplication and

division of complex numbers:
i(6+62)

o 71 X2 = et X rne™” =r|.ne

i6;
o L e _ N ie-on

2 ne”

2.5 Inverse Euler formula

Euler’s formula gives a complex exponential in terms of sines and cosines. We can turn
this around to get the inverse Euler formulas.

Euler’s formula says:
e" =cos(t) +isin(t) and e = cos(t) — isin(?).
By adding and subtracting we get:
ol + ot ol — it

cos(t) = —5 and sin(?) = 2
i

2.6 Moivre’s formula

For positive integers n we have the Moivre’s formula:
(cos O + isin )" = cos(nb) + isin(nb)

Proof. This is a simple consequence of Euler’s formula:

(cos @ +isin )" = ()" = ™ = cos(nb) + i sin(nh).

Application:

By developing the Moivre’s formula using the Newton binomial formula:

«16)
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(cos +isinh)" = Z Cﬁ(cos 0)" 7 (i sin O)~.
k=0
n! n! n!

Where Cf = ————— (" = =1, and C° = =1
T T =l T T o) M T D!
We have

(cos @ +isin6)" = C%cos H)'(isinH)° + C(cos §)" 1 (isin@)! + - -- + C*(cos )" *(isinG)* + - - -

C"(cos 6)°(i sin 6)".

So, we get

The real part:

(cos nf) = (cos B)" — C*(cos )" 2(sin§)> + C(cos @) *(sinO)* + - - -
and

The imaginary part:

(sinnf) = Cl(cos @) !(sin@)' — C3(cos 6)"3(sinh)> + - - -

Example 2.6.1. Forn = 3:

(cos(8) + isin())? Sico Ci(cos(6))> (i sin(6))

cos3(0) + 3i cos?(9) sin(d) — 3 cos(0) sin*() — i sin’(@).

By identifying the real and imaginary parts, we deduce that:

cos(36) = cos*(0) — 3 cos(0) sin*(0), and sin(36) = 3 cos’(H) sin(6) — sin’(0).

2.7 n-th root of a Complex Number

Definition 2.7.1. A complex number w is an n — th root of z if:

+

We use the Moivre’s Theorem to develop a general formula for finding the n—th roots of a nonzero

complex number. Suppose that w = p(cos(6’) +isin(8")) is an n—th root of z = r(cos(6) +i sin(9)).

Then

«17)
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wl’l:Z pi’l:r
ple Y = re® nd’ =0+2kn, 0 <k<n-1.
So
p="Ar

=28 0<k<n-1

thus, if 7 = r(cos(6) + i sin(0)), then the n distinct complex numbers

0+2kr . 0+ 2knr
+ isin
n n

,0<k<n-1

"\r (cos
are the n — th roots of the complex number z.

Particular case:

If z =1, the n — th roots of 1 are

cos(—ﬂ) + isin(—ﬂ), 0<k<n-1.
n n

18
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